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Foreword

The workshop on Theta-positivity (hereafter abbreviated ©-positivity) and Higher Teichmiiller
Theory took place in January 2022 in Heidelberg. The original initiative to host a workshop on
O-positivity was put forward by Xenia Flamm and Mareike Pfeil in the fall of 2019. Soon after,
the COVID-19 pandemic started and the event had to be postponed a couple of times. By the
time it was possible to host the workshop in person, Mareike already defended her PhD thesis
and had left Heidelberg. I then offered to help Xenia with the local organization in Heidelberg
in replacement of Mareike.

There were twenty-five participants, mostly PhD students, who all took an active part by
either giving a talk or preparing an exercise class. The event took place at the Internationales
Wissenschaftsforum Heidelberg (IWH) which provided both lecture rooms and bedrooms for
the participants. The location is ideal. It is quiet, with bright rooms and a large garden. On
the last day of the workshop, we had the pleasure of welcoming Anna Wienhard for a Q&A
session. Anna took all our questions for two hours and provided some expertise on many aspects
of ©-positivity.

Xenia and I later had the idea of writing up a set of notes about the workshop. We are extremely
pleased that all the speakers accepted to type in the content of their presentations. After some
editing work, we were able to compile all the contributions in a single document. We tried our
best to homogenize notations. Shall there remain mistakes or typos, we would greatly appreciate
these to be communicated to us.

I want to express my gratitude to Xenia and Mareike for the initial work they put in when they
first attempted to organise the workshop during the pandemic. The workshop could have never
taken place without the financial contributions from STRUCTURES - Cluster of Excellence
Young Researcher’s Convent to which we are extremely grateful.

November 2022 Arnaud Maret
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The idea for this workshop was born in the fall 2019, when Mareike Pfeil and I were visiting
MSRI for the semester program Holomorphic Differentials in Mathematics and Physics. To-
gether with Ivo Slegers we started to learn about Lusztig’s positivity. Studying together inspired
us to organize a workshop to create an environment in which we can share our knowledge to
learn something new. Unfortunately, both Mareike and Ivo could not attend the final workshop,
but I am confident they would have enjoyed it as much as I did.

At this point I must thank Arnaud Maret who so willingly offered to help organize the workshop
when Mareike could not do it anymore. Without his bold decisions the workshop would probably
not have taken place at the time it did. Thank you so much, Arnaud!

I follow Arnaud’s words when thanking Anna Wienhard, the IWH and its team, as well as the
STRUCTURES - Cluster of Excellence Young Researcher’s Convent.
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Lastly I need to express my deep gratitude to all the participants of the workshop, without
who it would not have been possible. Thank you for the time, work and effort you put into
your preparations, presentations and now in these final notes. I hope they will provide a great
reference for us and others in the future.

November 2022 Xenia Flamm
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Introduction

These notes transcribe a workshop about the notion of total positivity and ©-positivity and its
relation to Higher Teichmiiller Theory. ©-positivity is a notion of positivity in semisimple Lie
groups and was recently introduced by Guichard and Wienhard in [GW18] as a generalization of
Lusztig’s total positivity. It is believed to be the cathartic notion to classify higher Teichmiiller
spaces. Without doubt, substantial progress will be achieved in the near future on the study of
O-positive structures. These notes provide an account of the state of the art as of 2021. For the
latest developments and further references (some of which were not treated in the workshop),
we refer to [GW22].

Working in representation theory, one often comes across the concept of “positivity”. It appears
in different contexts, for example the positive reals, the order on the circle, total positivity for
matrices, positivity of triples in flag varieties and the Maslov index. An especially important role
is played by Lusztig’s total positivity in the context of split real Lie groups. The new notion of
O-positivity generalizes this to other types of semisimple Lie groups and, in particular, includes
the notion of positivity for Lie groups of Hermitian type.

The notes are organized into four chapters. The first two chapters are reminders of classical
material. Chapter I is an introduction to Higher Teichmdiller Theory: the study of connected
components of discrete and faithful representations of surface groups into semisimple Lie groups.
It focuses on some classical examples of higher Teichmiiller spaces consisting of maximal and
Hitchin representations. Chapter II recalls some important definitions from Lie theory, including
root systems, Dynkin diagrams, and representation theory of Lie algebras. The notions of split
real Lie groups and Lie groups of Hermitian type are introduced along with an in-depth study
of the particular case of the Lie group SO(p, q).

The last two chapters deal with the various notions of positivity in Lie groups. Chapter III
introduces the already known concepts of positivity with a special focus on Lusztig’s positivity.
This is a preparation for the definition of ©-positivity for semisimple Lie groups which is treated
in Chapter IV. The main motivation for studying positivity lies in its close relation to repres-
entation theory and the question of existence of higher Teichmiiller spaces. The two well-known
family of examples of higher Teichmiiller spaces - given by maximal representations and by
Hitchin representations - can in fact be characterized by their positive structures. The guiding
conjecture of Guichard and Wienhard is that so-called ©-positive representations provide a new
class of higher Teichmiiller spaces. The conjecture has, by now, been proven for the most part
in [GLW21] and [BP21], building up on results of [BCGP*21] on magical sla-triples.
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1. Introduction
by Sofia Amontova

Higher Teichmiiller theory can be roughly speaking understood as the study of representations

‘surface groups‘ — ‘interesting Lie groups ‘

The purpose of this introductory section is to present the classical Teichmiiller theory as a
prototype: we first characterize it on the one hand via its standard definition as a geometric
object (see Section 1.1) and on the other hand as an algebraic object (see Section 1.2). The
latter perspective allows then to detect the classical Teichmiiller space as a special object in
the representation-theoretical setting (see Section 1.3) which is precisely the viewpoint that
motivates to define the more general notion of a higher Teichmiiller space (see Section 1.4) and
serves as a transition to the next section on maximal representations by Lisa Ricci.

Setting: For the entirety of this section, let 3 be a closed connected oriented surface of genus
g =2

1.1. Geometric realization

We first remind of the geometric picture of the Teichmiiller space and start with its folklore
characterization:

Definition 1.1. The (classical) Teichmiiller space T (X) is given by

T (X) = {marked conformal structure (X, f) on X} /~

where
e X is a Riemann surface,
e with the homotopy equivalence f : ¥ — X as its marking,

o (X,f)~ (X, [ is an equivalence of two marked conformal structures if and only if there
exists a biholomorphism ¢ : X — X’ so that

homotopy-commutes.

Notably, the diversity of Teichmiiller theory is for one due to different perspectives of the Teich-
miiller space 7 (X) allowing to endow it with various structures, such as complex, hyperbolic,
symplectic, algebraic structures, including several Riemannian metrics, e.g.
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o Weil-Petersson metric which is a Kéhler metric,
e unique Kéhler-Einstein metric,
e Bergmann metric

and non-Riemannian metrics, e.g.

e Teichmiiller metric (which coincides with the Kobayashi metric) that roughly measures
the distortion between conformal structures,

o Thurston metric that roughly measures the distortion between hyperbolic structures,
e Carathéodory metric.

Moreover, there is a natural discrete action by the mapping class group on the Teichmiiller space,
interesting geodesic and horocyclic flows on its quotient Riemann moduli space, a quantization
theory of its Poisson structure, to mention a few. As such Classical Teichmiiller theory is a rich
theory where techniques from geometry, analysis and dynamics confluence; it is an active field
in both pure mathematics and theoretical physics.

Now, for our purposes, regarding 7 (X) as the parameter space of conformal structures is not
the viewpoint we would like to consider but rather the analogue parameter space of hyperbolic
structures known as the Fricke space:

Definition 1.2. The Fricke space F(X) is given by

F(3) = {marked hyperbolic structure (M, h) on E}/N

where
e M is a complete hyperbolic surface,
e with the orientation preserving homeomorphism h: ¥ — M as its marking,

e (M,h) ~ (M',h') is an equivalence of two marked conformal structures if and only if there
exists a isometry i: M — M’ so that

isotopy-commutes.

More precisely, we can make the change of viewpoints thanks to the uniformization theorem
which implies that 7 (X) can be identified with F ().

Abuse of notation: From now and on the Teichmiiller space 7 (X) refers to the Definition 1.2. ‘

We shall take a closer look at complete hyperbolic structures in the next subsection.

Remark 1.3. To get a better geometric feel for the object T(X) we outline the idea of the
following fact

The Teichmiiller space T(X) is homeomorphic to R6976.



1.2. Algebraic realization

Idea of proof. Using hyperbolic geometry one can see this for instance by parametrising the
Teichmiiller space by Fenchel-Nielsen coordinates: Let (M, h) be a marked hyperbolic structure.
The closed hyperbolic surface M has a collection of pairwise disjoint simple closed geodesics
that decompose the surface into a union of 3g — 3 disjoint pairs of pants® (see Figure 1.1).

M

Figure 1.1.: Pants decomposition.

We call the corresponding lengths by I; length parameters and the twists that determine the
gluings pairwise 7; twist parameters for 1 < i < 3g — 3. In fact these parameters determine the
hyperbolic structure of M. In particular, it holds that the following map is a homeomorphism

T(2) —» R¥™® x R,
[(Ma h)] = (lla sy 1397377_17 sy 7—3973)7

where the tuple (I1,...,l34-3,71,...,73¢g—3) is called the Fenchel-Nielsen coordinates associated
to (M, h) following the procedure above. ]

1.2. Algebraic realization

The goal of this subsection is essentially to explain the following

‘ Idea: Any hyperbolic structure on ¥ gives rise to a representation p: w1(X) — PSL(2, R). ‘

This then permits to view the Teichmiiller space T (X) as an algebraic object by identifying it
with a connected component of the character variety

X(2, PSL(2, R)) := Hom(m (), PSL(2, R))/PSL(2, R).

Ingredients to realise the idea above. We first fix a marked hyperbolic structure (M, h) on
>, we refer to it as merely h for short. Further,

e let s be a basepoint of M and
o let p: M — M be a universal cover.

Also recall that the group of orientation-preserving isometries of the hyperbolic plane Isom™ (H?)
can be identified with PSL(2,R).

LA pair of pants is a compact hyperbolic surface homeomorphic to a sphere with three boundary components.
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Motto: Globalization. Recall that M comes equipped with the coordinate atlas {(U;, 1;)}ier-
In particular, for each connected U; n U; # (J there exists a unique transition map g;; €
Isom™ (H?) such that for the coordinate charts one has that

Vily, v, = 9id © Lilyno, - (1.1)

~

The strategy now is to globalize the coordinate charts in terms of the universal cover p: M — M
in order to produce an orientation preserving isometry

In: M - sz
the so-called developing map. This in turn will then induce a representation
pn: m (M) — Isom™ (H?).

The construction of the pair (fy, pp) can be outlined in following two steps:

(1) Construct f, as a local isometry. Recall that M is the set of homotopy classes of
paths starting at the basepoint s in M. Let [y] € M and the path v € M with endpoints
s and e be a choice of representative of [v].

We now formalize the idea of globalising the local hyperbolic structure by extending a
coordinate chart containing the basepoint s along the path « with help of transition maps
gi,j (see Figure 1.2):

We cover 7 with a finite collection of coordinate charts {(U;, ¢;) }1<i<n and suppose w.l.o.g.
s € Uy and U; nU; # & is connected for any consecutive ¢ and j. Using (1.1) we can
extend v1: U; ny — H? to an isometry v: U; U Uy n v — H? such that

() Y1(z), ?fmeUlmy
gi2oYa(x), ifxelyny.

We continue this procedure inductively for the remaining coordinate charts {(U;, ;) }3<i<n
until we reach the chart U,, containing the endpoint e and we set

¢(6) =0120©"90n—-1,n° ¢n|Unm.y(e) € HQ‘

Finally, we define the map fp: M — H2 by setting



1.2. Algebraic realization

[7] Jm
IHI2

Y

¥

Figure 1.2.: Construction of a developing map f3 as a local isometry.

Fact 1.4. The map f;, depends only on the initial chart (composition by isometry) and
the homotopy class of paths (look at succession of small homotopies).

We conclude that f: M — M is well-defined (in particular independent of chart-refinement)
and a local orientation-preserving isometry with respect to the hyperbolic structure on M
inherited from M.

Obtain holonomy p;, via f;. Recall that 7 (M) can be identified with the group of
deck transformations of the universal cover p: M — M that acts on H? by isometries (see
exercise 1 for more details).

Now for any deck transformation v € 71 (M) there exists a unique g, € Isom™ (H?) so that

the following diagram commutes

YL =
LY J{gv '
M we
That is fj is a pp-equivariant map, where py, is given by
pn: (M) — Isom™ (H?),
Y= G-

In fact pp is a homomorphism called the holonomy representation of the hyperbolic struc-
ture (M, h).

Remark 1.5.
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a) The pair (fn, pn) is unique up to a PSL(2,R)-action defined by
(fnspn) = (g0 far gong ")
b) In accordance with our motto stated above notice that indeed
o f1, globalizes the coordinate charts,

e pp globalizes the coordinate changes.

Finally, observe that completeness of M implies that fp,: M — H2 is in fact a global orientation
preserving isometry.

Idea of the proof. Completeness of M implies completeness of M so that fn: M — H?is a
surjective covering via the path-lifting property. Since M is simply connected and f; is a
homeomorphism and a local isometry, then indeed f}, is a global isometry. O

Conversely, it is an exercise to prove that M = H?/pj,(m1(M)).

Upshot 1.6. We have constructed the injective map

hol: T(X) — x(X,PSL(2,R))
[((M,h)] — [p:=pnohs: m(X) = m (M) — PSL(2,R)].

The following important fact is to be checked

Fact 1.7. T(X) can be identified with a connected component consisting entirely of

faithful and discrete ‘ (1.2)

representations in the representation variety x (2, PSL(2,R)), i.e. every holonomy is a discrete
embedding into PSL(2, R).

Remark 1.8. 7(X) and T(X) (Teichmiiller space associated to a closed surface with reversed
orientation X.) are the only two connected components with the special property (1.2).

1.3. Tool to detect Teichmiiller space as a special connected
component in the character variety

We shall introduce a tool that will later generalize to a broader setting to single out special
analogues of 7 (X) in the sense of (1.2) when passing from PSL(2,R) to some more general Lie
group G.

Let p: m1 (%) — PSL(2,R) be a representation and p: & — X a universal cover.

Fact 1.9. There exists a smooth p-equivariant map f: > — H2.

Idea of the proof. We construct the associated flat (PSL(2, R), H?)-bundle
Ep = i X H2/7T1(E) — .

Since the fibres H? are contractible, there exists a smooth section ¥ — E, which lifts to a
smooth p-equivariant map f: ¥ — ¥ x H? — H2. O



1.3. Tool to detect Teichmiiller space as a special connected component in the character variety

Since f is p-equivariant, the volume form wy> € Q%(H?, R)PSLER) pullbacks to f*wye € QQ(i, R)™(3),
We then may take the pushforward f*wpgz := ps f*wg2 summarizing in the following diagram:

~

(&, froge) —1— (H2, wg)

g

(27 f*sz)‘
We now may define our detection tool:

Definition 1.10. The Toledo number associated to the representation p is given by
(7) = 5z | From e
T(p) = — w .
P o Js H2

Remark 1.11. Notice that 7(p) is well-defined as any two p-equivariant maps are homotopic.

Now in case p = py is a holonomy representation associated to a hyperbolic structure (M, h)
and we rerun the procedure above, then one can check that in the Fact 1.9 we obtain a pj-
equivariant map fj as the unique developing map (and thus an isometry) resulting from a lift
of a developing section ¥ — F,, .

Remark 1.12. As a continuation of the philosophy in Remark 1.5, notice that the developing
section can be obtained as a graph by globalizing the coordinate atlas.

In particular, we can take fj; as the lift of the orientation-preserving homeomorphism (marking)
h: Y — M and the diagram above extends to the following:

(5, frome) D0 (H2, wye)

lp !

(2, Froge) —s (M, wygz),

which together with Gauf-Bonnet gives that
1 1 21
moa) = 5 | = o | e =TI =22
2T f(E) 2T M 2T

This is in fact the maximal absolute number the Toledo number can take:

Theorem 1.13 (Milnor-Wood inequality). For any representation p: m(X) — PSL(2,R) we
have that

[7(p)] < 29 —2.

Crucially, the following theorem by Goldman characterizes this numerical invariant as a detec-
tion tool for the special property (1.2):

Theorem 1.14 (|Gol88]). o 7(p) distinguishes connected components in x(3,PSL(2,R))
and has values in Z ~ [x(2), —x(2)]. That is, there are 4g — 3 components.
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e p is a holonomy representation of a hyperbolic structure if and only if T(p) = 2g — 2.

Upshot 1.15. T(X) is the connected component singled out by the maximal Toledo number
(in analogy 7 (X) by the minimal Toledo number).

Remark 1.16. The theorems above were actually proven for the so-called Euler number e(p)
of a representation, but in fact T(p) = e(p).

The maximality property of the Toledo invariant holds in a more general setting leading to the
study of maximal representations (see next Chapter 2).

1.4. Generalization

Let G be a Lie group. This section culminates in generalizing the special property (1.2) in this
more general setting:

Definition 1.17. A higher Teichmiiller space is a subset of x (X, G) := Hom(m1(X), G)/G which
is a union of connected components that consists entirely of discrete and faithful representations.

Remark 1.18. The existence of higher Teichmiiller spaces is a prior not clear. In fact unless G
is locally isometric to PSL(2,R), the set of discrete and faithful representations is only a closed
set in Hom(m1(X), G)/G. A non-example is when G is a simply-connected complex Lie group.

10



2. Maximal Representations
by Lisa Ricci

2.1. Hermitian Lie groups: two examples

In the following G is a Lie group of Hermitian type. In particular, it has an associated symmetric
space X = G/K, where K is a maximal compact subgroup, such that

(1) X admits a G-invariant metric (-, -),

(2) X has a complex manifold structure with an almost complex structure J such that
e the metric is Hermitian: (v, w) = (Jv, Jyw) for all v,w € T, X,
e Jis G-invariant: dyLg o0 J, = Jgp 0 dyLy.

Recall that an almost complex structure J assigns to each x € X an endomorphism J, € End(7)
such that J2 = —id.

It follows that if one sets wx (-, ) := {(J-,-) one obtains the so called Kdhler form wy € Q?(X),
which is

e G-invariant: Ljw = w for all g € G,
e non-degenerate,

e closed.

Example 2.1. ) G = SL(2 R), K = 0O(2), X = G/K ~ H?. The Riemannian metric

(1
is given by ds? w and identifying T,H? ~ R? the almost complex structure is

Jz < > < > Therefore in i € H?

wn () (2)) = (o () () - (o) ()
o == s (). (1))

(2) G =Sp(2n,R), K = Sp(2n, R) n O(2n,R) = U(n) and the associated symmetric space is
the Siegel upper half-space

Xpn={A+iB: A BeSym(n,R),B>» 0}.

The G-action on X, is by Mobius transformations: given g = <A B> € Sp(2n,R) and

C D
Z e X,:
g-Z=(AZ+B)(CZ+D)™!

11



2. Maximal Representations

Under the identification T41;p Xy, ~ {V +iW : VW € Sym(n,R)} the Riemannian metric
is given by
<U1, U2>ﬂn = %Tr(UlUQ + UQUl).

The almost complex structure is multiplication by ¢. Then the Kéhler form is

(wx)ir, (Vi + Wy, Vo + W) = Tr(Vi Wy — W1 Va).

2.2. Toledo number: definition and examples

Let X be a closed! surface of genus g > 2, G be a Lie group of Hermitian type with associated
symmetric space X and let p: m(X) — G be a homomorphism. Let p: ¥ — ¥ be the universal
cover of 3.

Fact 2.2. There exists a smooth p-equivariant map f,: 3 - X.

The pullback fjwx € 02(3) of the Kéhler form is 7y (X)-invariant and therefore defines a 2-form
f;TX € Q2(%), which satisfies

prfiwx = fiwx.
Definition 2.3. Retain the above notation. The Toledo number of p is

7(p) = % JZ frwx.

Fact 2.4. (1) The existence of a p-equivariant map is equivalent to the existence of a section
of the bundle

TENE x X) > (NS = %
with contractible fiber X.

(2) 7(p) is well-defined since any two p-equivariant maps % — X are homotopic via a p-
equivariant homotopy (this follows from the fact that X is contractible).

(3) For all g € G it holds 7(gpg™t) = 7(p).

Example 2.5 (The holonomy representation 71(3) — PSL(2,R)). Let ¥ be a closed surface
of genus g > 2, p: ¥ — ¥ the universal cover, h an hyperbolic structure on ¥ with associated
developing map fp: 3 — H?. This is an orientation-preserving isometry, in particular f; €
PSL(2,R) and the holonomy representation is

pn: m(X) — PSL(2,R)
v froyoe fil,
where v € PSL(2,R) denotes the action of 7 (X) on % by deck-transformations.

We see immediately that fj is pp-equivariant: for all v € m(X), = € ¥ it holds faly-z) =
pn(7) - f ().

IThat is compact and without boundary.
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2.3. Maximal representations

Let ws,ws and wyz be the volume forms on 3, Y and H?2, respectively. Then since local
isometries preserve the volume form it holds p*wy, = ws and frwy2 = wg. Therefore

prws = wg = frwpe.

Therefore ) . 5
= — | Fom=— = TIy(D)| =29 -2
(on) = 57 |_ T = 5= |_wm = o (®) =20 -2

In the second-to-last equality we used the Gauf-Bonnet theorem.

Example 2.6 (The diagonal embedding). Recall that
Sp(2n,R) = {z € SL(2n,R) : wJpnx = Jyn},

0 I,

where J, , = <_In 0

) . Consider the diagonal embedding

d: SL(2,R) — Sp(2n,R)

a b al, bI,
A= <c d> ’_) <cIn dIn> ’

Let X be the Siegel upper half space and define ¢: H?> — X, z — zI,,. Then ¢ is d-equivariant:

A(A)p(2) = (alup(2) + VL) (ehap(2) + D)™ = (0 + D)al(ez + D))~ = 01, = o(42),

Let p: m1(X) — SL(2,R) be any holonomy with developing map f: 5. — H2. We compute the
Toledo number T'(d o p). It is easy to check that ¢ o f: ¥ — X is (d o p)-equivariant. Moreover,
*wyx = nwpe. Indeed,

won (1) (1)) = o (ae (1) e ()

= (wx)un (('01 + iwl)In, (’02 + iwg)In)
= Tr(vywal, — wivaly,) = n(viwe — wiva)

=nen (o) (22)

Thus (p o f)*wx = ffe*wx = nf*wye and

rldop) = 3= | oo Pox = 35 | T = nro) = nlx()1.

2.3. Maximal representations

The Toledo number has the following properties.

Proposition 2.7 ([BIW14, Corollary 5.7, Corollary 5.9]). Let G be a Lie group of Hermitian
type and X be a closed surface of genus g = 2.

(1) The map
7: Hom(m (X),G) - R
p—7(p)

1 continuous.

13



2. Maximal Representations

(2) T takes discrete values. More precisely, it takes values in %Z, where nx € N depends
only on G.

(3) I7(p)| < rank(X)[x(%)]-
Definition 2.8. A representation p: m1(X) — G is mazimal if 7(p) = rank(X)|x(X)|-

Since 7 is continuous and takes discrete values, it is constant on connected components of
Hom(7(X), G) and the set of maximal representations is a union of connected components.

By Fact 2.4 (3) the Toledo number gives a well-defined continuous map on x (X, G) and the set
of maximal representations in x (X, G) is also a union of connected components.

Definition 2.9. A higher Teichmdiiller space is a union of connected components of x(%,G)
which consists entirely of discrete and faithful representations.

For G # PSL(2,R) the set of discrete and faithful representations is only a closed subset of
X(X,G), so it is not even clear that higher Teichmiiller spaces exist. However, we have the
following.

Proposition 2.10 (|[BIW10, §4]). Mazimal representations are injective and have discrete im-
age.

The proof relies on the following theorem.

Theorem 2.11 ([BIW10, Theorem 8|). Let G be a Lie group of Hermitian type with associate
symmetric space X and let p: m(X) — G be a representation. Then p is mazximal if and only if
there exists a continuous p-equivariant map @: OH? — > which sends positively oriented triples
in OH? =~ S' to maximal triples in the Shilov boundary ) of X.

Remark 2.12. (1) Here the action of m1(X) on 0H? is given by choosing an hyperbolization
of m(X) as a lattice in PSL(2,R).

(2) In the setting of G being an Hermitian Lie group, a triple of elements (L1, Lo, L3) € 33
is mazimal if its Maslov index Mg (L1, L2, L3) takes the mazimal value possible, which is
rk(X).

For example, when G = Sp(2n,R) the Shilov boundary Y consists of the Lagrangian sub-

spaces of R®™ and a triple of Lagrangian subspaces (L1, Lo, L3) is mazimal if and only if
its Maslov index is equal to n.

We now sketch the proof of Proposition 2.10.

Proposition 2.13 (|[BIW10, §4.4]). Let G be a Lie group of Hermitian type and ¥ a closed
surface of genus g = 2. Then maximal representations p: w1 (X) — G are injective.

14



2.4. Relation to Theta-positivity

Proof. Suppose by contradiction that ker(p) # {1}. Then there exists v € ker(p) of infinite
order and we can find an open interval I < JH? >~ S' such that I,vI,~+2I are pairwise disjoint
and positively oriented. Choose I1, Is, I3 © I pairwise disjoint and positively oriented.

Let ¢: 0H? — Y be the continuous, p-equivariant map which preserves positivity given by
Theorem 2.11.

Let (z,y,2) € I3 x vI3 x ¥2I;. Since this triple is positively oriented in dH?, we have
Mg (p(x), 0(y), ¢(2)) = rk(X).
On the other hand, the triple (z,y~ !y, 2%) is negatively oriented and therefore
Mg (p(@), o(v" ), (77 %2)) = —1k(X).
By p-equivariance and since p(v) = e:

e(v ) = p(7)rely) = e(y),

and
p(17%2) = p(7)p(2) = ¢(2).
But this implies rk(X) = —rk(X), which is the desired contradiction. O

The proof of the fact that maximal representations have discrete image can be found in [BIW10],
Section 4.3.

2.4. Relation to Theta-positivity

Lie groups of Hermitian type are an example of a broader class of Lie groups, namely those
which admit a O-positive structure. If G is such a Lie group, there is a notion of O-positive rep-
resentations m1(X) — G and Theorem 2.11 tells us that maximal representations into Hermitian
Lie groups are O-positive.

It turns out that for any simple Lie group G admitting a ©-positive structure there exist higher
Teichmiiller spaces in x (%, G).

Theorem 2.14 (|[GLW21, Theorem A|). Let G be a simple Lie group admitting a ©-positive
structure. Then there exists a higher Teichmiiller space in x (X, Q).

The theorem is a corollary of the following two facts.

Theorem 2.15 (|[GLW21, Theorem B and Theorem E|). Let G be a simple Lie group admitting
a ©-positive structure.

(1) There is the following inclusion of sets of representations

{©-positive} < {O-Anosovy C {discrete and faithful representations}.

(2) There exists a union of connected components of x(X,G) consisting entirely of ©-positive
representations.

It is still open whether or not the set of ©-positive representations forms higher Teichmiiller
spaces.

Conjecture 2.16 ([Wiel8|). The set of ©-positive representations is open and closed in x (X, G).

15



3. Hitchin Representations
by Thomas Le Fils

3.1. Definition

Let ¥ be a connected closed oriented surface of genus g > 2. Recall that the character vari-
ety x(3,PSL(2,R)) has two connected components 7 (X) and 7 (X) consisting of discrete and
faithful representations.

For every n > 2, there exists a unique irreducible representation

tn: SL(2,R) — SL(n,R)

b) to the matrix of

up to conjugacy. Namely we can take 1, as the map that sends A = <CCL d

the linear map f4 in the basis B where f, is the following:

fa: Ry [X,Y] — R, 1[X,Y]
P —s P(aX + c¢Y,bX +dY)

and B = (X" 1, X"2y,..., Y"1,

Al 0 0
0 A3 0 0
0

Remark 3.1. The matrix (3 )\01> 15 sent to the matrix . There-

0 0 .
0 0 0 A

fore hyperbolic matrices are sent to diagonalizable ones with pairwise distinct eigenvalues.
Therefore the map ¢, induces ¢,,: PSL(2,R) — PSL(n,R).

b

Example 3.2. If n =2, then B = (X,Y). Let A = <CCL d

and Y to bX + dY hence 9 is the identity.

). The map f4 sends X to aX +cY

Remark 3.3. The Veronese embedding

V:RP! — RP* !

n—l: n—2, . n—l]

[z:y]— [ " Tty

satisfies for all A € SL(n,R), for all p € RP*

V(A-p) =tn(A)-V(p).

Let us now define Fuchsian representations.
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3.1. Definition

Definition 3.4. A Fuchsian representation is a representation p: m(X) — PSL(n,R) of the
form ¢, o j where the conjugacy class of j belongs to T (X).

We can now define the Hitchin component.

Definition 3.5. A Hitchin representation is a representation p: m(X) — PSL(n,R) that can
be deformed into a Fuchsian representation. In other words, its conjugacy class lies in the same
connected component of x(X,PSL(n,R)) as that of a Fuchsian representation.

Let us call this component the Hitchin component and denote it by Hit,,. Hitchin classified the
connected components of x (3, PSL(n,R)) in [Hit92].

Theorem 3.6 (Hitchin). Let n = 3. The number of connected components of x(X,PSL(n,R))
is 3 if n is odd, 6 if n is even.

In the same article, Hitchin showed that this component has trivial topology.

Theorem 3.7. The Hitchin component Hit,, is homeomorphic to R(29-2)(n*~1)

Remark 3.8. If n is even, there exists another copy Hit, of the Hitchin component. The sets
Hit,, and Hit,, are obtained from each other by conjugation by an element of GL(n,R) with
negative determinant.

Exercise 3.9. Let j: m(X) — PSL(2,R) be such that [j] € T(X). The conjugacy class of the
representation v, o j is in Hit, if n =2 (mod 4) and in Hit,, otherwise.

Hitchin components have simple geometric interpretations for small n. For example let us
remark that for n = 2 it coincides with Teichmiiller space.

Remark 3.10. If n = 2 then 13 = Iy thus Hity = T(X).

For n = 3, a theorem of Choi-Goldman [CG93, CG97| gives a geometric interpretation of the
Hitchin component.

Theorem 3.11 (Choi-Goldman). The space Hits parametrizes the marked convex real projective
structures on X. Such a structure is an identification

%= 0/p(m(%))

where O < RP? is a properly convex open set and p: m1(2) — PSL(3,R) is a Hitchin represent-
ation.

17



3. Hitchin Representations
3.1.1. Properties

Let us denote by Flag(R"™) the variety of full flags of R™:

Flag(Rn) = {(F07F17 s 7Fn) : Fl < Fi+17 dlm(E) = Z}

We say that two flags £ and F in Flag(R™) are transverse if we have F; @ F,,_; = R" for
all 0 < ¢ < n. The group GL(n,R) acts naturally on flags and this action is transitive on
pairs of transverse flags. Therefore for any pair of transverse flags (E, F'), there exists a matrix
A€ GL(n,R) such that (A-E,A-F) = (E°, FY) where EY is the vector space spanned by the
i-th first vectors of the canonical basis of R and Fio is the one spanned by the i-th last ones,
forall 0 < i < n.

Let us recall the following consequence of the Svarc-Milnor Lemma. Let j: 7 (%) — PSL(2, R)
be such that [j] € T(X). The map 7 (X) — H? defined by v — j(v) - o is a quasi-isometry
and allows us to identify dm1(X) with 0H? = RP!. The action of y € m1(X) on d7r1(X) in this
identification translates into the action of j(7) on RP!. Therefore the action of a non trivial
v € m1(X) on the boundary dm(X) has two fixed points that we will denote by v+ and v~

Labourie showed in his seminal work [Lab06| that Hitchin components form higher Teichmiiller
spaces, i.e. they contain only discrete and faithful representations. Indeed Labourie showed for
each Hitchin representation the existence of special equivariant limit map, a Frenet map.

Theorem 3.12 (Labourie). If p is a Hitchin representation, then there exists a continuous
map &: 0m1(X) — Flag(R?) that is p-equivariant, £ = (£',...,&") and, such that for all integers
ni,...,ng =1 that add up to Y, n; = m <d,

k

D" (i) > €M(2)

i=1 TP

The map &' : 01 (X) — P(R?) is called a hyperconver curve: it satisfies for any z1,...,24 €
0m1(X) that are pairwise distinct, the following sum is direct:

d

@fl(l‘z) = Rd.

=1

Observe that the map ¢ completely determines &' by the continuity property. Guichard [Gui08|
showed that actually the existence of such a continuous curve that is p-equivariant implies that
p is in the Hitchin component.

Theorem 3.13 (Guichard). There exists a p-equivariant continuous hyperconver map 0wy (%) —
P(R?) if and only if p is Hitchin.

Let us now show that the existence of a p-equivariant Frenet map as in Labourie’s theorem
implies that p is discrete and faithful. Let us observe before that if x # y are in dm(X), then
&(x) is transverse to £(y) and in particular £ is injective.

e Let us show that p is faithful. Let v € m1(X)\{1}. Pick any point z € dm (X)\{7v,7 " }.
We have v-x # x thus {(v-z) # £(z). But {(v-x) = p(7) - £(z) hence p(7) is not trivial.
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3.2. Positivity

e Let us show that p(v) is diagonalizable for any v € m(X). Let V; be the vector space
E(yF) n gt (y7) for all 1 < i < n. Observe that for all i, dim(V;) = 1 and that
R" = @, Vi. Indeed since {(y7) is transverse to £(77), there exists a basis fi,..., fg of
R™ such that &(y*) = (f1,..., fiy and & F(y7) = (fn,..., f;) thus V; = {f;). Moreover
p(7) preserves Vi. Tndeed p(y) - €(17) = &(7-7%) = &(v*) and ply) - €71 (7 77) =
I (y 7)) = € ().

e Let us show that p is discrete. Let (yx)ren be such that p(y;) — +1,. For all z € om (%)
we have 7, -« — z. Indeed suppose 4, — y. We have and (v, - ) — &(y) and

E(Vk, - ) = p(vk,) - €(x) — &(z). Therefore {(x) = {(y) and = = y. The sequence v - x
has only x as an accumulation point thus it converges to z. Let us now pick three distinct

points x1, 2, x3 € dm1(X). We have ~y - x; — x; for all 1 < ¢ < 3. The action of PSL(2,R)
on RP! is fully determined by its action on three points hence 7, — 1. By discreteness
we have v, = 1 for k large enough.

Corollary 3.14. The Hitchin component Hit,, is a higher Teichmiiller space.

We can moreover show that the eigenvalues of an element in the image of a Hitchin representation
are all distinct.

Remark 3.15. Fach Hitchin representation p is purely hyperbolic. Namely for every ~ €
m1(X)\{1}, the eigenvalues \; associated with V; satisfy |Ni| > |Ni+1]-

We can define concretely ¢ as follows. For v € 71 (X)\{1} then we can define £(y*) to be the

flag associated with the ordered eigenvalues of p(y). This defines £ on a dense set of dm (%)
and we can then extend £ uniquely by continuity.

Let us now give examples of maps ¢! in particular settings.
Example 3.16. Suppose that p: m1(X) — PSL(n,R) is in the Fuchsian locus: p = ¢, o j, with

j:m(X¥) — PSL(2,R) such that [j] € T(X). The map j allows us to identify 0w (X) with
P(R?) = RP! Then the map ¢'(p) = V(p) is a hyperconvex curve and is p-equivariant:

E(y-p) =VEM) p) = (i) Vp) = p(7) - € (p).

Example 3.17. In the case n = 3, the theorem of Choi-Goldman allows us to identify 0w (%)
with dO and thus gives a map ¢': oy (X) — P(R?) that is a p-equivariant hyperconvex curve.

3.2. Positivity

3.2.1. Positivity of flags
Let us define positivity for triples of flag.

Definition 3.18. A triple of flags of the form (E°, T, F?) with T transverse to EY is said to

1 0 --- 0
be positive if T = up - E°, with up = * ) "7 | that has all its minors positive, unless
. 0
* *= 1

they are zero because of its shape.
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3. Hitchin Representations

A triple (E, T, F) is positive if there exists A € SL(n,R) such that A-(E, T, F) = (E°, A-T, F°)
is positive.

Hitchin representations are characterized by the existence of an equivariant limit map that sends
positive triples to positive triples.

Theorem 3.19 (Labourie, Guichard, Fock-Goncharov). A representation p: m1(3) — PSL(n,R)
is Hitchin if and only if there exists a p-equivariant limit map &: 0w (X) — Flag(R™) that sends
positive triples to positive triples.

3.2.2. More general setting

One can define Hitchin representation in a more general context. Namely when G is an adjoint
real split semi-simple Lie group.

Example 3.20. These conditions are met for G = SL(n,R), Sp(2n,R), SO(n,n + 1).
For this class of groups, there exists an embedding ¢: SL(2,R) — G unique up to conjugation.

Example 3.21. For the groups G = SL(n,R), Sp(2n,R), SO(n,n + 1), the map ¢ is just the
embedding ¢,,.

We can define use this map to define Fuchsian representations as representation of the form ¢ o j
where j: m(X) — PSL(2,R) has its conjugacy class in 7(X). Then we can also define Hitchin
representations as the deformation of those. The theorems we saw still hold.

Theorem 3.22. The Hitchin components are homeomorphic to R(29=2dm(G) = Hitchin repres-
entations are discrete and faithful.

We can also generalize the notion of positivity to G/B where B is a Borel subgroup of G.

Theorem 3.23 (Labourie, Guichard, Fock-Goncharov). A representation p: m(X) — G is
Hitchin if and only if there exists a p-equivariant &: 0m1(X) — G/B that sends positive triples
to positive triples.

For more information on these generalizations we refer to [Wiel8| and references therein.
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4. Exercises
by Marta Magnani, Arnaud Maret, Enrico Trebeschi

We want to explore the following facts throughout this list of exercises.

(1) The holonomies of hyperbolic structures are discrete and faithful. Any discrete and faithful
representation can be realized as a hyperbolic structure.

(2) The boundary of 71(X) is homeomorphic to the boundary of the hyperbolic plane.
(3) The limit map for Teichmiiller space.

(4) The subspace of discrete and faithful representations is closed in the space of representa-
tions.

Exercise 4.1. Let (M,h) be a marked hyperbolic structure over a closed surface ¥ of genus
g = 2. We recall that if p: (M, o) — (M, x0) is a universal cover, m (M, x0) acts discretely and
faithfully on (]\7, Zo) by deck transformations. There exists an isometry fp: M — H?2, which
induces an isomorphism fF: Isom(M) — Isom(H?).

The holonomy of a point [(M,h)] € T(X) is the data of the representation
[pn] € x(2,PSL(2,R)),

where [pp] is the class of conjugacy of the following homomorphism:
—~ *
(S, 50) —% 70(M, h(s0)) 2% Tsom™ (3T, #9) —'— Tsom* (H2) = PSL(2, R).

To prove that py, is well defined one have to check that the above construction is well defined up
to conjugation.

(a) It is a fact that the isomorphism

~

Deck: 71 (M, xo) — Isom(]\7, Zo) < Isom(M)

only depg@ds on the bas%oint xg and that changing basepoint change tﬁ\g conjugacy class
of Isom(M , &) in Isom(M). Deduce that the morphism 71(3) — Isom(M) is well defined,
up to conjugation.

(b) Describe explicitly the behaviour of f; to prove that the choice of the isometry M — 12
only changes the conjugacy class of the representation.

(c) Let (M,h) ~ (M', 1) be two hyperbolic structures, i.e. (h')" h: M’ — M is homotopic to
an isometry. Use the homotopy lifting property and the previous point to deduce that the
two deck transformation are conjugate by the lifted isometry.
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4. Exercises

Let p: m1(X) — PSL(2,R) be a discrete and faithful representation. We want to show that this
is a covering action on H?, so that H?/p(m1(X)) is a surface with fundamental group p(m1(X)) =
m1(X), hence diffeomorphic to ¥ because of the classification theorem for closed surfaces, and it
inherits a hyperbolic structure by the projection p: H? — H?/p(m(X)).

It is a fact that an action is a covering one if and only if it is free and properly discontinuous.

(a) Prove that a discrete subgroup G of Isom(X) acts properly discountinuously if (X,d) is a
complete metric space.

For this point use Arzela-Ascoli Theorem, that is

Theorem 4.1 (Arzela-Ascoli). Let K be a compact Hausdorff space and X a metric
space. Then F < C(K,X) is compact in the compact-open topology if and only if it is
equicontinuous, pointwise relatively compact and closed.

We recall that F' is pointwise relatively compact if Vo € K, the set Fx = {f(x), f € F}
1s relatively compact in X.

F' is equicontinuous if Ve > 0, 36 > 0 such that

dx(f(z), f(y)) <e, VfeF, VYx,ye K such that di(x,y) < 6.

Hint: in a complete metric space compact is equivalent to closed and bounded.

(b) Deduce from the previous point that a discrete and faithful action is properly discountinu-
ous.

(¢c) Describe the stabilizer of a point in Isom™* (H?) = PSL(2,R). Without loss of generality,
consider the stabilizer of i in the half-plane model.

(d) It is a fact that a group having a one-relator presentation {(s;, i € I : r), with r cyclically
reduced is with torsion if and only if the r is a proper power.

The fundamental group of a closed orientable surface of genus g can be presented as
T () = {a1,b1,...,aq4,by : [a1,b1]...[ag,by]),

hence is without torsion. Deduce from the previous point that a discrete and faithful action
has to be free.

Exercise 4.2. Step 1: The (Gromov) boundary of H? is
6H2 = {T: [07 OO) - H2 QEOdeSiC Tay}/fim’te distance

where
r1 ~ 12 <= supdgz(ri(t),r2(t))) < ©
t

Convince yourself that the Gromov boundary of H? is homeomorphic to S*. A basis for the
topology on 0H? is

Uia),er = {81 0,00) — H? geod. rays : B(0) = a(0), Be(au(t)) intersects 5}

Step 2: It is well known that 7 (X) = {a1,b1,...,a4,bg : [19_1[ai,bi] = 1). We can define
the boundary w1 (X) using the same definition of Step 1, where instead of H? we consider the
Cayley graph of m1(X) equipped with the word metric dg for a finite generating set S.

Step 3: We want to show that JH? and 01 (X) are homeomorphic. The key ingredient is the
following
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Lemma 4.2 (Milnor—évarc). Let (X,d) be a geodesic space and let I' be a group acting properly
discontinuously, cocompactly and by isometries on X. Then I is finitely generated and for every
finite generating set S and every point x € X the map

VE (F,ds) - (X7d)
Y=Y

1S a quasi-isometry.
In our case X = H2. How does the quasi-isometry extend to the boundary?

Remark 4.3. The intuitive thing to do would be looking at the map

f:or — oH?
[v] = [f o]

but in general quasi-isometries send geodesics to quasi-geodesics, so f 1s not well defined.
The result will follow from the following

Theorem 4.4 (Stability of quasi-geodesics in hyperbolic spaces). Let X be a hyperbolic metric
space, v : [0, L] — X a quasi-geodesic and ' : [0,L'] — X a geodesic with same starting and
ending point as vv. Then 1A = 0 such that

Im(y") € Ba(Im~) and Im(y) = Ba(Im~')
(that is, one is contained in the A-neighbourhood of the other)

Exercise 4.3. When G = PSL(2,R) the Hitchin component and the space of maximal repres-
entations both agree with Teichmiiller space. The existence of a nice limit map tells us something
about the representation. More precisely:

Let p: m () — PSL(2,R) be a representation and let &: 0y (X) — OH? be an
injective continuous p-equivariant map, i.e. £(y - 1) = p(v)&(r). Then p is injective
and discrete.

The group m1(X) acts on its Cayley graph by isometries. This action extends to the boundary
(definition in Exercise 2): for [r(t)] geodesic ray € om1(X) and v € w1 (X), v-[r(t)] = [v-r(t)].

Injectivity: Since p € Hom(m1(X), PSL(2,R)) it suffices to prove
vem(E),y # 1= p(y) # L.

Use injectivity and p-equivariance of & to prove injectivity of p.

Discreteness: p discrete <= 3 sequence p(c,) accumulating on In. Use properties of & to show
the non-existence of such a sequence.

Exercise 4.4. The goal of this exercise is to understand the following statement.

The subspace of discrete and faithful representations is closed in the space of rep-
resentations.

23



4. Exercises

Formally, let G be a Lie group and I' be a non-cyclic, torsion-free, hyperbolic group. The
fundamental groups of hyperbolic surfaces are examples of such groups T.

The key ingredient is the so called Margulis Lemma (also known as Margulis-Zassenhaus Lemma,).
Theorem 4.5 (Margulis Lemma). Let G be a Lie group. There exists a neighbourhood U of

the identity such that, given a discrete subgroup J < G such that J n U generates J, then J is
nilpotent.

Recall that J being nilpotent means that the sequence Jy := [J, J], Jit1 := [Ji, J] is eventually
the trivial group.

We will apply Margulis Lemma to prove that if pn: I' — G is a sequence of discrete and faithful
representations that converge to a representation p: I' — G, then p is discrete and faithful.
First, assume that p is not faithful, i.e. there is g € T\{1} such that p(g) = e.

(a) Let gt := lim, 1o g" in the boundary of T'. What kind of subgroup is Stab(¢g™) < T" ¢
Conclude that there exists h € T\ Stab(g™).

(b) What is Stab(g™) n Stab(h™) ¢
We consider the subgroup of I' defined by J := (g, hgh™).
(c) Prove that py(J) is nilpotent for some n large enough and deduce that J is nilpotent.

It is a fact that a nilpotent subgroup of a torsion-free hyperbolic group is either trivial or iso-
morphic to Z. So, we conclude that J =~ 7.

(d) (harder) Prove that {g, h?) = 72,

This is a contradiction because {g, h*) is a nilpotent subgroup of T that is not trivial or a copy
of Z.. Hence, p is faithful.

Assume now that p is not discrete. So, there exists a sequence g, € I'\{1} such that p(gn)
converges to the identity.

(e) Convince yourself that there exists h not contained in Stab(g;,") for alln (but maybe finitely
many).

(f) (somewhat tricky) Deduce that J,, := {gn, hgnh™Y) is nilpotent for some n. Conclude.
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5. Lie Groups, Lie Algebras and Their
Symmetric Spaces
by Luca De Rosa, Victor Jaeck

5.1. Lie groups and Lie algebras

Definition 5.1. A Lie group G is a group endowed with the structure of smooth manifold,
such that the operations of multiplication G x G — G and inverse G — G are smooth.

Remark 5.2. In particular, a Lie group is a locally compact Hausdorff second countable topo-
logical group.

In the remaining of the workshop we will probably be mostly interested in linear groups, i.e.
Lie groups arising as subgroups of GL(n,R), for some n.

Exercise 5.3. Let G be a connected Lie group and U < G a neighborhood of the identity e € G.
Show that U generates G.
Examples 5.4. (1) (R,+) and (R\{0}, ).

(2) G = GL(n,R). The linear group G is an open subset of R™*, and hence it inherits a smooth
structure from it. The usual matrix multiplication makes it a group. Notice moreover
that matrix multiplication is a polynomial function of the entries, and the inverse of a
matrix is a rational function. Hence both are smooth. It follows that G is a Lie group,
called the linear group.

(3) Non-example: Consider the space of homeomorphisms Homeo(X ) with X, for instance,
the regular tree of degree d > 3, endowed with the compact-open topology. One can show
that Homeo(X) is not even a locally compact topological group. In fact, a neighbourhood
of the identity contains maps that fix balls of X of larger and larger radius.

(4) For more interesting examples (e.g. SL(n,R)) we will use the inverse function theorem,
as we will see in the first exercise session.

Definition 5.5. A Lie algebra g is a vector space together with a skew-symmetric bilinear map
[,]:axg—g
satisfying the Jacobi identity: for all X,Y, Z e g

(XY, 2] + [ 2, [X, Y+ [V, [2, X] = 0 (5.1)
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5.1. Lie groups and Lie algebras

Definition 5.6. Let g, h be Lie algebras. A Lie algebra homomorphism is a linear map ¢: g — b
respecting the bracket operation, i.e.

p([X,Y]) = [o(X), o(Y)]
for all X,Y € g.
A Lie subalgebra m < g is a subspace of g such that for all X, Y em, [X,Y] e m.
Definition 5.7. Let A be a commutative algebra over a field k. A derivation on A is an

endomorphism §: A — A of the underlying k-vector space A which satisfies the Leibniz rule
d(ab) = d(a)b+ ad(b) for all a,b e A. We write Der(A) for the set of derivations on A.

Note that smooth vector fields Vect™ (M) on a manifold M can be identified with derivations
on C*®(M). Precisely, given a point p e M and a tangent vector X, € T, M, we can associate

6Xp . C* (p) - R, [f] — (dpf)(Xp)7
where C*(p) denotes the space of germs of functions around p. It follows that vector fields

correspond to endomorphisms of C*(M).

Proposition 5.8. Let M be a smooth manifold. The map
a: Vect™ (M) — End(C*(M)), X — (f— (Xf:p— (dpf)(X))))
is an isomorphism onto its image which consists of derivations Der(C*(M)) of the R-algebra

C*(M)

Remark 5.9. Notice that Der(C*(M)) is not a subalgebra with respect to the natural operation
of composition. Consider for instance M = R and a derivation X such that Xf = f'. Then
XoX(f)=Xf" = f". Hence the element X? sends f to its second derivative f”. This endo-
morphism of C* (M) clearly does not satisfy the Leibniz rule 6(ab) = d(a)b+ad(b). Nevertheless
there is another operation on Der(C*(M)) that, differently from the composition, gives back a
derivation.

Definition 5.10. For X,Y € Vect®™(M), define
[X, Y] = [(5_)(,(53/] = 5X O(Sy - 5y @) 5_)(

where dx : C*(M) — C*(M) is the derivation corresponding to X.

Exercise 5.11. Let §; and 2 be derivations. Show that [1,02] is a derivation as well, i.e. it
satisfies the Leibniz rule.

We have shown that Vect™ (M) endowed with the brackets operation above is a Lie algebra. It
is in fact a very important and somehow prototypical example of a Lie algebra, as we will see
in the following subsection.

Our next goal is to define a Lie algebra g canonically attached to a given Lie group G.
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5. Lie Groups, Lie Algebras and Their Symmetric Spaces
5.2. Left invariant vector fields and the Lie algebra of a Lie group

Let G be a Lie group, acting smoothly on a smooth manifold M. Given g € G we denote with
L, the left action map
Ly: M — M, mw—g-m.

The induced map at the level of vector fields is given by
(Lg)s: Vect™ (M) — Vect™(M), X — (m— (dmLg)(Xm)) -
Definition 5.12. A vector field X € Vect®(M) is said to be G-invariant, or more precisely

G-left-invariant if for any g € G, we have (Lg)«(X) = X. More explicitly, X € Vect™ (M) is
G-invariant if for any g€ G and me M

(dng)(Xm) = XLg(m) = Xgm

From now on we will denote with Vect® (M) < Vect® (M) the Lie subalgebra of G-invariant
vector fields on M.

Recall that a Lie group G is also a smooth manifold, and its group structure provides a natural
action of G on itself. Precisely, we now put G = M, and take as smooth action G x M — M
the multiplication action

GxG—G, (g,h)—gh

The following lemma is key to the definition of a Lie algebra of a Lie group.
Lemma 5.13. Let G be a Lie group. The map
Vect®(()% - T.G, X — X,

is an isomorphism of vector spaces.

Proof. Injectivity: Let X, = 0. Then for all g € G we have (d.Lg)(X.) = X4 = 0 and hence the
vector field X is identically zero.

Surjectivity: Given v € T, G, define the vector field X as follows: for any g € G
Xg 1= (deLg)(v)

Then X is left invariant by construction, and X, = v. O

From now on, given v € T,G, let v” be the corresponding left-invariant vector field constructed
above.

Definition 5.14. Let G be a Lie group. The Lie algebra g of G is the vector space T.G =
Vect™ (M )G consisting of left-invariant vector fields, endowed with the brackets operation

[v,w] := [vL,wL]e

for v,w € T.G.

Lie algebras are probably the central object in Lie theory. The Lie algebra g encodes in its G-
invariance most of the structure of the Lie group G. Moreover, Lie algebras are linear objects,
hence much easier to study.
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5.3. The exponential map and the adjoint representation

Exercise 5.15. The Lie algebra of G = GL(n,R) is given by Mat(n,R) with bracket operation
given by the commutator
[A,B] = AB — BA.

Definition 5.16. A simple Lie group is a connected non-abelian Lie group G which does not
have nontrivial closed connected normal subgroups.

Definition 5.17. A Lie algebra g is said semisimple if it is direct sum of simple Lie algebras.

5.3. The exponential map and the adjoint representation

Definition 5.18. Let M be a manifold and X a vector field on M. An integral curve of X
through p € M is a smooth curve v: (—d,d) — M such that v(0) = p and 7/'(t) = X, ).

A vector field X on M is complete if for every g € M the integral curve of X through ¢ is defined
on all R.

The following result will motivate the definition of the exponential map.

Theorem 5.19. Let G be a Lie group. The following hold
(1) Left invariant vector fields on G are complete;

(2) For every v e T.G, let ¢,: R — G be the integral curve of v* through e € G. Then ¢, is
a smooth homomorphism R — G. In particular for all t1,ts € R we have

bu(t1 +t2) = du(t1)u(t2)-

(3) The flow ®: R x G — G of v* is given by
O(t, g) = gbu(t).
We are now ready to define the exponential map.
Definition 5.20. The G be a Lie group with Lie algebra g. The exponential map is defined by
expa: g — G, v ¢y(1).

Examples 5.21. If G = GL(n,R), then g = gl(n,R) = Mat(n,R) and the Lie exponential map
turns out to be

e}
ATL
exXpgr(nr) - Mat(n,R) — GL(n,R), A~ Z =
n=0 "

For the remaining of this subsection, let G be a Lie group with Lie algebra g. The map
int(g): G — G that sends = to gzg~! is a smooth automorphism of G and the associated map
G — Aut(G), g — int(g) is a homomorphism.

Definition 5.22. The adjoint representation of G is Ad := d.int. For every g € G, Ad(g) :=
d.int(g) is an element of GL(g) and the map Ad: G — GL(g) is a homomorphism.
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5. Lie Groups, Lie Algebras and Their Symmetric Spaces

Exercise 5.23. For everyte R and X € g it holds
gexpa(tX)g™" = expg (tAd(g9)X).
Moreover, if G = GL(n,R) then Ad(g)X = gXg~'.

Definition 5.24. Let g be a Lie algebra. A representation of g into a finite-dimensional vector
space V' is a Lie algebra homomorphism from g to End(V).

Definition 5.25. We also call adjoint representation the map ad: g — gl(g) that sends X —
[X7 _]'

Exercise 5.26. The adjoint representation ad is a representation of the Lie algebra g. Moreover,
the derivative of Ad at e € G is the Lie algebra representation ad.

Definition 5.27. The Killing form of a Lie algebra g is the symmetric bilinear form

By(z,y) := Tr(ad(z)ad(y))
The following criterion motivates alone the relevance of the Killing form:

Remark 5.28 (Cartan’s Criterion). A real Lie algebra is semisimple if and only if its Killing
form is non-degenerate.

If g is a semisimple Lie algebra, then any non-degenerate symmetric invariant bilinear form on
g is a scalar multiple of the Killing form.

5.4. Symmetric spaces and the Cartan decomposition

Definition 5.29 (Riemannian viewpoint). A Riemannian manifold M is locally symmetric if
for every p € M, there is a normal neighborhood p € U and an isometry S, : U — U such that
Sg = e and p is the only fixed point of S, in U. Moreover, M is globally symmetric if each S,
can be extended to an isometry of M.

We consider now a Lie group viewpoint of the notion of symmetric space. We are mostly
interested in the case when G is a semisimple Lie group with finite center. The following
theorem states that one can construct symmetric spaces from a Lie group and its maximal
compact subgroups.

Theorem 5.30. Let G be a connected semisimple Lie group with finite center, and let K be a
mazximal compact subgroup. Then X = G/K admits an essentially unique G-invariant metric
(e.g. the one induced by the Killing form). The space X endowed with this metric is a non-
positively curved symmetric space, hence complete and contractible (by Cartan-Hadamard).

We can finally introduce the Cartan decomposition of a Lie algebra.

Definition 5.31. An involution on g is a non-trivial Lie algebra automorphism 6 of g whose
square is equal to the identity. Such an involution is called a Cartan involution on g if
—By (X,0(Y)) is a positive definite bilinear form.
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5.4. Symmetric spaces and the Cartan decomposition

Definition 5.32. Let G and K be as in theorem 5.30. Since #? = id, the Cartan involution 6
is diagonalizable and has eigenvalues +1 and —1. We denote with £ and p the corresponding
eigenspace, and hence obtain the decomposition

g=tdp

named the Cartan decomposition with respect to 6.

Theorem 5.33. Every real semisimple Lie algebra has a Cartan involution that is unique up
to inner automorphism.

Exercise 5.34. Show that, with the above notations, [¢,€] S € [p,p] < € and [& p] < p.
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6. Restricted Root Systems and Parabolic
Subgroups
by Mazx Riestenberg

Assumptions: We assume G is a connected, semisimple Lie group with finite center. K denotes
a maximal compact subgroup. The associated symmetric space X = G/K is of noncompact

type.

Review: T am assuming we know about Lie groups G, Lie algebras g, symmetric spaces X =
G/K, and the Cartan decomposition g = ¢@® p.

Goal: We need to cover the restricted root space decomposition, flag manifolds, and parabolic
subgroups. In particular we need to give the description of parabolic subgroups in terms of
restricted roots.

6.1. Constructing the associated symmetric space

I added this subsection after my talk, since there was some discussion about how to associate a
symmetric space to a semisimple Lie group. I will only summarize the construction.

Suppose G is a real semisimple connected Lie group with finite center. Let K be a maximal
compact subgroup. Form the quotient X = G/K. The orbit map G — X given by g — gK
has differential at the identity g — TjxG/K. The kernel of this linear map is £. Define p to
be the Killing form perpendicular of . Then the differential of the orbit map restricts to an
isomorphism p — TiG /K. The Killing form restricts to a positive definite inner product on p,
and K acts on p via the adjoint action by isometries for this inner product. The inner product
may be extended to all of X = G/K by left translation by the action of G.

The resulting Riemannian manifold turns out to be a symmetric space of non-compact type.
We define the Cartan involution € on g = £ @ p by setting £ to be the +1-eigenspace and p to be
the —1-eigenspace. This involution integrates to a unique involution o: G — G. The geodesic
symmetry at [K] is then given by gK — o(g)K.

Let me emphasize that a few points in my summary are not obvious (to me). In particular, it is
not obvious that the restriction of B to £ is negative definite and that the definition of 6 yields
a Cartan involution. (Recall that a Cartan involution is a Lie algebra involution # such that
the modified Killing form —B(X,0Y") is an inner product.) Let me not attempt to prove this
here.

Example 6.1. Our running example will be SL(n,R). Its associated symmetric space X,, can
be modelled as the space of n x n real symmetric positive definite matrices of determinant 1.
The action G x X — X may be given by ¢ -2 = gxlg. Then X has a basepoint p = I,,, the
identity matrix, with stabilizer K = SO(n), with involution o(g) = g~! and Cartan involution
6(X) = —'X. The Cartan decomposition is given by € = so(n) and p is the traceless symmetric
matrices.
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6.2. Maximal flats

6.2. Maximal flats

A flat in X is a totally geodesic submanifold isometric to Euclidean space. A flat is maximal if
it is maximal with respect to inclusion.

Example 6.2. The set of diagonal matrices with positive entries on the diagonal, multiplying
to 1 is a maximal flat in X,.

Recall that a point p in X determines the Cartan decomposition g = p@# and a canonical
identification p = 7, X. Via this identification, the Riemannian exponential map corresponds
to the Lie theoretic exponential map:

exp,(X) = eXp.

Moreover, for a nonpositively curved symmetric space, the Riemannian exponential map exp,: p —
X is a diffeomorphism.

Proposition 6.3.

{mazimal flats through p} < {mazimal abelian subspaces of p}

Example 6.4. The set of traceless diagonal matrices form a maximal abelian subspace of p in
sl(n,R).

Proof. Let a be an abelian subspace of p. Via the identification p = 7}, X, the Riemann curvature
tensor at p is given by R: pxp xp —p,
which clearly restricts to zero on a. Hence exp,(a) is a flat.

On the other hand, the sectional curvature of the plane spanned by X,Y € p is given by

(R(X,Y)Y, X)
R(X.Y) = (X, XXY,Y) —(X,Y)?

which reduces to B([X,Y],[X,Y]) if X,Y are orthonormal. If X,Y correspond to vectors
tangent to a flat, this must be zero. On the other hand, the restriction of B to £ is negative

definite, so [X, Y] = 0. It follows that the preimage of a flat under exp,, is an abelian subspace
of p. O

6.3. Restricted root space decomposition

Let B: gxg — R be the Killing form of g. Recall that it is a symmetric bilinear form,
nondegenerate if and only if g is semisimple (We assume that G is semisimple in this section).
The point p € X defines the Cartan involution : g — g so that € is the (41)-eigenspace of 6 and
p is the (—1)-eigenspace of §. We may define B,: gx g — R by B,(X,Y) = —B(X,0(Y)).

Lemma 6.5. B), s an inner product. For X € ¢, ad X is skew-symmetric with respect to B,,.
For X ep, ad(X) is symmetric with respect to B,.
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6. Restricted Root Systems and Parabolic Subgroups

Example 6.6. For SL(n,R) and p = I,, Bp(X,Y) = 2ntr(X ). Note that tr(X ) is the
entrywise dot product for matrices, also known as the Frobenius inner product.

By the spectral theorem of linear algebra, each ad(X): g — g is real-diagonalizable over R.

o,
3

Here’s a brief aside to prepare us for root theory. The takeaway is that roots are natural
generalizations of eigenvalues and root spaces are natural generalizations of eigenvectors to the
setting of a commuting family of linear transformations.

Exercise 6.7. Let fi,..., fn be a finite set of commuting, diagonalizable linear transformations
of a vector space V. Show that they admit a common diagonalization, i.e. there exists a basis
{ei} of V such that each f; is diagonal in the basis {e;}.

Recall that an eigenvalue of a linear transformation is a number A so that fv = Av. When you
play with the previous exercise, you will discover that the eigenvalues of linear combinations of
the f; is the linear combination of the eigenvalues of the f;. In other words, rather than think
of an eigenvalue as a number, it is better to think of it as a gadget that eats linear combinations
of f; and spits out a number. And this operation should be linear, i.e. it should commute
with taking linear combinations. In other words, an eigenvalue of a commuting family of linear
transformations f; is a linear functional on the span of f;.

#*

We apply these observations to a maximal abelian subspace a of p. a acts on g via the adjoint
action, and this is a commuting family of diagonalizable linear transformations. Therefore
we may consider its simultaneous eigenspace decomposition, which in this case is called the
restricted root space decomposition:

9=90®D g, -

aEX

where g, = {X eg:VAea,[4,X] =a(A)X} and ¥ = 3(g,a) = {a € a*\{0} : g, # 0} is the

set of restricted roots.

Example 6.8. For a as above in sl(n,R), gy = a and each root a: a — R is given by the
difference of two diagonal entries. FEach root space is one-dimensional, spanned by an off-
diagonal elementary matrix.

Exercise 6.9. Give an example where a # g,.
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6.4. Weyl group and Weyl chambers
6.4. Weyl group and Weyl chambers

The restricted root space decomposition depends only on p and a. Therefore
Ngk(a) ={ke K : Ad(k)(a) = a}

acts on a and also the set of roots (recall that K denotes the stabilizer of p in G). The kernel
of the action on a is

Zr(a) ={ke K:VAeca Ad(k)(A) = A}
and the quotient W = Nk (a)/Zk (a) is called the (restricted) Weyl group.

Each root o € ¥ has a wall
we =kera ={Aeca:alAd) =0}

The components of a\ Usex w,, are called (open) FEuclidean Weyl chambers. Elements of a in
open Euclidean Weyl chambers are called regular. We often choose an open Euclidean Weyl
chamber and denote it a™ (sometimes called the positive Weyl chamber).

Example 6.10. For SL(n,R), the restricted Weyl group W is isomorphic to the permutation
group Sg on d symbols. It acts on a via simultaneously permuting the rows and columns.

Via the exponential map, we can talk about walls and Euclidean Weyl chambers in a maximal
flat as well. It turns out that each wall of a maximal flat is an intersection of maximal flats.

Choose a regular element X € at. There is an associated set of positive roots ¥ = {a € X :
a(X) > 0} and a similarly defined set of negative roots. Every root is positive or negative.
There is also a set of simple roots A, uniquely defined by the property that each positive root
can be written as a linear combination of simple roots by nonnegative integers. Each wall
bounding a* is the kernel of a unique simple root in A. In particular, |A| = dim a = rank X.

6.5. The KAK decomposition

Theorem 6.11. Let at be a closed Euclidean Weyl chamber in a mazimal abelian subspace of
p. Then

p = Ad(k)(a®).

keK

Moreover, if Ad(k)(a®) = a* then Ad(k) fires at pointwise.

Example 6.12. For SL(n,R), the stabilizer of the point-chamber pair (p,at), i.e.

M ={geG:gp=pAd(g)(at) =at}

is given by diagonal matrices with entries +1, with an even number of —1’s.

Theorem 6.11 implies that G acts transitively on point-chamber pairs, but in general this action
is not simply transitive.

Exercise 6.13. Give an example of a symmetric space G/K where the stabilizer of a point-
chamber pair in G has positive dimension.

35



6. Restricted Root Systems and Parabolic Subgroups

Unfortunately, the following decomposition is also sometimes referred to as the “Cartan decom-
position." Fortunately, it can be unambiguously referred to as the “K AK decomposition."

Corollary 6.14. If G is a connected semisimple Lie group with finite center, K is a mazximal
compact and a*t is a closed Euclidean Weyl chamber, then G = K exp(a™)K. Moreover, for any
two factorizations g = kak’, g = Ibl' we have a = b.

Example 6.15. Applied to SL(n,R), this is just the singular value decomposition.

Proof. One first shows that any two points of X are related by a transvection. Moreover, each
transvection lies in a l-parameter subgroup corresponding to an element of p. It follows that
G = K exp(p). Now apply Theorem 6.11. O

The previous corollary implies that the Cartan projection u: G — a* is well-defined. (It
depends on the basepoint p.)

6.6. The visual boundary

In this section we introduce the visual boundary 0yisX of X. There is a natural action of
G on 0,isX. The orbits of this action are called flag manifolds and the point stabilizers are
proper parabolic subgroups. We describe this picture in more detail, then give a description of
parabolic subgroups in terms of the restricted root space decomposition.

We say that two unit-speed geodesic rays ¢, c’: [0,00) — X are asymptotic if sup, d(c(t), (t))
is finite. The set of equivalence classes of asymptotic rays is called the visual boundary of X,
denoted 0yisX. There is a natural topology on X uU 0y;sX homeomorphic to a closed ball called
the visual compactification of X. G acts on 0yisX via g[c] = [goc].

Exercise 6.16. Prove this is indeed an equivalence relation and that this action is well-defined.

Since the action of G on X is transitive, we can move the basepoint of any geodesic ray to a
fixed point p, and by Theorem 6.11 in the last section, we may use K to move the geodesic ray
into (the exponential of) a preferred Weyl chamber at. Moreover, there is an essentially unique
way of doing this.

Definition 6.17. Let at be a closed Euclidean Weyl chamber. Its ideal boundary o is called
an ideal/spherical Weyl chamber.

Theorem 6.18. Let o be an ideal Weyl chamber, let K be a maximal compact, and let £ be an
ideal point. Then G-& =K - & and

(G- &) nol=[(K-§na|l =1

The previous Theorem is a consequence of Theorem 6.11. An ideal Weyl chamber is a spherical
simplex, and its faces are also simplices. If g € G takes a simplex 7 to itself, it must fix 7
pointwise. (Warning: this uses our assumption that G is connected!)

36



6.7. Flag manifolds and parabolic subgroups

6.7. Flag manifolds and parabolic subgroups

Definition 6.19. The stabilizer P = G¢ = {g € G : g§ = £} of an ideal point & € 0, X is called
a parabolic subgroup of G. The homogeneous space G/P =~ G - ¢ is called a flag manifold.

Example 6.20. We describe the visual boundary, flag manifolds, and parabolic subgroups for
SL(n,R). In this case, each ideal Weyl chamber o corresponds to a full flag in R™, i.e. a chain of
subspaces 0 = Vg c Vi < --- < V,_1 c V,, = R with dim V; = i. Each simplex 7 corresponds
to a partial flag. Each parabolic subgroup stabilizes a partial flag. The maximal parabolics
correspond to Grassmannians, and the minimal parabolic subgroups (a.k.a. Borel subgroup)
stabilize a full flag, hence are conjugate to the subgroup of upper triangular matrices.

Each ideal point £ € 0yisX lies in the interior of some simplex 7. It corresponds to an eigenvalue-
flag pair, i.e. a partial flag (V;) together with a vector ()\;) € R", with the constraints that
> A =0and Y22 =1 and A\; = \j4+1 when a subspace of dimension j is missing from the
partial flag. Given a point p € X, we can construct a geodesic ray from p and an eigenvalue-flag
pair by using the inner product on R" corresponding to p to construct an orthonormal basis
compatible with the partial flag, then using the eigenvalue data to construct a matrix X € p
with the appropriate eigenvalues. See Eberlein’s book [Ebe96| for more details.

We have seen that a pair of ideal points have the same stabilizers if and only if they span the
same simplex of 0,;sX. In other words, parabolic subgroups correspond to simplices of 0yisX.

By Theorem 6.18, we may assume (up to translating by an element of K) that our ideal point
& € 045X is represented by the geodesic ray

c(t) = ep
for X e at < a < p. We can describe G¢ explicitly in terms of the restricted roots X. Let A be
the simple roots corresponding to at and let © ¢ A be the simple roots that are positive on

X. Let X7 be the positive roots and ¥~ be the negative roots.

The roots which are zero on X lie in Span(A\©), so the set of roots positive on X is ¥ =
Y\ Span(A\O). We define

ug = Z g, and ud”? = Z 0 0 -

aeEg aeEg
Exercise 6.21. ug and u(épp are nilpotent subalgebras of g.
Example 6.22. For SL(n,R), the standard subalgebras ug are strictly upper triangular.
Theorem 6.23. Let Py denote the normalizer of ug in G. Then Pg = G¢.

We skip the proof, but mention the main idea: each group is equal to the set of elements g € G
such that the limit lim;_,, e 7'¥ ge!X exists. See Eberlein’s book [Ebe96] for more details.
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6. Restricted Root Systems and Parabolic Subgroups
6.8. Levi subgroups

The subgroup Ppg is called the standard parabolic associated to ©. (‘Standard’ means standard
with respect to the choices of fixed basepoint, flat, and chamber.) Let P’ denote the normalizer
of uad? in G. The intersection Lg = Pg n Pg’” is called the Levi subgroup, and its Lie algebra
is given by
[@ = g()@ Z (ga@)gfa) .
aeSpan(A\@)nX+

The Lie algebra pg of Pg decomposes as

o = lo ue.

Example 6.24. For SL(d,R), a Levi subgroup is a block diagonal subgroup. It acts on the
parallel set of block diagonal symmetric matrices.

Guichard-Wienhard allow the subset © to be empty, in which case Py = G, so G itself is
considered a parabolic subgroup. At the other extreme, Pa is a minimal parabolic subgroup,
a.k.a. a Borel subgroup.

Remark 6.25. Warning! The subspace p and subalgebra pg have essentially nothing to do with
each other. Guichard-Wienhard avoid the notation p in the Cartan decomposition by replacing
it with €.

6.9. Parallel sets

Recall that we considered an ideal point £ in the previous section. Let ¢: R — X be the unit-
speed geodesic with ¢(0) = p in the asymptote class of {. Define © and Pg as before. The Levi
subgroup Lg = Pg N P(gp P stabilizes a parallel set, which is the union of biinfinite geodesics
parallel to ¢, equivalently, it is the union of maximal flats containing c. If ¢ is regular, it lies in
a unique maximal flat, © = A, Pg = Pa is a Borel subgroup and the parallel set is a maximal
flat. In general, a parallel set is a totally geodesic subspace containing p. It is a nonpositively
curved symmetric space, but not necessarily of non-compact type i.e. it has a Euclidean de
Rham factor.

The presence of a Euclidean factor means that [g is no longer semisimple, but it is still reductive,
i.e. the direct sum of its center with a semisimple subalgebra. Observe that Lg acts on ug via
the adjoint representation. This representation is crucial for the definition of ©-positivity!

Exercise 6.26. Give an example of a symmetric space with an isometry g which fizes p and
preserves at but does not fix at pointwise. (Hint: such an isometry cannot be in the identity
component.)

Exercise 6.27. The action of Lg on G/ngp fizes the identity coset, so Lg also acts on the

tangent space T[Pépp]G/P(Spp. Show that this representation is equivalent to the adjoint action
of Le on ug.
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7. Representations and Dynkin Diagrams
by Daniel Soskin

7.1. Representations

Let g be a complex Lie algebra and V' a vector space over the field of complex numbers, unless
another field is introduced explicitly.

Definition 7.1. A representation of a Lie algebra g is a Lie algebras homomorphism ¢: g —
gl(V), where gl(V) is the general linear algebra, i.e. the algebra of endomorphisms of a vector
space V' with product given by [X,Y] = XY — Y X.

Definition 7.2. A vector space V', endowed with an operation g x V' — V|, is called a g-module
if the following conditions are satisfied: for any X,Y € g, v,w e V, and a,b € F we have

(1) (aX +bY)v=a(Xwv)+b(Yv),

(2) X.(av + bw) = a(X.v) + b(X.w),

3) [V, X]v=XYv—-YXuw.

Given a representation ¢: g — gl(V), we can view V as a g-module via the action X.v =
¢(X)(v). Conversely, given a g-module V, this equation defines a representation ¢: g —

gl(V).

Definition 7.3. A homomorphism of g-modules is a linear map ¢: V' — W such that ¢(X.v) =
X.o(v).

Definition 7.4. A g-module is called irreducible if it has precisely two g-submodules (itself and
0).

Definition 7.5. A g-module is called completely reducible if it is a direct sum of irreducible
g-submodules.

Lemma 7.6 (Schur’s Lemma). Let ¢: g — gl(V') be an irreducible representation of g. Then
the only endomorphisms of V. commuting with ¢(g) are the scalars.

Theorem 7.7 (Weyl). Let ¢: g — gl(V) be a (finite-dimensional) representation of a semisimple
Lie algebra. Then ¢ is completely reducible.

Let g be a semisimple Lie algebra, h a fixed Cartan subalgebra and ¥ a root system relative to
h. If V is a finite-dimensional g-module, h acts diagonally on V', and V is a direct sum of its
weight spaces: V' = @« Vi, where Vi = {v € V|h.v = A(h)v Vh € h}. Whenever V) # 0, it is
called weight space and X is called weight.
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7. Representations and Dynkin Diagrams

Example 7.8. The Lie algebra g itself is an g-module via the adjoint representation. Then,
weights are the roots a € 3 with the weight spaces g, from the root space decomposition along
with the weight space b of 0.

Exercise 7.9. Verify that g, maps Vy into Vyiq , A€ bh™ aeX.

Example 7.10. Let us consider g = s[(2, C) with the standard basis X = <8 (1)>, Y = ((1) 8) ,

H = (é _01> One can verify that [H, X] = 2X, [H,Y] = —=2Y, [X,Y] = H, and thus for
5[(2,C)-module V it follows that if v € V), then X.v € V)9 and Y.v € V)_5. Assume now

that V is an irreducible finite-dimensional g-module. There exists a nonzero vy € V) such that
Vigo =0, and X.vg = 0. Define v; = Z.%Yi.vo, (i > —1). Then,

(1) Hov; = (A —20)v;;

(2) Yo, = (Z + 1)’Ui+1;

(3) X.UZ' = ()\ —i— 1)7),'_1.
All nonzero v; are linearly independent. Let m be an integer such that v, # 0 and v,,, = 0 for
m < m/. The subspace of V with basis vg, v1, ..., v, is a g-submodule, so it must be equal to V,
since the latter is irreducible. Note, that from (3) it follows that m = A, and m = dim(V') — 1,

because each weight space is of dimension one. Thus, there exist only one irreducible sl(2, C)-
module of each possible dimension.

It turns out, that for any complex semisimple Lie algebra g is built from copies of sl(2,C). For
any root « € ¥, and any X, € g, there exist Y_, € g_,, such that X,, Y, and [X,, Y] span a
subalgebra of g isomorphic to s((2,C).

Definition 7.11. Let ho be the real form of h. An element A € b is algebraically integral if
2(\, @)

(o, @)

are integers for all roots a.
Exercise 7.12. The weight of any finite-dimensional representation is algebraically integral.

The fundamental weights w1, ..., w; are defined in a way that they form basis of b such that
2(w;,005)
93) - : o
is an integral combination of the fundamental weights. Thus, the set of all algebraically integral
weights in b form the weight lattice for g.

= 0;;, where o; are simple roots. An element A is algebraically integral if and only if it

Suppose that the Lie algebra g is the Lie algebra of a Lie group G. Then, X € b is analytically
integral if for each ¢ in b such that exp(t) = e in G we have (A, t) € 2miZ. If a representation of g
arises from representation of (G, then the weights of the representation are analytically integral.
For semisimple G the set of analytically integral weights form a sub-lattice of the lattice of
algebraically integral weights. If G is simply connected then both lattices coincide.

There is a partial order on the space of weights. We say that p is higher that A (u > \), if u— A
is expressible as a linear combination of positive roots with non-negative coefficients.

An integral element A is called dominant if it is a non-negative integer combination of the
fundamental weights. Note, that it is not the same as being higher than 0.
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7.2. Dynkin diagrams and related classifications

Definition 7.13. A weight X\ of a representation V of g is called highest weight if it is higher
than every other weight of V.
Theorem 7.14. (1) Ewvery irreducible finite-dimensional representation has a highest weight.
(2) The highest weight is dominant and algebraically integral element.
(8) Two irreducible representations with the same highest weight are isomorphic.

(4) Every dominant, algebraically integral element is the highest weight of an irreducible rep-
resentation.

7.2. Dynkin diagrams and related classifications

Let ¥ be a root system of dimension [, with ordered basis of simple roots {aq, ..., a;}. For two
roots «, B € X, let (B, a) := %

Definition 7.15. The root system X is called irreducible if it cannot be partitioned into the
union of two orthogonal proper subsets.

Theorem 7.16. The root system of a simple Lie algebra is irreducible.

The following statement reduces the problem of characterizing semisimple Lie algebras by their
root systems to the problem of characterizing simple ones by their irreducible root systems.

Theorem 7.17. Let g be a semisimple Lie algebra with b and ¥ as defined before. If g =
91D ... D gs is the decomposition of g into simple ideals, then h; = h ng; is a Cartan subalgebra
of g; with relative irreducible root subsystem X; of ¥ in such a way that ¥ =31 U ... U X, is
the decomposition of 3 into its irreducible components.

Irreducible root systems can be classified by so called Dynkin diagrams.

Since (f, ay must be an integer (called Cartan integer), there are only a few possible values: 0,
+1, +2, +3. Moreover, at most two distinct root lengths may occur in an irreducible system 3,
which are referred to as long and short roots. The matrix ({a, cj)); j=1,...;1 is called the Cartan
matriz of 3. Define the Coxeter graph of 3 to be a graph on [ vertices a1, ..., a;, where the ¢;
is joined to a; (i # j) by (e, a;){a;, ;) edges. Whenever a double or triple edge occurs in the
Coxeter graph of ¥, we add an arrow pointing to the shorter of the two roots. The resulting
object is called a Dynkin diagram. Since for simple roots (a, 5) < 0, all Cartan integers can be
recovered from the Dynkin diagram. Note that the Coxeter graph is connected if and only if its
corresponding root system X is irreducible.

Theorem 7.18. If ¥ is an irreducible root system of rank l, its Dynkin diagram is one of the
following (I vertices in each case): A (1 =1), By (1 >2), C; (1 =3), D; (Il >4), Fs, Er, Eg,
Fy, Go, see Table 7.1.

Theorem 7.19. For each Dynkin diagram of type A-G, there exists an irreducible root system
having the given diagram.
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7. Representations and Dynkin Diagrams

Ag(l=1): o—e—
q (5]
Bi(t=2): e—e—
[e5]) (5]
Co(£=3): o—e—
(03] a9
Di(l=4): o—e—
aq (65)
az
Eg: ~—o—I—o—q
6 aq asg Qg Qs Qg
5]
FE b—o—I—o—o—Q
7 @ % y as Qg «@
3 5 6 7
Qg
Exg: b—o—I—o—o—o—Q
8 aq s Qg Qs Qg Qg ag
Fy: o—e——o o
4 o1 (e a3 Qy
Goy: —

Table 7.1.: List of Dynkin diagrams

Classification of real Lie algebras differs from the case of Lie algebras over algebraically closed
fields.

Definition 7.20. The complexification of a real Lie algebra g is obtained from g by extending
the field of scalars from real to complex. Elements of g€ can be considered as pairs (u,v),
u,v € g (or u+ v) with the following operations:

(1) (uy,v1) + (ug,v2) = (u1 + ug, vy + v2),

(2) (a+iB)(u,v) = (eu — Pv, v + Pu) for any real a, f3,

(3) [(ur,v1), (u2,v2)] = ([ur, ue] — [v1,v2], [v1, u2] + [u1,v2]).
If g is a finite-dimensional real Lie algebra, its complexification is either simple or a product of
a simple complex Lie algebra and its conjugate. Thus, real simple Lie algebras can be classified

by the classification of complex Lie algebras and some additional information, which can be
done by Satake diagrams, which generalize Dynkin diagrams.
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8. The Indefinite Special Orthogonal Group
by Jacques Audibert

8.1. The Lie group and its Lie algebra

Denote I, ; = (183 OI >
—1q

Theorem 8.1. For every B € GL(n,R) symmetric there exists p,q = 0 and P € GL(n,R) such
that 'PBP = I,,.

For every B € GL(n,R) symmetric define SO(B) = {M € SL(n,R) : ‘M BM = B}.
Remark 8.2. If'PBP = I,,, then SO(B) = PSO(I,,)P~!.

Example 8.3. Let 0 < p < q. Denote by

o 0 W,
QRpg = 0 —I;—p 0 |eGL(p+qR)
0

W, 0
where
(=1)pt
Wp = € GL(pv R)
-1
1
Denote
(=pr—t (=nr
V2 V2
_1 1
V2 N s V2
2 V2
pP= e (8.1)
1 V2 V2 1
V2 V2
1 1
V2 V2

Then 'PQ, P = I, , thus SO(Q,4) = PSO(I,,) P~ .

Proposition 8.4. e SO(Qyp,q) is a Lie group.
e Ifp =0, then SO(Qo,q) is connected and compact.
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8. The Indefinite Special Orthogonal Group

o Ifp>0, then SO(Qp,q) has two connected components and is not compact.
Denote SOg(@p,q) the connected component of SO(Q), ) containing the identity.
Theorem 8.5. SOy (Qp.,q) is homeomorphic to SO(I,) x SO(I,) x RP4,
Exercise 8.6. Determine the fundamental group of SOo(Qp,q)-

Proposition 8.7. The Lie algebra of SO(Qp,q) is

50(Qpq) = {M € Mat(p + ¢,R) : 'MQpq + QpogM =0, Tr(M) =0} =

My Mo M3
Moy Moo ‘MW, t Moy = —Mao, Mz = —W,"M13W,, Mz = —W, Mz W,
Mz W,'My —W, 'MW,
with
aii aip a1p—1 0
az az2 0 A1p—1
Mij = —th tMiij — Mz‘j = : . . .
ap—11 0 cee (—1)p_2(122 (—1)7’_1@12
0 ap—11 - (—1)p*1a21 (—1)pa11

The Lie bracket is [X,Y] = XY — Y X.

: +q)(pt+q—1
We thus see that dimso(Q)q) = %.
Proposition 8.8. Its Killing form is B(X,Y) = (p+¢—2)Tr(XY) (p+¢ > 3).
Since, for p + ¢ > 3, B(X,Y') is non-degenerate, s0(Q, 4) is semisimple.

Remark 8.9. Let p+ q > 3. Then s0(Qpq) is simple unless
e p=q =2 because s0(Q22) = sl(2,R) ®sl(2,R),

e p=0 and g = 4 because 50(Qo,4) = su(lz) ® su(ly).

Exercise 8.10. Prove that SOg(I22) = SL(2,R) x SL(2,R)/{£(I2, I2)} and SOg(14) = SU(I3) x
SU(I2)/{£(I2, I2)}.

Example 8.11. SO(Q23) has Lie algebra

aig a2 a3 a4 0
agy a a3 0 aq
50(Q2.3) = azgr azz 0 a3 —ai3 |: aj; €R
apgy 0 azpx  —az ar
0 a1 —az; a;n  —an
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8.2. The restricted root system
8.2. The restricted root system
Let 0<p<gwithp+q=3.
Proposition 8.12. The map 0: 50(Qpq) — 50(Qpq), M — —'M is a Cartan involution.

Proof. Since s0(Qpq) is close under transpose, # is a Lie involution of s0(Q,4). For any X €
50(Qp,q) non-zero —B(X,0(X)) = (p+¢—2) Tr(X'X) >0 O

Thus 50(Qp4) = €@ p where £ = {M € 50(Qpq)| —'M = M} and p = {M € 50(Qpq)|'M = M}.
This is the Cartan decomposition.

Denote
A1 )

a=+< D)= 0 N eER S
_)\p

\ _Al J
This is a maximal abelian subspace of p as the following computations show.

Denote
1 ifi=kandj=I,

0 otherwise.

(Eki)ij = {

Then we compute the following brackets:

Dy, 0 = (=) 0 (8.2)
(_1)i+j+1Ep—j+lp—i+l (_1)i+j+1Ep—j+lp—i+1
0 }
Dy, E;; =0 (8.3)
0 By 0 B
D, 0 (=1)r~ Eyp z+1) 0 (=1)P7"Ejpin (8.4)
0
0
Dy, | By ] 0 (8.5)
(=1)P~ JEp —j+1i (=) Epj1i O
[ Eij + (=1)P" By jyip-is1 | Eij + (=1)P" By ji1p-iv1
Dy, 0 = ()\i“‘)\p—j—H) 0
0 0
i ) (8.6)
_ o0\
Dy, N 0 = (“Apois1—N)) N 0
i Eij + (=P Epjiip—i 1 Eij + (_1)p+z+jEp—j+lp—(i+1)
8.7
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8. The Indefinite Special Orthogonal Group

Remark 8.13. The rank of s0(Qp,q) is the dimension of a which is p.

We see that

ZE(Q)Z{XEE : [A,X]ZOVAEQ}Z M22 : M2T2=—M22

Definition 8.14. A real semisimple Lie algebra is said to be split if Z¢(a) = {0}.

Thus s0(Q)4) is split if and only if p=qorp=g¢q— 1.

Denote ¢; : a = R, Dy — \; for every i.

Proposition 8.15. The set of restricted roots of s0(Qp 4) relative to a is
o ifp#q, thenY ={e; (1<i<p), —g (1<i<p), g;+¢; (1<i<j<p), —gi—¢; (1<
i<j<p),e—¢c (I<i#j<p}
e ifp=gq thenX ={e;+¢c; (1<i<j<p), —ci—¢g; (1<i<j<p),ei—¢g (I1<i#j<

P}

and the root space decomposition is
50(Qp,q) =a® Z(a) @ @ ge; @ @ g D @ Hei—¢; @® (‘B Heite, @ @ J—c;—¢;

1<i<p 1<i<p 1<i#j<p I<i<j<p 1<i<j<p

where g\ = {X € 50(Qp) : [A, X] = NA)X VA€ a} with dim(g.,) — g — p, dim(g_,) = g — p,
dim(ge,—,) = 1, dim(ge;4,) = 1 and dim(g_., ;) = 1.

Proof. This is a consequence of the previous bracket computations. O
Proposition 8.16. If p # q, then A = {1 — €2, €2 —€3,..., €p—1 — €p, Ep} 15 a set of simple
roots. If p = q then A = {e1 — 2,62 —€3,..., €p—1 — Ep, Ep—1 + Ep} 15 a set of simple roots.

Proof. We only prove the case p # ¢q. We have to express each root as a combination of the
simple ones involving only non-negative or non-positive coefficients. We see that ¢; = ¢, —¢;411 +
Eit1—Ei42+. .. +Ep_1—EpTEp. Alsofori < j EiTEj = E—E€i+1TEi+1—Ei+2+. .. +Ej_1—Ej +26j—
2€j+1 +2€j+1 —2€j+2+. . .+2€p_1 —2€p+2€p and €;—€; =& —Ei+1t+Ei+1 —E42+...+Ej—1—€;.
We deduce the other equations by multiplying those by —1. O

Exercise 8.17. Check the case p = q.
The Dynkin diagram of so0(Q, ) is By, if p # q and D, if p = q.

Example 8.18. Case of 50(Q23):
A1

50 50(Q)2,3) has rank 2. We have Z¢(a) = {0} so 50(Q)23) is split. Then ¥ = {e1, €2, —e1, —€2, €1+
€9, —€1 — €9, €1 — €9, €9 — €1} and all root spaces have dimension 1. As a set of simple roots
we can pick A = {e; — €3, €2} and the Dynkin diagram is thus Bs.
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9. Examples and Exercises - Part 1
by Alex Moriani

9.1. Closed linear groups

In this session we will talk about linear Lie groups, that is, closed Lie subgroups of GL(n,R).
But first, let us just recall how to see the Lie algebra of a linear Lie group as a group of matrices.
The group GL(n,R) is open in Mat(n,R) (which is a real vector space), and so it is a manifold

of dimension n?2.

Exercise 9.1. Prove that the general linear group GL(n,R) is a Lie group. Prove that its
Lie algebra is isomorphic to Mat(n,R) endowed with the usual bracket on matrices [A, B] =
AB — BA.

Solution. GL(n,R) is an open subset of Mat(n,R) (a real vector space), so a smooth manifold.
Multiplication and inverse are polynomial in the coefficients so are smooth and GL(n,R) is a Lie
group. The Lie algebra of a Lie group is defined as being the set of left invariant vector fields,
which is in bijection with the tangent space at the identity. For GL(n,R), the Lie algebra may
so be identified with the vector space Mat(n,R). It will be the same for every closed subgroup
of GL(n,R), its Lie algebra will be a subspace of Mat(n,R).

Definition 9.1. The linear Lie algebra of a closed Lie subgroup G of GL(n,R) is its tangent
space at I,, seen as a subspace of Mat(n,R) :

g=1{7(t) | v: R — G smooth, 7(0) = I,,},
endowed with the usual bracket on matrices [X,Y] = XY — Y X.

Exercise 9.2. Show that it is a Lie algebra (vector space, skew-symmetry and Jacobi identity).

Solution. If XY € Mat(n,R) corresponding to z,y: R — GL(n,R), zy is smooth and its
derivative at t 4+ 0 gives (zy) (0) = 2/(0) + ¥/(0) = X + Y, s0 X +Y € g. Looking at kx, for
k € R, we see that kX € g. So g is a vector space. Computations show that [-,] is bilinear
skew-symmetric and verify the Jacobi identity. So g is a Lie algebra.

Exercise 9.3. Show for the case of GL(n,R), its Lie algebra gl(n,R) and its linear Lie algebra
g are isomorphic.

Hint. They are isomorphic as vector spaces. Recall that the bracket of the Lie algebra gl(n,R)
is given by the bracket of vector fields (gl(n,R) = {left invariant vector fields}).

D g— g[(’I’L,R)
X — Xt
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9. Exercises - Part 1

where X7 is the left invariant vector field with (X©); = X. We want to show that this map is a
Lie algebra isomorphism. It is well-defined, one-one, onto. We need to check that it respects the
Lie bracket, i.e. we have to verify that for every X,Y e g, [XL, Y] = [X,Y]F = (XY - Y X)L,
and to do that we check that they act in the same way as derivations on functions. It is
differential calculus. If this is true, the two vector fields are the same, and so is their value at
the identity, i.e. [X*,YF]; =[X,Y] = XY - Y X.

Remark: recall that the exponential map for Lie groups gives the exponential of matrices in a
linear group. To find a particular curve with derivative X one can choose ¢ — exp(tX). Here
is another way of thinking of the linear Lie algebra of a closed linear subgroup G:

g = {X € Mat(n,R) | exp(tX) e G Vt e R}.

0.2. Exercises

Exercise 9.4. Show that the classical groups
e SL(n,R) = {A e GL(n,R) : det(A) = 1},
e Sp(2n,R) = {A € GL(n,R) : 'AJ,, , A = Jyn} 0 SL(2n,R),
e SO(p,q) = {Ae GL(n,R) : "Al, ;A = I, ,} n SL(p + ¢, R),

are closed linear groups, and compute their linear Lie algebras.

Hint. Use the inverse function theorem.

Solution.
e SL(n,R) = det™1(1), (ds, det)(X) = tr(X), so sl(n,R) = ((dy, det))"1(0) = {X €
gl(n,R) : tr(X) = 0},
e Sp(2n,R) = f‘l(Jn,n), where

f: SL(2n,R) — Mat(2n,R), A — 'AJ,,A.

Then (dp,, f)(X) = XJpn + JnnX, so sp(2n,R) = {X € gl(2n,R) : "X Jp 5 + Jpn X = 0},
e SO(p,q) = g *(Ip,), where

g: SL(p + ¢,R) — Mat(p + ¢,R), A+ 'AIL,  A.

Thus so(p,q) = {X € gl(p + ¢,R) : X1, , + I, ,X = 0}.

Exercise 9.5. Compute the Killing form on gl(n,R). Compute the Killing form on sl(3,R)
and sp(4,R).

Solution. Taking the basis (F;;) (matrices with zeros, and only one 1 on the i-th row and j-th
column), and a lot of patience, one can compute the killing form on gl(n,R) to obtain that
B(X,Y) =2nTr(XY) — 2Tr(X) Tr(Y). Since sl(n,R) is an ideal of gl(n,R), its Killing form
is the restriction of that of gl(n,R), i.e. B(X,Y) = 2nTr(XY). For sl(3,R), decompose it into
skew and symmetric part, so it becomes s((3,R) = s0(3,R) @ p. Take the basis

0 10 0 01\ /0 0 0
-1 00,0 oo], [0 0 1
0 0 00/ \o -1 0

010y /00 1\ /00 0
1 0 o0],{oo0o],[oo0 1],
~1 000/ \1t oo/ \o1o0

[an)
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and find the matrix of the Killing form being equal to

-12 0 0 0 0 0 0 O
0 -12 0 0 0 0 0 O
0 0o -12 0 0 0 0 O
0 0 0 12 0 0 0 O
0 0 0 0 12 0 0 o0}
0 0 0 0 0 12 0 O
0 0 0 0 0 0 12 6
0 0 0 0 0 0 6 12

which is non-degenerate of signature (5, 3).

For sp(2n,R), a computation as that of gl(n,R) gives us B(X,Y) = (2n + 2) Tr(XY"), which is
non-degenerate of signature (n?,n? + n) in sp(2n, R).

Exercise 9.6. Show that the Lie algebras above are semisimple Lie algebras, except for gl(n,R),
which is only reductive (i.e. direct sum of an abelian Lie algebra and a semisimple one).

Remark 9.2. We see that the Killing form is non-degenerate for sl(n,R),sp(2n,R) and so(p, q).

Recall the Cartan criterion: a Lie algebra is semisimple if and only if its Killing form is non-
degenerate. Write gl(n,R) as sl(n,R) ® RI,.

Exercise 9.7. Find a Cartan decomposition for sl(n,R), sp(2n,R), so(p, q). Find the associated
symmetric space of the Lie group SL(n,R) and its mazimal flats.

Solution. We can take the skew and symmetric part in each case (that are eigenspaces of the
involution X +— —*X). This gives the following Cartan decompositions:

e sl(n,R) =so(n,R) ®p with p being the symmetric matrices with trace 0,
e sp(2n,R) =tDq,
* 50(p,q) = s0(p,R) ®s0(q,R) .

Let us detail the cases sl(n,R) and sp(2n,R). In sl(n,R), the skew part gives all the skew-
symmetric matrices, i.e. the Lie algebra of SO(n,R), so a maximal compact of SL(n,R) is
SO(n,R). The symmetric part of sl(n,R) are the symmetric matrices with trace zero. In p,
define a as the set of diagonal matrices of p, i.e. diagonal matrices of trace zero. The space a
is abelian, and is maximal for this property. Let us say that if you take a symmetric matrix
with zero trace, then its exponential will give a positive definite matrix with determinant one
(symmetric implies diagonalizable, and then apply exponential to give another symmetric matrix
with eigenvalues exp(l;) > 0, and recall that exp o Tr = det oexp). So the exponential of p will
give us Symi (n,R) the set of positive definite symmetric matrices of determinant one. The
Cartan decomposition can be written as

SL(n,R) = SO(n,R) x Sym? (n, R),
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9. Exercises - Part 1

which is nothing else than the polar decomposition. The symmetric space is then X =
SL(n,R)/SO(n,R) x~ Sym}r (n,R). A maximal flat of X is then given by integrating the sub-
space a C p, and this gives diagonal matrices with positive entries and determinant one.

In sp(2n,R), we can decompose the matrices as

M, M,
= (o i)
with M € sl(n,R) and Msy,M3 symmetric. Then we see that the Lie subalgebra ¢ is made of
M, —M;
My M,
compact K associated to the Lie sub-algebra £ can be thought of in a convenient way. We recall
the definition

matrices < >, with M skew- and Ms symmetric. At the Lie group level, the maximal

U(n) = {Ae GL(n,C) : A*A = 1,},

where A* stands for ‘A (conjugate transpose). Recall also that complex matrices can be seen
as real matrices of twice the size by writing

A = Re(A) +iTm(A) (Re(A) _Im<A)> .

Im(A) Re(A)

Looking at U(n) as a group of real matrices, and doing the computation ‘A.J,, , A for A € U(n),
we find J,,p, i.e U(n) < Sp(2n,R). Moreover, computing the Lie algebra of U(n) seen in
GL(2n,R) we find exactly €. Then just remark that U(n) is connected so we can say that a
maximal compact of Sp(2n,R) is U(n). The symmetric space of Sp(2n,R) will be studied in
the following worksheet.

Exercise 9.8. Compute the restricted root spaces, the Weyl chambers (and Weyl group), the
KAK decomposition and the parabolic subgroups of SL(3,R).

For SL(3,R), recall that

A
a= I AN VER A+ pu+v=0
v
A1
The space a* is generated by f;, for 1 < i < 3, where f; A2 = )\;. Let us take
A3
A1
A= Ao €a, and X = (z;5) € sl(3,R) = g. We have
A3
0 (A= A2)z12 (A1 — A3)x13
[A,X] = ()\2 — /\1)$21 0 ()\2 — )\3)%’23 ;
(A3 = A1)xsr (A3 — A2)w32 0

so the roots are ¥ = {\; — \; : @ # j} and the root spaces associated are g(;;) = {X €
g | xp = 0 V(kl) # (ij)} of dimension one. Here gp = a. An example of a Lie algebra with
a # go is sl(n, C), where all works like the real case (with Hermitian instead of symmetric) but
go =a®Pia.

Let us compute the Weyl chambers. Let us take the root & = A\ — A2 and compute ker(a) =
d
d :de R ». We can represent the space a as a 2-plane, namely the hyperplane
—2d
z+y+ 2z =0in R?, and draw the walls we obtain.
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10. Examples and Exercises - Part 2
by Colin Davalo

10.1. Hermitian symmetric spaces, in general
Several equivalent definitions of Hermitian symmetric spaces exist. Here is a first definition.

Definition 10.1. A symmetric space (X,g) is called of Hermitian type if it admits a com-
plex structure J: T X — T'X that is invariant by the identity component of G and such that

g(J-, J) = g('? )

In particular g becomes a Hermitian metric, and w(-,-) = ¢(-,J-) defines a non-degenerate
2-form on X.

Exercise 10.1. Any differential form on a symmetric space X that is invariant under the
identity component of the isometry group is closed. In particular the previous w is a symplectic
form.

Hint. Consider z € X and the symmetry o, at . Then if w is an invariant k-form, then o}w is

also an invariant k-form, equal to (—1)Fw.

A characterisation of symmetric spaces of Hermitian type is the following: let X whose identity
component of the isometry group is G. Let g = £ + p be the Cartan decomposition associated
with X. Then X is of Hermitian type if and only if £ has a non-zero center.

There exist Hermitian symmetric spaces of compact and non-compact type, but we are more

interested in the Hermitian symmetric spaces of non-compact type.

10.2. An interesting example

We study one example of an Hermitian symmetric space. Through this example, we try to
understand the main features of Hermitian symmetric spaces.

Let n > 1 be an integer, and let Sp(2n,R) be the subgroup of GL(2n,R) of elements preserving

the symplectic form w, which is the bilinear form defined by w(X,Y) = 'X JpnY for X|Y € R?"
with :

The goal of this exercise session is to study the properties of the symmetric space associated
with Sp(2n,R).
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Exercise 10.2. Find a Cartan involution, and a mazimal abelian subalgebra a < p for Sp(2n,R).
What is the associated restricted root system? And the Weyl group?

Hint. The Killing form is proportional to A, B — Tr(AB). The Weyl groups acts by isometry
on a
A model for this symmetric space associated with Sp(2n,R) is the Siegel upper half-space X,
defined as the space of complex n x n matrices which can be written S + T with S,T real
symmetric n x n matrices, and 1" positive definite.
Remark 10.2. When n = 1, the Siegel space X1 becomes the upper half-plane:

{z € C:Im(z) > 0}.
It is a model for the symmetric space H? associated with Sp(2,R) = SL(2,R).

The symplectic groups acts on the Siegel space in a way that is similar to the action of SL(2,R)
on the upper half-plane. Consider for

A B
g= <C D) € Sp(2n, R),

for some n x n blocks A, B,C,D. Let Z = S +iT € X, for some symmetric real matrices S, 7.
We define g- Z = (AZ + B)(CZ + D)~ L.

Exercise 10.3. Assuming that this is well defined, check that it is an action. Find an equivari-
ant diffeomorphism between X, and the symmetric space Sp(2n,R)/U(n).

Hint. Show that the stabilizer of iI,, € &), is isomorphic to U(n).

The action of any element Sp(2n,R) on A, is holomorphic. Hence the symmetric space associ-
ated to Sp(2n,R) inherits a complex structure.

Exercise 10.4. Check that the Riemannian metric actually defines an Hermitian metric for
this complex structure.

A Hermitian symmetric space is of tube type if it is biholomorphic to a domain of the form
V +iQ with V a real vector space and {2 a convex cone.

It is handy to realize the symmetric space as a bounded domain of a complex vector space.
For every symmetric space of Hermitian type, a general construction called the Harish-Chandra
embedding. For the group Sp(2n,R), this domain is D, the space of complex symmetric n x n
matrices Z such that I,, — {ZZ is positive definite.

Exercise 10.5. Find a biholomorphism from X, to D,, inspired from a biholomorphism from
the upper half-plane to the unit disk, that can be extended continuously to the boundary of X,.
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10.2. An interesting example

Recall the maximal principle: let f be a continuous function from the closure Q of a bounded
domain 2 of a complex vector space into C that is holomorphic on 2. Then:

max [ f(z)| = max |f(z)].

xe) e

However this inequality can be improved sometimes. We say that a closed subset F' < 0 is a
boundary if for all function f continuous on 2 and holomorphic on §2 :

max | f ()| = max[f(x)].
ze) zel

The intersection of all boundaries of €2 is called the Shilov boundary of €.

Exercise 10.6. Show that the Shilov boundary of D x D — C? where D < C is the unit disk is
the set of pairs (z1,22) € C? such that 21| = |22| = 1.

Show that Sp(2n,R) acts on 0D,,, and that any Z € 0Dy, such that ZZ = I,, is in the same orbit
as I,.

Show that the Shilov boundary of D, is the set of symmetric complex matrices Z such that
77 = I,. (harder)

The Shilov boundary of D,, is invariant by the action of Sp(2n,R). Let @,, be the stabilizer of
a Lagrangian in R?", i.e. of a n-dimensional subspace on which w is degenerate. The space £,
of Lagrangians can be seen as the flag manifold Sp(2n,R)/Q,.

Exercise 10.7. Check that @, is a parabolic subgroup. To what set of root is it associated ?
Show that the Shilov boundary of Dy, is diffeomorphic in a Sp(2n, R)-equivariant way to L,,.
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11. Totally Positive Matrices
by Romeo Troubat

In the section, our aim will be to introduce a notion of positivity in gl(n,R). First, we will
discuss the link between triples of points in S' and matrices in SL(2,R) which will give us a
notion of positivity for SL(2,R). We will then generalize this notion for matrices in gl(n,R)
using totally positive matrices.

11.1. Positivity for the special linear group

The tangent bundle of S! is equivalent to the trivial bundle S' x R, thus the choice of a half
line in R gives a causal structure to the space S'. If we choose R>? — R, we can for instance say
that clockwise rotations in S! are positive whereas counter clockwise rotations are negative.

Definition 11.1. A triple of points (x,y, 2) in S! is said to be positive if the points are pairwise
distinct and if one has to meet the point y when going from x to z following the positive rotation.

The group SL(2,R) acts on S* ~ RP!. Up to an action by SL(2,R), we can assume that 2 = Rey
and z = Re; where e; = (0,1) ans e3 = (1,0). Let us consider the subgroup

U= {geSL(Q,R),gz (é i)}

One could check that U fixes z and acts transitively on S™\{z}. It can be identified with R
using the application

1 ¢
teR+— (0 1>€U,

and the choice of a half-line R®? — R gives us a subsemigroup U>° c U defined by

{3 o}

Any point on S! different from z can be written in a unique way as y = uyz. If y = tyer + e,

. 1t . . . . e
then u, is equal to < 0 1y > It is then easy to verify that the triple (z,y, z) is positive if and
only if ¢, > 0, i.e if and only if u, € U".

In the same way, let us define the group

0= {g e SL(2,R), g — <1 ?)}
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11. Totally Positive Matrices

and its subsemigroup

- {(¢ i)

A0 ) JA 0} the set of diagonal matrices in SL(2,R) and A° =

Finally, we call A = {<0 V-

{ <8‘ /\91) S > 0} the connected component of the identity in A.

Definition 11.2. We call SL(2,R)>" = 0>94°U>C the set of totally positive matrices in
SL(2,R).

Proposition 11.3. The set of totally positive matrices is the set of matrices in SL(2,R) whose
coefficients are all positive. In particular, it is a subsemigroup of SL(2,R).

Proof. 1t is easy to compute that

1 0\/\ O Lt (A A\t
s 1J\0 XxY)\0o 1) \\As Ast+ A1)

By choosing the parameters A, s,t correctly, we can put any positive number we want in the
top left, top right and bottom left spots in the matrix. The bottom right coefficient is then
determined by the fact that the determinant has to be 1. Thus, SL(2,R)>% = 0>YA°U>".

O]

11.2. Totally positive matrices
We will now try to generalize the previous notion of positivity to matrices in gl(n, R).

Definition 11.4. A matrix in gl(n,R) is said to be totally positive if all of its minors are
positive. We call gl(n, R)>? the set of totally positive matrices in gl(n, R). We call U (resp. O)
the set of upper triangular (resp. lower triangular) matrices with 1 on all diagonal entries and
A the set of diagonal matrices in gl(n,R).

Proposition 11.5. The set of totally positive matrices forms a subsemigroup of gl(n,R).

Proof. Let A and B be two totally positive matrices and let I and J be two subsets of {1,...,n}
of cardinal k. We write A|I the matrix we obtain by extracting the lines in I from A and Al s
the one we obtain by extracting the lines from I and the columns from J. We have

(AB)|1(e1 A ... nex) = AlrBls(e1 A ... A eg).

The matrix B|; is an application from RF to R™. By projecting B|s(e1 A ... A e;) onto e;, A
. A €j,, we get the determinant of p o B|;, where p is the projection on {e;,,...,e; ). Thus,
we have
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11.2. Totally positive matrices

Bljle1 A...ne) = Z det(B|k,1)ei, A ... A €,
|K|=F

which gives us

(AB)lr(er Ao ner) = ), det(Blg)As(ei A ... Aeq)
|K|=k

= | D, det(Al; k) det(Blk.s) |er A ... Aep,
K| =k

thus, det((AB)|r,) = X} x|—x det(A[r, k) det(B|k,s). This is known as the Cauchy-Binet for-
mula. Since all of A and B’s minors are positive, the product AB is a totally positive matrix. [

Definition 11.6. We call U? (resp. O>?) the set of matrices in U (resp. O) which have all
positive minors, except for those which have to be equal to 0 by virtue of being in U (resp. O).
Finally, we call A° the connected component of the identity in A.

We give an explicit parametrisation of the sets U>? and O>°. The group U is generated by the
elementary matrices

uz(t) =In+tEi,i+1, t=1,...,n—1.

We call UZ? the group generated by the elements u;(t) for i = 1,...,n — 1 and ¢ > 0. For the
case n = 2, we have shown that U= = U>%, but that is no longer the case for n > 3 since the
matrices u;(t), t > 0, are not contained in U>? as too many of their minors are equal to zero.

To get the appropriate parametrisation, let us study the group 5, of permutations on the set
{1,...,n}. Each of its elements can be decomposed as a product of adjacent transpositions
(7,7 + 1) and the length of a permutation can be defined as the smallest number of adjacent
transposition in one of its decomposition. For each group .S,,, there exists a permutation wg of
maximum length,

wp = (n,n—1)(n—1,n—2)...(2,1)(n,n—1)(n—1,n—2)...(3,2)...(n,n—1)(n—1,n—2)(n,n—1).

For n = 4, we have wg = (4,3)(3,2)(2,1)(4,3)(3,2)(4,3). Let wg = 0y, ... 0, be adecomposition
of wg € 5,, and let us define the map

Fo'il---O'ik Dt tk) € RF s wip (t1) - wi, (tr).

Proposition 11.7. The map ngl...aik ’(]R+)k 1s a biyjection unto U>C. It provides a parametrisa-
tion of U>0. There is a symmetric result for O>°.
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11. Totally Positive Matrices

For n = 3, this gives us the parametrisation

1 a O 1 00 1 ¢ 0 1 a+c ab
ui(a)ug(b)ur(c)= {0 1 010 1 b){0 1 O)=(0 1 b
0 0 1 0 0 1 0 0 1 0 0 1

In the case n = 2, we defined the set of totally positive matrices using the decomposition
SL(2,R)>% = 0>94°U>Y. Let us show a similar result for n > 3.

Proposition 11.8. For n > 2, the set of totally positive matrices can be decomposed as
g[(n,R)>0 = 0>04°0>0,

Proof. Let A = (a;;) be a totally positive matrix. In particular, all of its coefficients are
positive. We are going to reduce our matrix using operations on lines and columns. First, let

us subtract aa_zlll L;_1 to L; for i = 2,...,n. This gives us the matrix

1 ai g
0 ag;— a2,1
an.1 ao.1 Jo a1
A= <In + En,nl) - (In + — E271> . .
(n—1,1 a1,1 : :
0 i an, 1
an’j B an—1,1
al?]
a21
: 925 7 ary : o P .
Let us write B = . . We admit that the matrix A is totally positive if and only if
an, 1
an’j B an—1,1

B is totally positive [Whi52]. By repeating the same process, we can reach the decomposition

A= (In + n,1 En,n1> ce <In + WEnl,nQ) <In + fnn En,n1> C,

an—-1,1 an—2,n—1 Gn—1,n

where C' is an upper triangular matrix. Using the parametrisation we have shown, we can see
that the product of transvections is equal to a matrix in O>°. We now only have the repeat the
same operations on the columns to obtain the decomposition gl(n, R)>" = 0>0A4°U>Y. O
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12. Lusztig’'s Total Positivity
by Xian Dar

Lusztig’s total positivity generalizes total positivity for n x n matrices in GL(n,R) to split real
Lie groups. Our goal in this section is to explain this general notion of total positivity.

12.1. Some motivation for total positivity

We recall a n x n matrix is said to be (totally) positive if all of its minors are positive (i.e. in
R>0). The set of all totally positive n x n matrices form a subset GL(n,R)>% = GL(n, R).

Let V >~ R™. Another characterization of total positivity in GL(n,R) due to I.J. Schoenberg
[Sch30] is as follows.

Proposition 12.1. A matriz g € GL(V') is positive if and only if the coefficients of k-th exterior
power Afg: AKV — A*V are positive for k = 1,2,...,n.

Proof. Suppose a totally ordered basis of V is ej,eg,...,e,, then for any k € [1,n], the k-th
exterior power A*V has a basis (€r; A€py -+ Aer,) indexed by the sequences r; <rp <--- <7
in [1,n] and A*g: AV — AFV are positive for k = 1,2,...,n is given by

k
A'g(er, Aepy - Aep) =gep Agep - A Aey,.

The conclusion follows once we notice that coefficients of above matrices are exactly minors of
g.
O

One source of the idea of total positivity appear in the work of Gantmacher and Krein in 1935.
The following Theorem can be viewed as one of the initial motivation of total positivity.

Theorem 12.2 (Gantmacher-Krein). If g € GL(n,R) is totally positive, then g has distinct real
positive eigenvalues.

Proof. Suppose g € GL(n,R)>?. We denote c1,...,c, to be eigenvalues of g arranged so that
le1] = |ca| = -+ = |cn|. Then the eigenvalues of A*g are ¢, ¢, - ¢y, for mp < rg--- <1 and
r; € [1,n]. For instance, the first two eigenvalues of A¥g in decreasing order of absolute values
are cico---cp and ci1co - Cp_1Cpy1. Since Akg has positive entries by Proposition 12.1. By
Perron-Frobenius Theorem, we must have

clcg-~~ck>0

Taking k = 1 yields ¢; > 0. By induction on k, we obtain ¢; > co > ... > ¢, > 0. O]
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12. Lusztig’s Total Positivity

12.2. Lusztig’'s total positivity for matrices

We start from a presentation of Lusztig’s total positivity in a simple case which is GL(n,R).
Totally positive matrices in GL(n,R) satisfy a decomposition theorem and form in fact a semig-
roup.

Let U be the group of upper triangular matrices with ones on the diagonal, O be the group of
lower triangular matrices with ones on the diagonal, and A the group of diagonal matrices. The
group U is generated by elementary matrices

ui(t)ZIn—i-tEerl, t1=1,...,n—1,

where I,, denotes the identity matrix and F; ;41 the matrix with the single entry 1 in the i-th
row and (¢ + 1)-th column.

Let furthermore U>? < U and O>° < O be the subsets of totally positive unipotent matrices,
i.e. those matrices of U, where all minors are positive, except those which have to be zero by
the condition of being an element of U, similarly for O. We can parametrize the set U~ using
the symmetric group S, on n letters. We denote by ;,7 = 1,...,n—1, the tranposition (i,7+1)
and by wg the longest element of the symmetric group, which send (1,2,...,n) to (n,...,2,1).

Let k = n(n2—1). For every way to write wy = 04,04, - - - 05,, we can define a map

‘RF U

a—il Ui2 ...a—ik .

(tl, - ,tk) — Uy, (tl)uiQ (tg) C U, (tk)

An element is in U~ if and only if it is of the form wu;, (t1)u,(t2) - - s, (tg) with ¢; € Ry,
Therefore the map Faila@--oik |(R>0)k is a bijection onto U>? and provide a parametrization of
U>% by R%. The same works for O~°.

The following decomposition theorem is due to A. Whitney [Whi52]:

GL(n,R)>* = 07°A°U~",

where AY is the connected component of the identity in A, i.e. the diagonal matrices all of whose
entries are positive.

12.3. Lusztig’s total positivity for split real Lie groups

In this subsection, we want to explain the generalized notion of total positivity of arbitrary split
real reductive Lie group introduced by Lusztig [Lus94|. Moreover, the explicit parametrization
of U>? (resp. O>°) can also be generalized to arbitrary split real reductive Lie group.

Let G be a split semisimple algebraic group over R. Let g be the Lie algebra of G. To describe
total positivity in G, we start from some discussion of some important ingredients involved in
defining positivity in this general setting.

60



12.3. Lusztig’s total positivity for split real Lie groups

12.3.1. Root space decomposition and Chevalley generators

Fix a Cartan subalgebra b of g. We denote by X the set of all roots and ¥ a choice of positive
roots (resp. X~ negative roots) and A < X7 the set of simple roots. The Lie algebra g admits
the root space decomposition,

g:h@®ga-

a€X

Denote h, as the coroot of a € ¥, we say a family (X, )qex is a Chevalley basis for (g,h) (see
[Bou75, Chapter VIII, Section 2.4, Definition 3] or [Hum72, Chapter VII, Section 25|) if

(1) X, € go for all e 3.
(2) [Xa,X_a] = —hq for all a e X.

(3) the linear map from g to g which is equal to —1 on the Cartan subalgebra a and takes X,
to X_, for all ¢ € ¥ is an automorphism of g.

Take e, = X, and f, = X_, for a € A so that (eq, fa, ha)aca form a Chevalley generators of
g. We define

Zo(t) = exp(teq) , Ya(t) = exp(tfa)

In analogy to the last subsection, the elements e, (resp. f ) play the roles of E;; 1 (resp.
Eit1). Also x4(t) (resp. ya(t)) are similar to u;(t)(resp. v;(t)) in GL(n,R) case.

12.3.2. Longest element in Weyl group

We denote by W the Weyl group of G generated by s, for « € A. W together with (s4)aea is
a Coxeter group.

Let [: W — N be the standard length function. For w € W, we let A, be the set of all sequences
(a1, 09,...,ap) in A so that p = [(w) and

SonSag *** Sa, = W.

We let wg be the element such that py = I(wg) is maximum. To make a link with the theory
in the last subsection, one notices that the symmetric group S,, is the Weyl group for the case
GL(n,R).

12.3.3. Parametrization of U* and total positivity

With a fixed wp so that py = [(wp) reaches maximum, we can define maps

t . RP +
O, Ry~ U

®F (a1,a2,...,ap) :=Ta, (a1)Tay(a2) - . . Ta, (ap),
(I)(;O (a1, az,... 7ap) =Ya, (01) Yoy (a2) . . Yoy, (ap)-

Here U* are the unipotent radicals of the Borel subgroups (minimal parabolic subgroups) B*
corresponding to X% respectively. It turns out that the definition of @fo do not depend on a
particular choice of (a1, @, ..., qp).
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12. Lusztig’s Total Positivity

We then define

Uso 50 i= 95, (REy) € UF,
and
Uwio,>o = (p;)iO(RI;O) c U™

The sets U;—r = qu—ro ~o and U;—FO = U:{O o are semigroups of G.

Proposition 12.3. The maps @50 are homeomorphisms between (R%)P and U;—FO. Therefore

+

U, are cells.

Now consider
+ - - +
G0 = Uz T>0Uzg = UzoT>0Uz;

Gso = ULgToUZy = U TooU,
where T is the subgroup of G with Lie algebra a (sometimes called the maximal torus of G). We
let T9 be the connected component of T’ containing the identity. G=q and Gg are semigroups in
G. More precisely, G is a semigroup with the identity element e of G but G~¢ is a semigroup
without the identity element e.

As one could easily guess, an element g in G is called (totally) positive if g € G~9. We have
G~ is also a cell because of the following,

Theorem 12.4. The map U:() x Tso x Uy — G, given by multiplication in G, is a homeo-
morphism onto the subset G-g < G.

This can be viewed as a generalisation of the Whitney decomposition mentioned in the last
subsection.
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13. Positivity of Lie Groups of Hermitian Type
by Jingyi Xue

13.1. Examples of Hermitian type Lie groups

13.1.1. Sp(2n,R)

Again we first look at the symplectic group Sp(2n,R), which is the subgroup of GL(2n,R) of
elements preserving the symplectic form w, which is the bilinear form defined by w(X,Y) =
X JpnY for X,Y € R*™ with :
0o I,
= (5 5)

Recall from the previous sections, U(n) embeds as a maximal compact subgroup. Results of
this example come from Bump’s book [Bum13, Chap. 28].

Proposition 13.1. If Z = X +iY € X, (the Siegel upper half-space) and g = < é IB; > €

Sp(2n,R), then CZ + D is invertible. Define

9(Z) = (AZ + B)(CZ + D)™*
Then g(Z) € X, and this defines an action of Sp(2n,R) on X,,. The action is transitive, and
the stabilizer of il, € X, is U(n). If W is the imaginary part of g(Z) then

W = (tZC + tD>_1 Y(CZ + D).

Proof. Using the conditions for g being in Sp(2n,R), one easily checks that
1
24
From this it follows that CZ + D is invertible since if it had a nonzero nullvector v, then we

would have @WYv = 0, which is impossible since Y » 0. To check that g(Z) is symmetric,
9(Z) ='9(Z) is equivalent to

((Zo +'D) (42 + B)— (24 +'B) (€2 + D)) - 2%,(2_ 2 =Y

(AZ + B) ('2C+'D) = ("ZA+'B) (CZ + D)
which is easily confirmed. Next the imaginary part W of g(Z) is positive definite since

1 —— 1 _ -1 /,_

= 2-(9(2)~9(2)) = 5. <(AZ +B)(CZ+ D)~ (ZC+'D)  (ZA+ tB>>

i i

Simplifying this gives the desired expression; and W is Hermitian (real) and that W » 0. It
is easy to check that g (¢'(Z)) = (99') (Z). To show that this action is transitive, note that if

7 =X +iY € X, then
I, —X
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13. Positivity of Lie Groups of Hermitian Type

and this matrix takes Z to iY. Now if h € GL(n,R), then <g th(ll) takes 1Y to ¢Y’, where

Y’ = hY 'h. Since Y » 0, we may choose h so that Y’ = I,,. This shows that any element in X,
may be moved to iI,, and the action is transitive. To check that U(n) is the stabilizer of il,,
let

A(il,) + B = (C (i) + D) (ily,)

which implies A = D, B = —C. O

Therefore Sp(2n,R)/U(n) = &, is a tube type Hermitian symmetric space since U(n) has center
St

Just like the classical Cayley transform c¢(z) = % which maps H? to the unit disc D?, the gen-
eralized Cayley transform is applicable to Hermitian symmetric spaces. It was shown by Cartan
and Harish-Chandra that any non-compact type Hermitian symmetric space is biholomorphic
to a bounded domain in a complex vector space. Piatetski-Shapiro [PS69| gave unbounded real-
izations. Koranyi and Wolf [WK65, KW65] gave a completely general theory relating bounded
symmetric domains to unbounded ones by means of the Cayley transform.

Consider now the Cayley transform ¢ € Sp(2n) = Sp(2n,C) n U(2n) for Sp(2n,R)/U(n):

o L ( I, —il, ) oL < ily il >
\/27’6. In ZIn ’ \/Z _In In

To embed X, in its compact dual G./K = Sp(2n)/U(n), the first step is to interpret G./K as
an analog of the Riemann sphere, a space on which the actions of both groups G and G, may
be realized as linear fractional transformations.

Define the Siegel parabolic subgroup HCWC (see below) of G = Sp(2n, C):

_ h 0 I X\ .,
P_{(O th”)(O I >‘heGL(n’C)aXGMat(n,C),X—X}.

Followed from Iwasawa decomposition, it is easy to verify the following:

Proposition 13.2.

PSp(2n) = Sp(2n,C), P Sp(2n) — cKe' — {( ¢ 991 ) Lge U(n)} .

Define R,, = G¢/P with dense open subset

R, = {gP:gz ( é, ZB; > eSp(?n,C),detC#O} c R,

Here notice that if g is in Sp(2n, C) of block form with C invertible, then AC~! = 'C~1."CA.C~!
is symmetric since ‘C' A is symmetric by definition. g, ¢ define same coset if and only if there
exists some h € GL(n,C) such that A’ = Ah, C' = Ch if and only if A/(C")~! = AC~!. From
this observation, we may define a bijection o from Sym(n,C) to R;, by o(Z) = < ? _OI ) P,
B

hich b itt
which can be rewritten as ( c D

)PﬁwdmmﬁA04=Z
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13.1. Examples of Hermitian type Lie groups

With the above notations, we have

g(a(Z))—(é g)(f _I>P—<égig :é>P_a((AZ+B)(CZ+D)1)

if CZ + D is invertible.

Therefore we may identify Sym(n, C) with JR;, and the action of Sp(2n, C) is by linear fractional
transformations.

We may also identify R,, with G./K by means of the compositions of bijections

conjugation —1 Proposition 13.2
_— _—

G./K Ge/cKc Gt/p =,

Now we may apply ¢ to embed &), into its compact dual R,,;:

Proposition 13.3.
(X)) =90y = {Wem,‘; I —-WW > 0} = {WeMat(n,C) W =W, I-W*W > 0}.

The group cSp(2n,R)c™!, acting on ©, by linear fractional transformations, consists of all
symplectic matrices of the form
A B
5 %)

Proof. This is a direct computation:

Im(c Y (W)) = Im(—i(W — I)(W + I)™})

(W-IyW+D) ' +(W-D1)(W+1)"1)

(W-D(W +I) '+ (W+1)""(W-1)).

| =D =

This is positive definite if and only if (W + I) Im(c¢=Y(W))(W + I) > 0; where the latter is

S (7 4+ D)W 1) + (W = (W + 1) = [~ TWW,

For g € Sp(2n,C), ¢ tgc = c¢lgc gives us the desired form of elements in ¢ Sp(2n, R)c 1. O

Proposition 13.4. (1) The closure of ©, is contained within R;,. The boundary of D
consists of all complexr symmetric matrices W such that I — WW is positive semidefinite
but such that det(I — WW) = 0.

(2) If W and W' are points of the closure of ®,, in Ry, that are congruent modulo cGe™1,
then the ranks of I — WW and I — W'W' are equal.

(3) Let W be in the closure of ©,, and let v be the rank of I — WW. Then there exists
g € cGe™! such that g(W) has the form

W, 0
(O In—r>’ W, e ®,.
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13. Positivity of Lie Groups of Hermitian Type

Proof. The diagonal entries in WW are the squares of the lengths of the rows of the symmetric
matrix W. If I — WW is positive definite, these must be less than 1. So ®,, is a bounded
domain within the set R;. The rest of (1) is clear.

For (2), if g € cGe™!, see Proposition 13.3 of the form, W’ = g(W),
[-WW =1—(W'B+'A)"" (WA +'B) (AW + B)(BW + A)~..
Now the rank of I — W' W is the same as the rank of

(W'B+'4) (I -W'W') (BW + A) = (W'B +'A)(BW + A) — (W'A + 'B)(AW + B)
=1-WW.

For (3), observe that up to an action by < g 2 > for some u € U(n), we may assume that W

does not have 1 as an eigenvalue. Now ¢~ H(W) = i(I+W)(I-W)~! = X+iY € X,,. Since Y > 0,
there exists some k € O(n) such that D = kYk~! is diagonal with nonnegative eigenvalues.

Consider v = ( g 2 > ( é 71:X > € Sp(2n,R), (X +iY) = iD, then cyc Y (W) = W' =
(D —I)(D + I)~!. The diagonal entries of I — W/W’ are 0 if and only if the corresponding

entries of D are 0. So after exchanging order of orthogonal basis of k, we will write W’/ =

diag(ws, ..., w,,—1,...,—1), where —1 < w; < 1. Then ( Zé” ?I ) - W’ will be the desired
—Utin

special form.

Now let us fix r < n and consider

W, 0\
5 {(M 0 ) wen)

By Proposition 13.3, the subgroup of ¢cGe™! of the form

A, 0 B, 0
0 I,, 0 0

B, 0 A 0
0O 0 0 I,

is isomorphic to Sp(2r,R), and B, is homogeneous with respect to this subgroup. Thus, B, is
a copy of the lower-dimensional Siegel space ®,. embedded into the boundary of 2,,.

Theorem 13.5. The Shilov boundary of ©y, is Sym(n,C) n U(n).

Proof. Let f e O(D,)nC(D,,), we show that |f| must take its maximum on Sym(n,C) n U(n),
which is the unique closed cG¢™t-orbit in ®,, (union of all orbits of Bp). This is sufficient because
cGc™! acts transitively on Sym(n,C) n U(n) (Proposition 13.4), so the set Sym(n,C) n U(n)
cannot be replaced by any strictly smaller subspace with the same maximizing property.

Suppose z € D,, maximizes | f|. By Proposition 13.4, 3g € cGe™!, s.t. g-x € B, for some r < n.
If r > 0, then noting that f|,-1.5, € O(g~'-B,), the maximum modulus principle implies that
f is constant on g~! - 9B, and hence |f| takes the same maximum value on d(g~! - 9B,.), which
intersects Sym(n, C) n U(n). O

66



13.1. Examples of Hermitian type Lie groups

Notice that the action of U(n) on Lagrangian Grassmannians £ (U(n) embedded in Sp(2n,R))
is transitive; the stabilizer of a point is readily verified to be O(n) and we get £ ~ U(n)/O(n).
Now consider the action of U(n) on Sym(n, C)nU(n) by conjugation, the action is still transitive
and the stabilizer of I,, is O(n), so Sym(n,C) n U(n) = U(n)/O(n).

Therefore we can identify L with Sym(n,C) n U(n).

13.1.2. SU(n,n)

This is quite similar to Sp(2n, R). Explicitly,

SU(n,n) = {g € SL(2n,C) : ¢*Iyng = Inn}, where I, = ( I(;L _OI ) )

Consider domain T := {Z € Mat(n,C) : Z*Z < I,}, then one can check that the linear fractional
transformation g(Z) = (AZ+B)(CZ+D) ! forg = ( é IB; > eSU(n,n)and Z = X+iY € T
is well-defined, which determines a transitive action.

The stabilizer of 0 is

StabSU(n,n) (O) = {<

A0

0 D

A 0 A*A = D*D = I,

0 D ) det(A) det(D) — 1 }=S<U(n> < U(n))

which is maximal compact.

0 pln (Ap)" =1
If Z e T, then I — Z is invertible, the inverse Cayley transform

The center Z (S(U(n) x U(n))) = {( Al 0 > ;= el =1 } is non-trivial.

¢ 1T — Herm(n,C) + iHerm™ (n, C)

I+Z
Zl—) )
‘=2

is biholomorphic (verify: & [c(Z) — c(2)*] = (I — Z*) "' [[ — Z*Z)(I — Z)" € Herm* (n, C)),
where Herm(n, C) is the (real) vector space of Hermitian matrices and Herm™ (n, C) is the (real)
cone of positive definite ones.

Therefore SU(n,n)/S(U(n)xU(n)) = T =~ Herm(n, C)+i Herm™ (n, C) is a Hermitian symmetric
space of tube type.

The Shilov boundary of T is
Spm ={Z e M,(C) : I,, — Z*Z = 0}
which corresponds to the space of maximal isotropic subspaces
Isop, p = {L € Gr,, ((CQ") Dwlr = 0} < Xon

under the Borel embedding &, ,, = {L e Gr, ((C2”) s wlr > O} < Gr, ((CQ”)

Remark 13.6. A general description of Borel embedding, Harish-Chandra embedding and the
Shilov boundaries in each realizations can be found in [Wie04].
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13. Positivity of Lie Groups of Hermitian Type

13.1.3. SO(n,2) (n > 2)

Consider the domain (also known as the Lie ball):
. n. 1 t 2 n ., 2 1 2
Dlvn-={Z€C -Z*Z<2(1+|ZZ|)<1}={ze(C ‘Z|zi| <2<1~|—’Zzi

then one can check that linear fractional transformation

SO(n,2) x Dry, — Dy,
az+p( 1022+
<< g ’ >Z> - (1,0) <C’Z+(l)2<( E(thzll?) ))

1(1zZ - 1)

)=

is a transitive action, which can be extended continuously to Dry;,. The stabilizer of 0 is easily
verified to be SO(n) x SO(2), which has non-trivial center.

To describe a tube domain expression of Dyy, , first we introduce the future tube in C"*!
(n=0):

7H(n) = R* 4V F = {zeC”+1:y2 =y —yi—... =} > 0,0 > 0}.
where the sharp convex subset
Vt=VT(n) = {ye]Rl’” cy? > 0,y0 > O}.
is usually called the future cone.

The reason of its name is that for n = 3, R'3 with the Lorentz inner product becomes the
Minkowski spacetime. The boundary 07 (3) consists of the smooth part

S={(=¢+ineC' 9> =0,n0 > 0}
and the distinguished boundary
M={(=¢(+ineC*:n=0} =R,
Through any point ¢ € S there passes a generator /¢ of the cone
=0Vt = {neRLS ‘% = 0,1 20}

called a real light ray. The complexification A; of the ray I; which coincides with a complex
halfplane A¢ = {{ + an: a € C,Ima > 0} is called a complex light ray.

We will give a biholomorphism between the n-dimensional Lie ball Dry;, and the future tube
7F(n —1). This biholomorphism is a composition of two mappings.

The first mapping is a realization of 7+(n — 1) as a domain on a complex quadric in CP"*!.
Let us introduce the new variables

S1 Sn—1 Sn
L Zpl = =,
50 S0 S0

z1 =
In these variables the domain 7(n—1) = {z € (Rb""1)?: y? > 0} will transform to the domain

T = {s € C™2 5ol — - — [sp_1]* + [sn]® + 2Re (508ns1) > 0,

2 2 2
—85 — = 8n_1 + 8, + 250841 = 0}
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13.1. Examples of Hermitian type Lie groups

Changing the variables sg, s1,...,S,+1 to the variables tg = sg — Sp+1,t1 = S1,. -, tnt1 = Sn+1
we can write 77 in the form
2 2 2 2
T {te €%~ = taa o [+ tasa =0,
2 2 2 2
_tO_'”_tnfl +tn+tn+1 :0}

which is a section of the domain 7' = {t e C™ 2 [to)* + -+ + [taa]? < |tal® + |tn+1]2} by the

complex quadric {t% +o 2 =2 412 +1} . The domains T and T are given by homogeneous
relations so it is more natural to consider them as domains in CP"*!. Note that the Levi form
of the domain T being restricted to the complex tangent space of oT at a point ¢t with ¢,,41 # 0
has one negative and n positive eigenvalues. The domain T" has two components distinguished
by the sign of Im -t=—. 7+ (n — 1)is biholomorphic to the domain T, on the quadric in CP"*?

tn+1 :
given in homogeneous coordinates as follows

1;:{ﬁowlpu:%H}4%F+~~+nmﬂ2<uﬂ2+mwﬂ%
t
4+ 2 =2+t Tm :>0}
lnt1

The second mapping given by

_ b I e
to+itner’ T by it

transforms the domain 77, biholomorphically onto the domain Dyy;, .

Wo

The composed mapping of 77 (n — 1) onto Dyy,, is given by
1+ 22 .27 L 2Zp—1
Wy =15, W] =G5y ve, Wy =1 -
0 (Z + i)2 1 (Z + 1)27 ) n—1 (Z + 1)2

where i = (4,0,...,0). We conclude that SO(n,2)/(SO(n) x SO(2)) = Dyy,, =77 (n—1) is a
Hermitian symmetric space of tube type.

The distinguished boundary of 77 (n — 1) transforms into the set

S = {]wo\Q oot lwp P = L|wg+-+wi | = 1}.
Set w = u + v, (2,w) = zowo + 21wy + -+ + zZp—1wn—1. Then the intersection of Sy with the
complex sphere ¥; = {w € C" | (w,w) = 1} is given by the equations |u|> — |v|? = 1, (u,v) =

0, [ul? + |v|? = 1. It follows that v = 0; hence ¥; intersects Sz, in the (n — 1)-dimensional real
sphere {u € R™ | |u|> = 1}. So Si, can be written as

Si=5 = {eieu lueS" 1 c R”} ~ St x S 17,
which is also the (distinguished) Shilov boundary of Dyy;,, known as the Lie sphere.

Remark 13.7. For the convenience of readers, we record at here the classification of all irre-
ducible Hermitian symmetric spaces, according as to whether or not they are of tube type:

tube type ‘ nontube type
SU(n,n) SU(p,q),p > q
Sp(2n,R)

SO*(2n), n even | SO*(2n), n odd
SO(n,2)
E7(-25) Eg(—14)

where E7(—25) and Eg(—14) correspond to the exceptional Hermitian symmetric spaces of com-
plex dimension 27 and 16 , respectively.

69



13. Positivity of Lie Groups of Hermitian Type
13.2. Maslov index and a semigroup
For Sp(2n,R), consider

Vz{gESp(Qn,]R):g=<£} ),MESym(n,R)}
I
0

Sz ae

Wz{geSp(Qn,R):gz( ),NeSym(n,R)}

and
A 0
H={geSp(2n,R):g=< 0 tA_1>};GL(n,R)

where the matrices are written with respect to a symplectic basis. Define
Sp(2n,R)™Y := VO oW >0

where

v>0={<§z ?)eV:MePos(n,R)},W>O={(% j\f)eW:NePOS(mR)}

and H° is the identity component of H. To show Sp(2n,R)>? is a subsemigroup, we only need
to verify the product of an element in W>° with an element in V> is in V>YH°W>°. Notice
if N,M € Pos(n,R), then I + NM is invertible since if it had a nonzero nullvector v, then
Mv = —N~'v, then WMv = —%N~1v, a contradiction. An explicit calculation (in view of
block Gaussian elimination) is

(o 7 )Car 1)=(C"™ 7))

_ I 0\ (I+NM 0 I (I+NM)"'N
M - - - '
( (I+NM)™ 1)( 0  I—MI+NM) 1N><0 I >

Remark 13.8. The definition for Sp(2n,R)>? is obtained from ©-positive structure by taking
© = {an}, where the restricted roots a; = e; — €11, o = 2ey,.

We will see that a triple (L1, Lo, L3) € £2 is positive if and only if 3g € Sp(2n,R) such that
g(L1, Lo, L3) = (Lg,uLg, Ly) for some v € W= if and only if (L1, Lo, L3) has maximal Maslov
index n, where Ly = span{ey, - ,e,}, Lr = span{fi,---, fn} are two standard Lagrangians,
{fi,--+, fn,€1, -+ ,en} is a symplectic basis with respect to w.

Now we generalize this construction to any Hermitian Lie group G which is of tube type.
First we briefly introduce the notion of Jordan algebras and their relationship with symmetric

cones. For details, a good reference is [FK94].

Definition 13.9. A Jordan algebra is a vector space V with a bilinear (not necessarily associ-
ative) product V x V — V, (z,y) — zy with

yr =2y
x (x2y) = 2% (xy).

We always assume that V' has an identity element e.
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13.2. Maslov index and a semigroup

An idempotent in V is an element c € V satisfying ¢? = ¢. Two idempotents ¢ and d are said to
be orthogonal if cd = 0. Since then

{e,d)y = {c? dy = {c,cdy = {c,0) = 0,

orthogonal idempotents are orthogonal with respect to the inner product.

Remarks 13.10. (1) Vx € V, we usually denote by L(z) : V — V the multiplication by x.

(2) Let ¢ be an idempotent in a Jordan algebra. It is not hard to verify that the only possible
eigenvalues of L(c) are 0, 3 and 1. (verify the identity 2L(c)® — 3L(c)? + L(c) = 0)

A Jordan algebra over R is said to be Fuclidean if there exists a positive definite symmetric
bilinear form {-,-) : V' x V' — R which is associative; i.e. (xu,y) = (u,zy) for all z,y,ue V.

An idempotent is called primitive if it is non-zero and cannot be written as sum of two (necessar-
ily orthogonal) non-zero idempotents. A complete system of orthogonal primitive idempotents
or a Jordan frame, is a set of primitive idempotents cy, ..., ¢, satisfying

m
cic; =0, Vi#j, Z c; = e.
=1

Let V be a finite-dimensional Euclidean Jordan algebra over R, we define the rank of V' as
rk(V) := max{deg(x) | x € V'},

where deg(z) is the degree of the unique minimal polynomial of z. An element z € V is called
regular if deg(z) = rk(V).

Proposition 13.11 (Characteristic polynomial). The set of regular elements is open and dense
in V. There exist polynomials ay,...,a, on'V such that the minimal polynomial of every reqular
element x € V in the variable A is given by

Fn2) =X = ar(@N 7 (1) ().

The polynomials a; are unique and homogeneous of degree i.
Another useful result is

Theorem 13.12 (Spectral decomposition of type II). Suppose V' has rank r. Then for every
x in V there exists a Jordan frame ci,...,c, and real numbers A1, ..., A\, such that

T
xTr = Z /\jCj.
j=1
The numbers \; (with their multiplicities) are uniquely determined by x. Moreover,

ag(z) = Z iy <o i s

I<ip << <r

where ar(1 < k < 1) is the polynomial defined in the above proposition.
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13. Positivity of Lie Groups of Hermitian Type

The reason why we choose Jordan algebras is the cones of squares give a full characterization
of symmetric cones that we now describe.

Let V be a Euclidean Jordan R-algebra and let I be the set of all squares, i.e,
K= {xQ:er}.

If 22 € K and o > 0 then az? = (y/az)? € K. It follows that K is a cone. We call K the cone
of squares of V. Furthermore, it can be shown that K is a closed symmetric cone, cf. [FK94].
(i.e. homogeneous and self-dual; Aut(K) transitively on the interior of &, K = K*)

Remark 13.13. Since K is closed, here K* is the dual closed cone K* := {y € V | {x,y) =
0,Yz € K}. IfC is an open convex cone in 'V, we say that C is homogeneous if Aut(C) transitively

on C; is self-dual if C = C*, where C* is the dual open cone C* := {y e V | {x,y) > 0,Yx € C\{0}}.

Proposition 13.14. Let T be the set of invertible elements in V', then K° = {x2 |z e I}, where
K° is the interior of K.

Proof. y € K* if and only if (y, 2%) = (L(y)x,z) = 0 for all x € V, if and only if L(y) is positive
semidefinite. Since K = K*, we need to verify that L(y) is positive definite if and only if y = w?
for some invertible w.

Necessity: Suppose L(y) > 0, and y = >/_; Ai¢; is the spectral decomposition. Since
(L(y)ei, iy = Ni{eiy ey = Ni [lei]|* > 0,
we know \; > 0. Therefore y is invertible and y = w? with w = Z§:1 Vici.

Sufficiency: Suppose y = w? for invertible w = >i_1 Aici, notice that we have <ZL (w2) ,z> =
<2§:1 /\lZL (ci) z,z>. Since w is invertible, the eigenvalues of w? are greater than zero, i.e.
Ai > 0 for all i. Hence we only need to verify for each z € V\{0}, there is some ¢ such that
(L(¢;)z,zy > 0. Suppose not, 3z¢ € V\{0} s.t. (L(¢;)z0,20) = 0 for all i. (remark that L(¢;) = 0)
Therefore

0= Z (L (¢i) 20, 20) = Z (¢iz0, z0) = {ez0, 20) = {20, 20),
i=1 i=1

which is a contradiction since zg # 0. O

From this relation one can also prove that K° is an open symmetric cone. We have mentioned
that K is a closed symmetric cone; in fact, the converse also holds. We state the following result
which is a Jordan algebraic characterization of symmetric cones.

Theorem 13.15 (Theorem I11.3.1 in [FK94]|). A cone is symmetric if and only if it is the cone
of squares of some Fuclidean Jordan algebra.

Proposition 13.16. Let V' be an Fuclidean Jordan R-algebra with rank r and IC its cone of
squares. If x € V is such that © = Y,_, Aic;, where (¢;) is a Jordan frame, then \; = 0,
resp. > 0. fori=1,...7 if and only if x € IC, resp. K°.

1=1,...,r

Proof. If \; = 0 then we can write z = y?, with y = >i_1 v/ Aici, which means that z € K.
In case that A\; > 0 for i = 1,...,r, we know that z is invertible, and it follows that z € K°.
Conversely, if 2 € I we have 2 = y?, with y € V. If we denote «; the eigenvalues of y, we can
write z = Y, a?c; where o’s are the eigenvalues of x, which are greater or equal than zero.

i i
If x € K° then y is invertible, therefore a?’s are greater than zero. O
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We denote K° by €2, tube domain T := V@iQ = {>] uic; | Im p; > 0}. Via the Cayley transform
c(z) = (z —ie)(z + ie) "1, Tq is biholomorphic to bounded symmetric domain in VC:

D := {v = Z)\ici e VC: (¢;) Jordan frame, |\;| < 1}.

The Shilov boundary of Tq is V. (Proposition IX.5.5 in [FK94]) For the Shilov boundary S of
D, we have:

Proposition 13.17 (Proposition.X.2.3, Theorem.X.4.6 in [FK94]). Let D < V® be a bounded
symmetric domain in the complezification of an Euclidean Jordan algebra V. The following are
equivalent:

(1) z€ S,

(2) z = > Nici, where ci,... ¢ is a Jordan frame and |\;| =1,

(3) e clV),
(4) 2=

Example 13.18. For &, = Sym(n,R) + iPos(n,R), define X oY := w for XY €
Sym(n,R), where XY denotes the usual matrix product. The inner product is defined as
(X,)Y)=Tr(X oY) =Tr(XY) for all X,Y € Sym(n,R). One can check that (Sym(n,R),o) is
a Euclidean Jordan algebra. Any X € Sym(n,R) has spectral decomposition:

n
X = Z Xidi 'qi
i=1
where \; e R, i = 1,...,n, are the eigenvalues of X and ¢;,7 = 1,...,n are unitary eigenvectors
of X. Each ¢; 'q; is an idempotent; {g1'q1, ..., qn'gn} is a Jordan frame.

Aut(Pos(n,R)) = GL(n,R)/{£I,} acts on Sp(2n,R) transitively by g -z := gx'9. For any
Y € Pos(n,R)*, (Y, £%) > 0 for all nonzero & € R”. Namely, tr(Y¢%) = Zij ¥:;&€; > 0, which
implies Y € Pos(n,R). On the other hand, take any X € Pos(n,R), Y € Pos(n,R)\{0}, we
write Y = > | pigi'q; for p; > 0,Vi but not all 0. Then Tr(XY) = >, ;'¢; X ¢ > 0, hence
X € Pos(n,R)*. This shows Pos(n,R) = Pos(n,R)*, therefore Pos(n,R) is an open symmetric
cone.

For the Maslov cocycle, we follow Anna Wienhard’s definition in [Wie04|, which is a slight
variation of Clerc’s definition [Cle04].

Let T: X = G/K — T =V + i) be a biholomorphism, where 2 < V' is a symmetric convex
cone in the real vector space V; D the bounded domain realization and S its Shilov boundary;
rx the rank of X. Then as mentioned in previous sections, S is a homogeneous G-space of the
form G/Q, where @ is a specific parabolic subgroup (which is maximal if X is irreducible). Two
points z,y € S are transversal if (x, y) lies in the open G-orbit in S2.

Let
Sl = {(ml,xg,xg) € 83 : x; is transverse to xj, x), for some z}

be the space of triples, where one point is transverse to the other two. For any triple (x1, x2, x3) €

S13], we may assume that T (z3) = 00 and yy = T (1) ,y2 = T (22) € V by using the transitivity
of the G-action on S, then the Maslov cocycle is defined to be

T (w1, 20, 23) := kg (y2 —y1) — k- (y2 — 1),

where k4 are the numbers of positive respectively negative eigenvalues in the spectral decom-

position of (y2 — y1) with respect to a Jordan frame (c;);_; . -
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13. Positivity of Lie Groups of Hermitian Type

Remark 13.19. Let (x1,x2,23) € SBI with T (z1,22,23) = rx, then (x1,22,23) are pairwise
transverse since if we assume x3 is transverse to x1, o w.l.o.g., then T = rx implies eigenvalues
of yo — y1 are all positive; especially ys — y1 1s invertible.

Given any triple x1, 22, 23 € S, using G-action we may assume that x;,z2, z3 are transverse to
o, hence y1, 12,3 in V. The cocycle identity allows us to define 7 on S® as

7 (21,22, 23) = T (21, 22,0) + T (T2, 23,0) — T (1, T3, 0)
= (ks (y2 —y1) — k- (y2 — 1))
+ (ks (y3 — y2) — k= (y3 — v2))
— (ks (ys —y1) — k- (y3 — 1)) -

This clearly defines a G-invariant real function on S%. We call a triple (1, 2, 23) € S® mazimal
if 7 (z1,x2,x3) attains its maximal possible value rk(V') = rx.

If we restrict ourselves to pairwise transverse triples (usually denoted by S (3)), we will recover
Clerc and Qrsted’s definition of Maslov index given in [COO01].

Under the Cayley transform ¢, c¢(0) = e, ¢(0) = —e, we also let
k rXxX .
Ek = Z C; — Z C; € S
i=1 i=k+1
which is a point on S following from Proposition 13.17, where (cj)j:1 .-y 18 a fixed Jordan
frame. We have
-1
k X k X
cler) = [ D(L—i)e;— > (L+i)e |- | DA +i)g— D (1—i)
j=1 j=k+1 j=1 j=k+1
k X 1 k rx
= | 2 =des— >, (1+i)e |- 3 (I=i)ej— Y, (L+i)e; | = (=i)en,
j=1 j=k+1 j=1 j=k+1

hence 7 (—e, (—i)ek, e) = ki (er) — k— (ei) = 2k —rx.

Theorem 13.20 (Theorem 4.3 in [CO01], Theorem 3.5 in [Cle04]|). There are exactly rx + 1
orbits of pairwise transverse triples in S* under the action of G. Each (—e, (—i)ej,e), 0<j <
rx, represents one orbit. The function T takes values in {—rx,—rx +2,...,rx —2,rx} and it
classifies all these G-orbits.

Therefore we can also define for any pairwise transverse triple (z1, z2,x3), 7 (21,22, z3) = 2k —
rx, where k is the unique integer, 0 < k < rx, such that (z1,x2,x3) is conjugate under G to
the triplet (—e, (—i)eg, e). See [COO1].

Remarks 13.21. For tube type bounded symmetric domain D, w7 actually coincides with
the restriction of Bergmann cocycle 8 on S®). For non-tube type D, however, f3 (5(3)) =
[—7mrx,mrx]. See [Wie04] Chapter 5 for details.
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13.2. Maslov index and a semigroup

Fix z,z € § = G/Q such that Stabg(z) = Q, Stabg(x) = Q°PP. Given any y € G/Q transverse
to z, there exists unique u € UniRad(Q) such that y = ux, where UniRad(Q) is the unipotent
radical of the parabolic Q.

Denote by
U>Y:= {u e UniRad(Q) | 7 (z,uz, 2) = rx},

UoPP=0 .= {4 € UniRad(QP) | 7 (z,vz,2) = rx},

L° := identity component of Q N Q°PP.

then we can define the positive subsemigroup G>° < G to be the subsemigroup generated by
U>9 yorr=>0 and L°.
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14. Positivity of Triples of Flags

by Raphael Appenzeller, Francesco Fournier-Facio

14.1. Flags

In this section we introduce the objects that we will be working with. We start with the flag
variety, then consider the relevant (semi)groups, and finally put both together by letting the
(semi)groups act on the flag variety.

14.1.1. The flag variety

Definition 14.1. A flag is an (n — 1)-tuple (F1,..., F,_1), where F; is a vector subspace of R"
of dimension i, and F;  Fj4q for all 1 <i < (n—2).

The set of flags is denoted by Flag(R™) and is called the (full) flag variety.
The two most basic examples of flags also turn out to be the most important ones:

Example 14.2. Let {e;}?_; be the canonical basis of R".
The standard ascending flag is F = (Fy, ..., F,_1), where F; = {e1,...,€;).

The standard descending flag is E' = (E1,...,E,_1), where E; = {en, ..., €n_it+1).

In some sense, these two flags are opposite each other. One way to formalize this is the follow-
ing:

Definition 14.3. Two flags F!, F? are transverse, denoted FIhF?, if F1 n F2_, = {0} for every
1 < i < n. Equivalently, F! and F? are transverse if F;' ® F?_, = R" for every 1 <i < n.

Given a flag F', the set of flags transverse to F' is denoted by Q.
Example 14.4. The standard ascending and descending flags are transverse to each other.

The full flag variety Flag(R™) comes equipped with a natural topology, induced by the inclusion
in a product of Grassmannians Flag(R") < Gr(n,1) x -+ x Gr(n,n — 1).

Proposition 14.5. Let F' be the standard ascending flag. Then Qg is open and dense in F.

Remark 14.6. We will soon show that Flag(R™) is a homogeneous space. Therefore the state-
ment of the proposition holds for every flag, not only the standard ascending one.
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14.1. Flags

Proof idea. Let F' e Qp. If another flag F? is close enough to F!, then ﬂl is close to Ff, and
so every element of R” = Fi1 + F,_; is close to an element of Ff + F,,—;, which is not possible
if dim(Fi2 + F,_;) <n. Thus F? € Qp, which shows that Q5 is open.

Now let F! € Flag(R") be arbitrary, then for every i we can modify F;' by a small amount in
a direction transverse to Fj,_; in order to obtain a subspace Fi2 such that Ff + F,; =R" It
is possible to do this in a compatible way on every ¢ by an induction argument, to put these
spaces together into a flag F'2, which is then an element of Qr close to F'. This shows that Qp
is dense in Flag(R™). O

A further relevant notion is the following, which may be thought of as an analogue of transvers-
ality for triples of flags:

Definition 14.7. A triple of flags (F!, 2, F'3) is generic if for all a, b, c = 0 such that a+b+c =
n, it holds F} + F? + F2 = R™.

By choosing a,b or ¢ to be equal to 0, we see that if (F'', F2, F3) is generic, then the three
flags are pairwise transverse. The converse is not true however (contrary to what is claimed in
[BD14]), as the following example shows:

Example 14.8. Let F be the standard ascending, and E the standard descending flag. Let T
be defined by Tj := {(t1) and T3 := {(t1,t2), where

y T
t1:= |z and t9:= |1
1 0

(it will be soon clear why we chose this notation). If y # 0 and zz —y # 0, then E, F and T are
pairwise transverse. However, if z = 0, then the triple is not generic, since E1+ F +T; = {e1, e3).
As a concrete example, one can take x = 1,y = 1 and z = 0.

14.1.2. The (semi)groups

We will be working in the group G := GL(n,R) and the main players will be its subgroups B
of upper-triangular matrices, and U of unipotent upper-triangular matrices. We further denote
by ‘B and U the subgroups of lower-triangular and unipotent lower-triangular matrices, and
A := B n'B the group of diagonal matrices.

Recall from the previous talk that a matrix g € G is called totally positive if each of its minors
is positive. We denote by G~ the subset of totally positive matrices. Especially relevant for
this talk is the subset Usq: this is defined as the set of matrices in U such that every minor
(that is not forced to be zero) is positive.

Example 14.9. Suppose that n = 3. Then each u € U is of the form

1
0
0

o = 8
— N <

where a,b,c € R. Most minors are already determined: for instance the (1,3) minor is 0, and
the (1,1) minor is 1. The condition that u € Us( then amounts to:

z>0, y>0, 2>0, zz—y>0.
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14. Positivity of Triples of Flags

We remark the following fact:

Lemma 14.10. G~ and Usg are subsemigroups.

Proof. This follows easily from the Cauchy-Binet Formula (see Proposition 11.5 and its proof).
O

14.1.3. The action

There is a natural action of G on Flag(R"), given by g- (Fi,...,Fo—1) = (gF1,...,9Fn—1). The
following result gives the important properties of this action that will be used in the definition
of positivity.

Proposition 14.11. The action of G on Flag(R™) has the following properties:

(1) (Naturality) The action is continuous and preserves the notions of transversality and
genericity.

(2) (Transitivity) The action of G on Flag(R"™) is transitive, and the action of G on pairs of
transverse flags is transitive.

(3) (Stabilizers) Let F' be the standard ascending flag. Then the stabilizer of F is the Borel
subgroup B, and the induced action of U on Qp is simply transitive.

Proof. The first item is clear from the definitions. For transitivity, let T" be a flag, and choose
elements t1,...,t,—1 such that T; = {t1,...,t;). Then the element g € G whose i-th column
is t; sends the standard ascending flag F' to T. Now the statement on transitivity on pairs of
transverse flags will follow from the third item.

It is easy to see that B is the stabilizer of F'. Next, we prove that U acts transitively on Q. We
prove this by induction on n. For n = 1 is clear. Now let n > 1 and assume that the statement
is true up to (n — 1). Let T' € Qp: we need to show that there exists u € U such that uE =T,
where F is the standard descending flag.

Let v € R™ be a vector such that 71 = (v). Since TAF, it holds 71 + F,,_1 = R", so the last
coordinate of v is non-zero. Therefore, up to rescaling, we may assume that the last coordinate
of v is 1. This allows to consider a matrix u € U whose last column is v. In other words
uE, = wep) = (vy = T1. Since no condition has been imposed on the first (n — 1) columns of
u, by induction we may choose them so that uF; = T; for every other i. Thus uF =T.

It remains to show that the action is simply transitive. Since we already know it is transitive,
it suffices to show that the stabilizer in U of the standard descending flag F is trivial. Now the
stabilizer in G of E is just !B, so the intersection of the two stabilizers is B n ‘B, that is, the
subgroup A of diagonal matrices. Since U intersects A trivially, we conclude. O
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14.2. Positivity of triples of flags via total positivity of groups

From the properties of the action in Proposition 14.11 we deduce that we can identify U with
the set of flags transverse to F' via the orbit of E:

UEQF

u+— uF

This allows us to give the following definition:

Definition 14.12. Let T be a flag. The triple (E, T, F) is called positive (relative to E, F) if
there exists u € U~ such that T' = uFE.

Remark 14.13. We follow the convention of Guichard-Wienhard [GW18]. Some authors
[BD14, BD17, FG06] permute the order and say (E, F,T) is positive.

Example 14.14. We consider flags in R>. Let

1 21 1 1 2
u=|[0 1 1], then uF = < 1 >,< 1],11 >
0 01 1 1 0

Using the criterion from Example 14.9 it is easy to see that u is totally positive, and thus
(E,uE, F) is a positive triple of flags.

We recommend to solve the following exercise now.

Exercise 14.1. Consider the following flag in R3

(DA )

(a) Is there a we U such that (E,T,F) = (E,uE,F)?
(b) Is there a u € Usqg such that (E,T,F) = (E,uE,F)?

The solution to (a) is
1 -2 1
u=10 1 -1
0 O 1

which has some negative entries, thus u ¢ U=g. Remember that U acts on Qp simply transitively
and thus the element w € U with uFE =T is unique, answering (b) negatively.

If (E,T,F) is positive, then FAT (because the action preserves transversality: Proposition
14.11) and the element u € Usq such that uF = T is unique. Moreover, E,F and T are
pairwise transverse. Something stronger is true:

Lemma 14.15. Let (E, T, F) be a positive triple (relative to E,F'). Then (E,T,F) is generic.

For the proof, we introduce the following notation, which will also be used in the next section:
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14. Positivity of Triples of Flags

Notation 14.16. Let g € G, and let a,b,c = 0 be such that a + b + ¢ = n. Split g as a block

matrix as follows.
(a x a)

9= (cxc)
(b x b)
We denote by g(a, b, c) the highlighted (¢ x ¢) block.

While this may seem a little arbitrary, it will be clear through the course of the proof how these
blocks - and their minors - appear naturally when considering triples of the form (E,uFE, F).

Proof. Let u € U~ be the unique element such that T' = uFE. We need to show that for every
a,b,c > 0 such that a + b+ ¢ = n, it holds F, + E, + T, = R". Now we have F, = {ey,...,eq),

Ey := {en,...,en_pr1y, and T, is the span of the last ¢ columns of the matrix u. Since u is
totally positive, u(a, b, c) has positive determinant. In particular, the last ¢ columns of u span
{eqt1y---s€n_py modulo Fy, + E. We conclude that F, + E + T, = R™. O

Remark 14.17. Therefore the set {T € Flag(R") : (E, T, F) is positive} is a subset of Qg N Qp.
By Proposition 14.11, it can be identified with Usg, and in particular it is connected. In fact,
Lusztig even proved that it is a connected component of Qr N Qp [Lus94/). This is not very
relevant for our purposes so we would not get into detail.

We can extend the definition from triples of this form to all triples by exploiting the high
transitivity of the action.

Definition 14.18. A triple of flags (F', F? F3) is (GW)-positive, if there exists g € G such
that (gF!, gF?,gF3) = (E,uE, F) with u € U~g. This is the definition used in [GW18].

One should be careful to notice that while (E, T, F) is positive relative to E, F' implies that it
is (GW)-positive, the converse does not hold, as the following exercise shows.

Exercise 14.2. Show that (E,T,F) from Exercise 14.1 is (GW)-positive.

—1
One can check (E, T, F) is (GW)-positive using g = 1 . In fact we have the following
-1
characterisation.

Lemma 14.19. Let w € U. Then (E,uE,F) is (GW)-positive if and only if there exists a
diagonal matriz d such that dud™' € Usyp.

Proof. If the triple (E, uFE, F') is (GW)-positive, then there exists d € G such that (dE, duFE,dF) =
(E,vE, F), where v € U~¢. This implies that d stabilizes both E and F', and therefore it must be
a diagonal matrix. Moreover, since d stabilizes both E and F, it is also true that dud'E = vE.
Now it is easy to see that dud~! € U, and so by simple transitivity (Proposition 14.11), it follows
that dud=! = v e Usy.

Conversely, if dud™! € U=q, then d - (E,uE,F) = (dE,duE,dF) = (E,dud ' E, F), which is
positive relative to E, F'. O

Example 14.20. (Triples on the circle) In R?, flags consist only of one subspace, and thus the
flag variety can be identified with the projective line, which is homeomorphic to a circle. Note
that every triple consisting of three distinct points is (GW)-positive, while only some triples are
positive relative to E, F', namely those which are positively oriented in the usual sense.
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14.3. Positivity via triple ratios

The notion of positivity introduced in the previous section has one disadvantage, namely that
the standard ascending and descending flags seem to play a central role, even though the defin-
ition applies to all flags. In this section we introduce a set of coordinates that parametrizes
the G-orbits on generic triples of flags, and allows to give a definition of positivity that is more
intrinsic. In this section, we follow [BD14].

Let (E, F,T) be a generic triple of flags. For 0 < i < n, fix a generator e() € A'(E;) ~ R, which
we also see as an element of A*(R"). Similarly, fix generators f() and t(® of A*(F;) and AY(T;).
Now if a 4+ b+ ¢ = n, then e(® A f) A t(9) ¢ A»(R™) =~ R. Note that since the triple is generic,
this element is never 0.

Definition 14.21. Fix an identification of A™(R") with R. Let a,b,c > 1 be such that a+b+c =
n. Then we define the (a, b, ¢)-triple ratio of the triple (E, F,T) as follows:

e(a+1) A f(b) A t(cfl) e(a) A f(bil) A t(c+1) e(afl) A f(b+1) A t(c)
ea=1) o fO) A tletD) " gla) o f0r1) A ¢lemD)  glatl) o f0-1) A ()

Tope(E, F,T) :=

Note that each e appears exactly once on the numerator and exactly once on the denominator
(if it does appear). Therefore the definition of Ty.(E, F,T) is independent of the choice of the
generators e(¥. The same holds of course for the choices of f) and ¢t It is a little less clear
that is independent of the choice of the identification A™(R™) =~ R™:

Lemma 14.22. For all v € G, it holds Ty(E, F,T) = Tae(YE,vF,~T). In particular,
Tuve(E, F,T) is independent of the choice of the identification A™(R™) = R™.

Proof. We choose 7 - e( as a generator of Ai(vE;), which we are allowed to do by the previous
remark. Then for every a,b,c > 0 such that a + b + ¢ = n it holds

Since there are three such expressions in the numerator and three in the denominator, the det ()
cancel out, and we obtain Typ.(VE, YF,yT) = Tope(E, F,T). O

In fact, much more is true:

Theorem 14.23 (Fock-Goncharov [FGO06|). Two triples (E,F,T) and (E',F',T") are in the
same G-orbit if and only if their triple ratios coincide. Moreover, every possible set of non-zero
triple ratios is attained by some triple.

The definition of positivity is then natural in terms of these coordinates:
Definition 14.24. The triple (E, F,T) is called (BD)-positive if all triple ratios are positive.

In order to facilitate the computations, we prove the following:
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Lemma 14.25. Let a,b,c = 0 be such that a + b+ c = n. Let I be the standard ascending,
and E the standard descending flag, and let T := uE for some u € U. Then, under a suitable
choice of generators,

F@ A ) 5 40) — (Z)l/2l+el2Ite et y(a, b, ),

where u(a, b, c) is as in Notation 14.16. Thus, for every a,b,c = 1 such that a + b+ ¢ = n, it
holds:

Tpo(F.B,7) = Setule+ Lbc—1) detu(e,b—1,c+1) detufa—1,b+1,c)
abe\L"y L7, _detu(a—l,b,C—I—l) detu(a,b—i—l,c—l) detu(a+1,b_1,c).

Proof. We choose the following generators:
f(Z) ::el/\.../\ei; e(z) = en/\"'/\enfiJrl; t(Z):unA/\u’nferl)

where u; denotes the j-th column of u. Then we use the formula for wedges in terms of
determinants to obtain:

f(a) A €(b) A t(c) = det(el st €q | €n " Cn_b+l | Uy ** .un_c+1)_

Flipping the last ¢ columns changes this determinant by (—I)LC/ 2] and gives

I, 0 *
det | 0 0 wu(a,b,c)|=det <5] u(a,*b, C)>
0 J * b

where J, is the (b x b) matrix with 1 on the antidiagonal and 0 elsewhere. Next, we compute

0 u(aabvc> _ (_1\btc+1 0 u(a,b,c) _ (_1\btc+l _ q\b+c 0 u(a,b,c)
det <Jb R )—( 1) det Ty ) =(-1) (—1)°"¢.det Jys )

b+c+1
= ( I (-1)3’) det u(a,b,c) = (=12 (—1)% . det u(a, b, c).

J=c+2

The last equality follows from the fact that there are |b/2| odd numbers in {c+2,...,b+c+1},
unless b and ¢ are both odd, in which case there are [b/2] = —|b/2]. We conclude that

@ A e® A le) = (—1)lo2l L (—q)le2l (—1)be . det u(a, b, c).

Using this formula to compute Ty (F, E, T), the signs (—1)1%2! and (—1)1/2! each appear exactly
once in the numerator and once in the denominator, so they all cancel out. As for the terms
of the form (—1)%, these also cancel out, since the parity of bc does not change when each of b
and c is changed by +2. O

Example 14.26. Let n = 3, and let consider (F, E,uF). There is only one triple ratio to
consider, namely 7711. By the previous formula,

1
Tz — Y

1
u= 10 = T111(F,E,uF) =
0

O = 8
— N

Therefore (F, E,uFE) is (BD)-positive if and only if y and zz — y have the same sign, and are
non-zero (the last condition ensures that (F, E,uF) is generic).
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14.4. Equivalence of the two definitions

The two definitions may look different at first sight, but this is not the case:

Theorem 14.27 (Fock-Goncharov [FGO06]). A triple (E,T, F) is (GW)-positive if and only if
it 1s (BD)-positive.

We start by remarking the following, which accounts for the fact that the two definitions use
different conventions in terms of orderings of the triples (as is apparent from Lemma 14.25):

Lemma 14.28. The notion of (BD)-positivity is independent of the ordering of the triple.

Proof. By [BD14, Lemma 5], it holds:
TabC<E7 F7 T) = Tbca(Fa T7E) = TbaC(F7 E')T)_l;

this follows from elementary computations on the wedges appearing in the definition. The
first equality shows that, upon applying a cyclic permutation, the set of triple ratios itself is
permuted, and in particular the positivity of each triple ratio is not affected. The same holds
under a transposition flipping the first two flags: the second equality shows that then the set
of triple ratios is permuted and inverted, but again the positivity of each triple ratio is not
affected. O

Therefore it suffices to show that (E, T, F) is (GW)-positive if and only if (F, E,T) is (BD)-
positive.

We start with the easier implication:

Proof of (GW) = (BD). Suppose that (E, T, F) is (GW)-positive. Note that both notions are
not affected by the action of G: this holds by definition for (GW)-positivity, and follows from
Lemma 14.22 for (BD)-positivity. Therefore we may assume that E is the standard descending
flag, that F' is the standard ascending flag, and that T = uFE, where u € U~g. We now need to
show that the triple (F, E,uF) is (BD)-positive.

First, it is generic, by Lemma 14.15. Moreover, each triple ratio Ty is expressed in terms of
minors of u, by Lemma 14.25. But u is totally positive, so each of these minors is positive. It
follows that each triple ratio is positive and we conclude. ]

The other implication is more involved, and goes beyond the scope of this exposition, so we
only present the proof in case n = 3. Recall that in this case there is only one triple ratio
involved (Example 14.26), so it is surprising that from this one can recover a totally positive
matrix, something which imposes four positivity conditions (Example 14.9). This apparent
incompatibility of the two definitions is resolved by remembering that the definition of (GW)-
positivity actually allows for more matrices than just totally positive ones: this was made
explicit in Lemma 14.19, and it will be crucial in the proof.

Proof of (BD) = (GW) for n = 3. Suppose that (F,E,T) is (BD)-positive. Again, we note
that both notions are not affected by the action of G, which is transitive on pair of transverse
flags by Proposition 14.11, so we may assume that F is the standard descending flag and F' is
the standard ascending flag. Since this triple is generic, in particular T is transverse to F', and
so by Proposition 14.11 there exists a unique v € U such that T' = uFE. Our goal is to show
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that there exists a diagonal matrix d such that dud~! € U=, which will conclude the proof by
Lemma 14.19.

Now the condition that (F, E,uFE) is (BD)-positive amounts to the positivity of the triple ratio
T111(F, E,uFE). By Example 14.26, we have:

Y

Tin(F B,ub) =

1
i where uw= 10
0

O~ 8
— N

In other words, y and (xz — y) are non-zero and have the same sign. We split into two cases.

Suppose that y > 0. Then xz > y > 0, so x and z are non-zero and have the same sign. If they
are both positive, then w is totally positive by Example 14.9 and we are done. Otherwise, if «
and z are both negative, we let d := diag(1,—1,1), and then

1 —z gy
dud'=10 1 -z
0 O 1

This matrix is totally positive by Example 14.9: indeed, all relevant entries are positive, and
the only relevant other minor is (—z)(—z) —y = 2z —y > 0.

Suppose instead that y < 0. Then zz < y < 0, so x and z are non-zero and have opposite signs.
Let d := (sgn(x),1,sgn(z)). Then

1 sgn(z)z  sgn(x)sgn(z)y L fz[ —y
dud™' = [0 1 sgn(z)z =10 1 |z]
0 0 1 0 0 1

This matrix is totally positive by Example 14.9: indeed, all relevant entries are positive, and
the only relevant other minor is |zz| — (—y) = —(zz — y) > 0, since we know that zz < 0. O

14.5. Generalizations

It is possible to generalize the notion of positivity of triples to quadruples and more generally
to n-tuples. This may be done using quadruple ratios as in [BD14| or by checking positivity of
some relevant triples, as in [GW18|. Another way to generalize positivity of triples it to consider
generalized flag varieties, which we will do in this section. Yet another generalization is given
by taking non-full flags.

So far we considered G = GL(n,R) and the Borel subgroup of upper triangular matrices B < G.
We defined a Borel subgroup to be a connected subgroup with Lie(B) = a®,ex+ go- Note that

Ng(B)={geG:gBg ' < B} = B.

We call all subgroups of the form gBg~! for g € G Borel subgroups. Then G acts by conjugation
on the set of Borel subgroups {gBg~'}. The group G also acts transitively on the flags by
multiplication, and we get a G-equivariant map

{Borel subgroups gBg ™'} — Flag(R")
gBg~' — gF
Stabg(T) — T
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14.6. The flag variety for the symplectic group

Thus we may identify

Flag(R") =~ G/Stab(F) = G/Ne(B) = G/B.

The notion of flags in R™ is tightly intertwined with GL(n,R), and it is not obvious how to
generalize flags. However Borel subgroups are available more generally, so we will use them to
define our “generalized flags”. Let now G be a simple split real linear algebraic Lie group, for
example SL(n, R) or Sp(4,R). General theory [Bor91] tells us, that there exists a Borel subgroup
B < G, (defined as maximal among the connected solvable subgroups), which satisfies

Ng(B)={geG:9Bg ' c B} =B.

We note that G acts on the set of Borel subgroups by g.B = gBg~!. It is a theorem [Bor91,
IV.11.1] that any two Borel subgroups are conjugate, therefore the action of G on the set of
Borel subgroups is transitive.

Definition 14.29. The generalized flag variety is the set of Borel subgroups G/B.

For positivity of triples of elements in the generalized flag variety we need an opposite Borel
group ‘B and a notion of positivity U= for unipotent subgroups U < B. Previous talks have

constructed these objects, see Chapter 12.

Definition 14.30. A triple (Fy, F», F3) € (G/B)? is positive if there is a g € G and u € U=q
such that g(Fy, Iy, F3) = (B, u'B, B).

We note that for G = GL(n,R), this is the definition of (GW)-positivity.

14.6. The flag variety for the symplectic group

We work out the case Sp(4,R) and give an interpretation to the generalized flag variety. Recall

that Sp(4,R) = {A € GL(4R) : AJos'd = Joo} for Jon — ( , IQ). A standard Borel
—12

subgroup B and unipotent subgroup U are given by

X Y * *
B={<O tX_1>eGL(4,R):X=<O *>,XtY=tYX}

U= {(20( tXY_1> € GL(4,R) : X = ((1) *>}

1
1 b+d —bed be
Ueg = 0 1 —(ad—i—lab—l—cd) a;)l—c e GL(4,R)
—(b+d) 1

We can interpret R* = (21, 2,1, y2) as a symplectic vector space with the symplectic 2-form
w defined by

W(l'z,y]) = = —W(yj,l'i),

ij
w(zi, zj) =0 = w(ys, yj)-
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14. Positivity of Triples of Flags

Definition 14.31. A sub-vector space V < R* is isotropic if w(V,V) = 0.
Example 14.32. The sub-vector space (z1) is isotropic. {x1,z9) is maximal isotropic.
Definition 14.33. A sub-vector space that is maximal isotropic is called a Lagrangian.

It can be shown that the generalized flag variety Sp(4,R)/B can be identified with the isotropic
complete flags in R* with the standard symplectic form. In particular we have

{Borel subgroups of Sp(4,R)} = {isotropic complete flags in (R*,w)}
B {(x1),{x1, w0} =1 F
‘B~ {(y), 1y} = E.

Note that BE = E and '‘BF = F. This justifies the following definition.

Definition 14.34. A symplectic flag is a complete isotropic flag.
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15. The Maslov Index

by Samuel Bronstein, Ilia Smilga

All the definitions and theorems of this session come from Lion and Vergne’s book: [LV80|.

15.1. Maslov index in the symplectic group

Consider Sp(2n,R) the subgroup of GL(2n,R) of elements preserving the symplectic form w
defined by w(X,Y) =X J,,,Y for X,Y € R*" with:

B 0 I,
Jn,n - ( —In 0 > .
A basis of R?" in which w translates as J,, 5, is called a symplectic basis. In this regard, an endo-

morphism of R?" belongs to Sp(2n, R) if and only if its sends a symplectic basis onto a symplectic
basis. We are interested here in the maximal isotropic subspaces, i.e. the Lagrangians:

Definition 15.1 (Lagrangian subspace). L < R?" is Lagrangian if it is n-dimensional and
w|rxr, = 0. The set of Lagrangian subspaces will be denoted L.

We refer to the previous sections for the fact that £ is actually the Shilov boundary of the
Siegel disk, which is the symmetric space of Sp(2n,R). As such, there is a notion of positivity
of triples on L, of which we here bring another description. This notion of positivity being
invariant by conjugation, it is natural to study the orbits of the Sp(2n,R) action on triples of
Lagrangians.

Proposition 15.2. e The set L is homogeneous: L = Sp(2n,R)/T, where:

T = {( ]0” tf\}ﬂ ) . S'e Sym(n,R), M € GL(n,]R{)} (15.1)

e The Sp(2n,R) action is transitive on the set of pairs of transverse Lagrangians, denoted
L£>T. We have the identification:

£>T = Sp(2n,R)/GL(n,R) (15.2)

Proof. Of course the action by conjugation on the considered sets is an action by isometries, the
main trouble is to convince oneself of the transitivity of those action: For a pair of transverse
Lagrangian, concatenating two basis of the Lagrangians yields a symplectic basis of R??. As
we always can send a symplectic basis onto another one via an element of Sp(2n,R), it follows
that the action is transitive. We let the reader compute the stabilizers. The stabilizer of the
standard pair of transverse Lagrangian is the subset of T" defined by S = 0. O
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15. The Maslov Index

More generally, one could have shown that the orbits of the conjugation action on pairs of
Lagrangians are characterized by the degree of the intersection of the Lagrangians. Keep in
mind that, given (L1, L2) a transverse pair of Lagrangians, w gives an isomorphism Ly ~ L.
That clarification done, let us give a first definition of the Maslov index, due to Kashiwara:

Definition 15.3 (Maslov Index). For (Li, Lo, L3) a triple of Lagrangians, the Maslov index is
denoted 7(L1, Lo, L3) and defined as the signature of the quadratic form @ on L; x Lo x Ls:

Q(z1, 72, 23) = w(w1, 22) + W(T2, T3) + W(T3, T1) (15.3)

There are several nice properties that we can easily deduce from this definition: The Maslov
index is invariant by conjugation by an element of Sp(2n,R), it is an integer between —3n and
3n, it is alternating. Conveniently, we also have the following property, called the chain rule.

Proposition 15.4 (Chain rule). For (L1, Lo, L3, Ly) Lagrangians, we have:

T(Ll, Lo, Lg) = T(Ll, LQ,L4> + T(LQ, Ls, L4) + T(Ll, Ls, L4) (15.4)

This last property leads to think of the Maslov index as some kind of cocycle, but it is not
the topic we are interested in here. For transverse triples, we have another possible definition,
which is easier to handle:

Proposition 15.5. For a pairwise transverse triple of Lagrangians (L1, Lo, Ls), its Maslov
index is the signature of the quadratic form S on Lo defined by:

S(z2) = w(p13z2, p3172) (15.5)

where p;; denotes the projection on L; with kernel L;, well defined because of transversality.

Proof. A small computation allows us to show:

Q(z1,72,23) = B(p13w2, p3172) — B(w1 — p13w2, r3 — p3172) (15.6)

= S(y2) — B(y1,3) (15.7)

with (y1,y2,y3) another set of coordinates. As such, it is clear that the signature of @ equals
the signature of S. O
Remark 15.6. e This proposition is actually true as soon as L1 n Ly = &, we do not

need that Lo is transverse to the others. However, Lo being transverse to L1 and Ls is
equivalent to asking that S is non-degenerate.

o This gives a more precise bound on the Maslov index: For transverse triples, it is less or
equal than n.

e We can check that B(pi3z,p31y) is symmetric on La, so this is is the bilinear form asso-
ciated to S.

It remains to check that the Maslov index actually distinguishes the orbits of the Sp(2n,R)
action on the set of transverse triples.
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15.2. Maslov index in Hermitian Lie groups of tube type

Theorem 15.7. For (L, Lo, L3) transverse triple, there is a symplectic basis (p1, ..., Pn,q1y- -+ qn)
and 0 < k < n such that:

L1 = <p1, . 7pn> (158)
L2 = <QI7 e 7Qn> (159)
L3 = <p1 +€1q1, ..., Dn —|—€nqn> (15.10)

where g; =1 if i < k and e; = —1 otherwise. Then the Maslov index is:
T(Ll,LQ,Lg) =n—2k (1511)
Proof. the quadratic form S being non-degenerate, one can choose q1, ..., g, basis of Ly such
that S(gi,q;) = —ej0i;j. But Liand Lo being transverse, the symplectic form w yields an

isomorphism L; = L3. So take the dual basis of (¢;) to be a basis of Ly, denoted (p;).
Finally, fix z; = p13¢;. Check that for all j, B(z;,q;) = —¢;0;; Thus (by uniqueness of the dual
basis) z; = —e&;p;. This means that (g; + ;p;) is a basis of Ls, and so is (p; + €;¢;). d

It is clear from this theorem that the maximality of the Maslov index corresponds to the
maximality previously defined on Sp(2n,R). This is the main motivation for generalizing the
Maslov index to Hermitian Lie groups of tube type.

Remark 15.8 (n=1). For n = 1, the set of Lagrangians correspond to the circle seen as the
boundary of the Poincaré Disk. In this setting, the Maslov index distinguishes the two orbits,
on which it assigns 1 or —1.

15.2. Maslov index in Hermitian Lie groups of tube type

To generalize this notion, one needs the notion of Euclidean Jordan algebra.

Definition 15.9. A Fuclidean Jordan algebra is the data of:
e a real vector space V,
e a scalar product on V denoted (-, -),
e a bilinear product o: V xV — V|
such that the following is verified:
e there is e € V such that for any r € V, xoe=eox =z,
e roy=youx,
e zo(x?oy)=2%0(z0y),
o (xou,v)y={u,rouv).
If V is a Euclidean Jordan algebra, we also define €2 the open cone of squares as the interior of
{v?:veV}.
A model-example for such a structure is V' = Sym(n,R) with the natural operations and the

open cone of squares coincides with the set of positive definite matrices.

This is enough to define what is a Hermitian group of tube type:
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15. The Maslov Index

Definition 15.10 (Hermitian group of tube type). A Hermitian Lie Group G is said to be of
tube type if there is a Euclidean Jordan algebra V' with open cone of squares €2 such that the
homogeneous space G/K identifies with the tube domain T := {X +iY : X e VY € Q}. One
can rephrase that by saying that G acts transitively on T with stabilizers conjugates of K.

Example 15.11. For G = Sp(2n,R), one can consider V' = Sym(n,R) with the action on Tq
being:

(é g>~zz (AZ +B)(CZ +D)! (15.12)

Conveniently, we have a full classification of Hermitian Lie groups of tube type into four infinite
families and one exceptional Lie group:

G \%
Sp(2n,R) Sym(n, R)
SU(n,n) Herm(n, C)
SO*(4n) Herm(n, H)
Er(—25) Herm(3,0)
SO(2,n) | R x R*! with (a,v) o (b,w) = (ab + (v, w), aw + bv)

The infinite boundary on which we want to consider the G-action comes from Hermitian Lie
group theory, we give a vague definition here:

Definition 15.12 (Shilov Boundary). For G Hermitian Lie group of tube type, the Shilov
boundary S is a certain flag variety of G. For G = Sp(2n,R), S corresponds to the set of
Lagrangian subspaces.

Actually, the action on S is quite well understood:

Proposition 15.13. There is a point o0 € S such that:
e {seS|shoo} ~V cTq

o Stabg(w) = {g9: To = Ta : 9(Z) = AZ + B with A € GL(V) and B € V'}. In particular
the G-action on the set of transverse pairs is transitive.

o {se€ S|shoo,sh0} ~ V* ={veV :detv # 0}
e The stabilizer of a pair (0,00) is G(Q) = {ge GL(V) : g(Q) = Q}.

As a corollary, the G-orbits of transverse triples correspond to G()-orbits in V*. The main
tool that we use is the spectral decomposition for Fuclidean Jordan algebras:

Proposition 15.14 (Spectral decomposition). Let V' be a Euclidean Jordan algebra. Then for
any v eV, there is cy,...,c, a Jordan frame, i.e. such that:

e Vi we have c? =c¢; and ¢; # ¢j + ¢k,

e Vi # j we have c;c; =0,

e > =e,

and there are unique eigenvalues A1, ..., A\, such that v = > \;c;.
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15.2. Maslov index in Hermitian Lie groups of tube type

Remark 15.15. As detv = [[\;, v is invertible if and only if A\; # 0 for all i # 0. Then we
can define the signature of v in the following way: sgn(v) = |{i : \; > 0} — [{i : \; < 0}].

It is a well known fact that the signature is invariant under the G(Q2)-action on V*, and then
the Maslov index is the corresponding invariant for the action on transverse triples.
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16. Introduction to Theta-Positivity

by Clarence Kineider

Total positivity in split real Lie groups and maximality in Hermitian Lie groups of tube type
have a lot in common. The notion of ©-positivity will unify those two cases under the same
definition. Moreover, we have a complete description of all semisimple Lie groups admitting
a O-positive structure which includes two new family of groups, namely SO(p,q), p # ¢ and
exceptional groups with restricted root system of type Fj.

In this chapter we will do every computation in SL(n,R).

Let G a real semisimple Lie group with finite center and g its Lie algebra. Let K be a maximal
compact subgroup of G, ¢ its Lie algebra, and € the orthogonal of € with respect to the Killing
form. Let a be a maximal abelian Cartan subspace of £, and denote by & = Y (g, a) the system
of restricted roots (see Part II for all necessary definitions). Choose A < ¥ a set of simple roots
and let ¥ be the set of positive roots with respect to A.

Example 16.1. For G = SL(n,R), K = SO(n) and £ is the set of skew-symmetric matrices.
Then € is the set of traceless symmetric matrices, and a is the set of traceless diagonal
matrices. The restricted root system is ¥ = {a;j:=¢; —¢;:4,j€{l,...,n},i # j}, where
€i : (pg)pgef1,..ny = @ii- The standard choice of simple roots is A = (a;i+1)ef1,...n—1}, and
the set of positive roots associated is % = («;)i<;. The weight space fa,; is the 1-dimensional
subspace of sl(n,R) spanned by Ej;.

Now let ©® = A be any subset of simple roots (© can be empty). Let 5 = ¥+\ Span(A\O),

and let
Ug = Z Jas uo@pp: Z 9 o

+ +
ae¥g ae¥g

and

lo = go® > NG E
aeXt nSpan(A\O)

As Lie algebra, g splits into g = u%pp ®lo Pug. Moreover [g acts on ug by the Lie bracket, and
we would like to understand this action and its properties. The group G acts on g by the adjoint
representation, denote by Pg the normalizer in G of ug and Pg"™ the normalizer of uj®. Those
are the standard parabolic subgroups associated with ©, and the corresponding Levi subgroup
is Lo = Po n Pg™. Let us complete the list with Ug = exp(ug) and pg = Lie(Po).

Proposition 16.2. lg s the Lie algebra of Lo and pg = lo Pue.

Example 16.3. For G = SL(n,R) let us choose © = {11, j+1} with 1 <i < j <n. Then
the Lie algebra sl(n, R) admits the following block decomposition :
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i+l i+l

1 * * * * * *

VI 1 U I S I S
, tr=0

] * * % * * *

I | T T I ST I S

* * * * * *

In the following examples we refer to this block decomposition when speaking about matrices
defined block-wise. The Levi subalgebra g is the set of traceless block-diagonal matrices, the
algebra ug is the set of block strictly upper triangular matrices and pg = lg @ug is the set of
traceless block-upper triangular matrices :

* * ES * * *
o = * dr=03, ug = * |, tr=0,, pg = x| % |, tr=20
* *

The parabolic subgroup Pg is the stabilizer of the standard (partial) flag of R™ with subspaces
of dimensions (0,1, j,n).

Since Lg is a reductive group, we need to know its center, the Cartan subalgebra of its Lie
algebra etc. in order to understand the action of Lg on ug. First, lg splits into its center Z(lg)
and its semisimple part [y = [lg, lo]:

lo=2Z(lo)®y.
Its center Z(lg) once again splits in two parts: 3¢ = Z(le) Nt = Z(le) na and Z(lg) N &.
Fact 16.4. The Cartan subalgebra of lg is ag = anly, its restricted root system is the
restriction of ¥ n Span(A\©) to ag, a possible choice of simple roots are the restriction of A\©

to ag, and the corresponding Dynkin diagram is the largest subgraph of the Dynkin diagram
of G with vertices A\O.

Note that since a < lg N -, we have
a=dae®Dje -

In particular, 3o acts on ug by restriction of the action of a on g, so ug decomposes into weight
spaces for this action:

ue = @ ug, (16.1)

Besd

where
ug = {z € ug : Vz € 3¢, ad(z).z = B(z)z} (16.2)

is L%—invariant.

Moreover if a root o € a* vanishes on 3¢ (i.e. lies in a§)) then o € Span(A\©).
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The inclusion 3¢ < a induces a projection i* : a* — 3§ given by the restriction of a linear form
on a to 3. Thus we can write ug as a sum of weight spaces for the action of a:

Ug = Z 9o -

aeEg,a\:,@:B

Suppose that (3 is the restriction of a root @ € ©. Then « is the only element of Span(©) which
restricts to 3, allowing us the following slight abuse of notation:

Uy i=Ug = Z Gotr - (16.3)
vESpany(A\O)

Example 16.5. Using the same choice of © as in the previous example, the objects introduced
above are the following: the center Z(lg) of [g is the set of matrices of the form

AL

plj—i

Z/In_j

with ‘A + (j —i)p + (n — j)v = 0. The semisimple part of lg is then the set of block-diagonal
matrices for which every block is traceless. In this situation, Z(lg) is entirely contained in a, so
30 = Z(lo). The weight spaces ug are the block-upper triangular matrices in ug for which only
one block is non-zero, and the ug with 5 € © are the one where the non-zero block is just above
the diagonal. The third ug (the one with the top right block) is associated to the restriction of
the root ;11 = 41 + - + @41 to 39, and all the roots 41442, ...,0j-1; vanish on 3q.

In [GW18] the irreducibility of ug is stated as a fact, but the proof is not completely straight-
forward and is due to Kostant.

Theorem 16.6 (|[Kosl10, Theorem 0.1]). For all 5 € 3§, ug is an irreducible representation of
L%, and

[ug,up ] = up1 .

Definition 16.7. Let V be a finite dimensional real vector space. A cone in V is a subset C
stable by positive scalar multiplication, i.e. Yz € C, YA > 0 we have Ax € C'. The cone C is said
sharp if it contains no affine line.

Example 16.8. The sharpness condition ensure the cone is not too "wide", for instance the

half plane H c R? is a cone, but not sharp since it contains many horizontal affine lines.

We are interested in sharp convez cones as they will give a good analog of R>? in R, which is
our first example of sharp convex cone. A second example of sharp convex cone is the set of
positive definite symmetric matrices in the space of symmetric matrices.

Since Lg is not necessarily connected, denote L% the connected component of the identity in
Lo. We now have all the tool to give the definition of ©-positivity.

Definition 16.9. We say that (G, ©) admits a ©-positive structure if for all 8 € ©, the action
of L% on ug preserves a sharp convex cone.

95



16. Introduction to Theta-Positivity

We already know two notions of positivity, namely total positivity and maximality. Our goal is
now to explain why those are ©-positive structure, for a suitable choice of ©.

Example 16.10. Let us begin with total positivity in G = SL(n,R) to simplify the notations.
For © = A (with the usual choice of A for SL(n,R)), the Levi subgroup Lg is the subgroup of
diagonal matrices of determinant 1, and all of the weight spaces associated to elements of © are
one-dimensional:

VB = iit1 €0, us =gg =(Eiit1).

In Lusztig’s total positivity, see Chapter 12, the semigroup of positive elements of a split real
Lie group is generated by elements of the form w;(t) = I, + tE; 11 = exp(tE;+1), with ¢t > 0.
Here the sharp convex cone in ug = g, .., is the cone of positive scalar multiples of Ej ;1.

Example 16.11. Now for maximality, let us treat the case G = Sp(2n,R). For the choice
© = {ay,} where a, is the root at the end of the Dynkin diagram with two arrows pointing out,
there is only one space ug, namely u,,. In this case the space u,, can be identified with the
space of symmetric matrices of size n, and the sharp convex cone is the set of positive definite
matrices. More details on the computations can be found in the exercise section.
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17. The Classification Theorem
by Pierre-Louis Blayac, Balthazar Fléchelles

We will try to prove the following classification theorem for ©-positive structures.

Theorem 17.1 ([GW18, thm 4.3|). A simple Lie group G admits a ©-positive structure if and
only if (G, O) falls in one of the following cases:

(1) G is a split real Lie form, and © = A,

(2) G is Hermitian of tube type and © = {a,},

(8) G is locally isomorphic to SO(p,q) with p < q, and © = {aq,...,ap_1},

(4) G is a real form of Fy, E¢, E7 or Eg whose restricted root system is of type Fy, and
6= {041, 042}.

Recall that a ©-positive structure on G is linked to the existence of sharp convex cones invariant
under the Levi subgroup Lg in ug for § € ©. Conveniently, [Ben00, Prop.4.7| gives a nice
criterion for an irreducible representation of a semisimple Lie group to preserve a sharp convex
cone, which translates into the following fact:

Fact 17.2. A semi-simple Lie group G admits a O-positive structure is positive if and only if
(i) gg is 1-dimensional for every 3 € ©,

(ii) The node in the Dynkin diagram of G corresponding to the restricted root 5 € © is either
disconnected from A\O, or linked to A\®© via a double arrow pointing toward A\©.

Once this is established, it is not hard to find the list of Theorem 17.1. For example, one can use
the Tables 1 and 4 in [OV94] to write an explicit list of the Lie groups admitting a ©-positive
structure, and then check in another reference the list of split real Lie forms (all rows of Table
4 of [OV94] whose column “dim g, ,” only indicates 1; one can also consult [Kna02, §C.3-4])
and Hermitian groups of tube type [BIW07, Rem. 2.1]. Another reference is [Hel01, Chapter
X, Table VI|. Beware that there are mistakes in the tables of [OV94], but we believe that the
information we need here is correctly displayed there. The procedure is the following. For each
row of Table 4 of [OV94]:

e look at the column “Y¥” giving the restricted root system,;
e 2o to the corresponding row of Table 1;

e since any Dynkin diagram has at most one double arrow, there are at most two subsets
of vertices satisfying Condition (ii) of Fact 17.2 (the full set of vertices and, if there is a
double arrow, another subset);

e for each of these two subsets i1,...,47,, go back to Table 4 column “dim g/\j” to check
Condition (i) of Fact 17.2, i.e. that G0 0, all have dimension 1.

For instance, asking dim(g /\j) = 1 for any j is equivalent to asking the group to be real split.
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Remark 17.3. If G and G5 are two semi-simple Lie groups with respective simple roots Aq
and Ay, which are respectively ©1 and Og-positive (and we may allow ©1 or O2 to be empty,
considering that any group is J-positive), then G1 x Gy is ©1 L Og-positive. This is clear for
instance in view of Fact 17.2.

In order to prove Fact 17.2, we will need a theorem by Yves Benoist concerning representations
of subsemigroups of GL(V'), where V is a fixed real vector space of dimension d.

17.1. A theorem by Yves Benoist

Before quoting Benoist’s theorem, we need to introduce some terminology:

Definition 17.4. We say a semi-group G < GL(V) is irreducible if any invariant non-trivial
subspace is full, i.e.

VWeV, GW=W = W={0or W=V.

Definition 17.5. e v e GL(V) is prozimal if it has only one eigenvalue of largest modulus,
and if this eigenvalue is simple (and hence real). If moreover it is positive, we say that ~y
is positively proximal.

e If v € GL(V) is proximal, we will denote by 7 € P(V') the projectivization of the eigenline
corresponding to the eigenvalue of largest modulus. xfyr is called the attracting fized point
of v in P(V). We denote by y.~ the y-invariant complementary hyperplane. Note that

vz — a3 when n — oo for any x ¢ y7 .

gl
e A (semi-)group I' < GL(V) is proximal if it has a proximal element. If moreover every
proximal element of I' is positively proximal, we say that I' is positively prozimal.

These definitions are of interest for the notion of limit set:

Proposition 17.6. If ' < GL(V) is an irreducible and proximal subsemigroup, then

Ar := {23 : v € T prozimal}

is the smallest non-empty T'-invariant closed subset of P(V'). It is called the limit set of T

Proof. The set Ar is clearly non-empty.

Let us check that it is -invariant. It is clear that Ap < T'Ap. Consider v, n € I with 1 proximal.
If T was a group we could just observe that yny~! € I is also proximal and 73:; = m;’m_l € Ar.
When I is not a group the argument is more delicate. By irreducibility we can find g € I' such
that g(v(w;)) ¢ v, - Then one may check that for n large enough yn"g € I is proximal and that

+ +
Lynrg = Ty -

Consider now a non-empty closed set F' < P(V) with I'F' < F, and let us check that Apr < F.
For any z € F and 7 € I' proximal, by irreducibility there exists g € I such that g(x) ¢ y .
Then z7 = limy"gx € F. O

Definition 17.7. A convex cone C of V is a non-trivial convex subset of V' invariant under
multiplication by positive scalars. It is sharp or properly convez if its closure does not contain
a full line. This is consistent with Definition 16.7.
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17.2. Proof of the classification theorem

Theorem 17.8 ([Ben00, prop. 3.11|). An irreducible semi-group I' = GL(V') preserves a sharp
convex cone of V if and only if it is positively proximal.

Proof (only an idea for the converse). Suppose I' preserves a sharp convex cone C < V.

First observe that for any proximal element v € I', there exists a point p € C' which does not
meet the repelling hyperplane of v (C' has non-empty interior by irreducibility of I'), so that

% converges to a point = in ¥ nC. Since C is sharp, this is a y-invariant half-line contained

5
in xfyr , S0 y is positively proximal. Therefore we only need to prove that I' is proximal.

Without loss of generality, we may assume that ' contains all the homotheties {Aid})~o. We
will denote by T the closure of ' in End(V'). Consider M := inf p_ oy ranky > 0.

Suppose M = d, i.e. that I'\{0} = GL(V). The projection in P(End(V)) of T'\{0} is closed and
hence compact, and equals that of TnSL(V'), which is then itself compact since 7: End(V)\{0} —
P(End(V)) is injective on SL(V). Thus I n SL(V) is a compact group (any relatively compact
sequence of the form (g"),>0 = GL(V) has g~! as an accumulation point); let u be its Haar
measure. Then Sg g(z)du(g) is non-zero and T' n SL(V)-invariant for any z € C'\{0}, and hence
spans a ['-invariant half-line. Since I' is irreducible, we must have d = 1, and I" is proximal.

Suppose M < d and consider v € T'\{0} with rank M. By irreducibility of T' there exists
g € G such that gim(y) & ker(y). Let n := gy, so that ker(n) n im(n) = & (otherwise
k(n?) < 1k(n) = 1k(y) = M), and hence im(n) @ ker(n) = V.

Consider now the semigroup nI'n = T' < End(V). It stabilizes im(7y), and acts trivially on
ker(v), so it naturally identifies with a semi group I'' < GL(im+~) (v restricts to a bijection
on im(7)), which preserves the sharp convex cone C' = C n im(y)\{0}. That n'n = T implies
that dim(im(n)) > M’ := infyepngoytk(9) = M = 1k(n). Thus, the first case above yields
rankn = M’ = 1, so that 7 and hence T is proximal. Since being proximal is an open condition,
we conclude that I' is proximal.

To prove the converse , one uses the irreducibility and positive proximality of I' to lift in a
I-invariant way the limit set Ar < P(V') to a set of half-lines in V' whose convex hull is a sharp
convex cone. However this requires a lot of work (several intermediate results) so we refer to
Benoist’s article for a complete proof. O

17.2. Proof of the classification theorem

We know proceed to show fact 17.2 using theorem 17.8. For this purpose, we fix a connected
reductive Lie group G (it corresponds to the Levi subgroup Lg in theorem 17.1), and an
irreducible representation p: G — GL(V).

Recall the following facts:
e the weights A € a* of p lie in the weight lattice

o, 20 @
a . <a7a>

P:={\e € Z,Na e A},

e two weights differ by an element of Span, A,
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17. The Classification Theorem

e the set of weights of p is (partially) ordered as follow:

=A< pu— \e Spany A
— p(Xo) = A(Xo)
where X € a is a (fixed) vector with a(Xp) > 0 for any a € A.

It is a classical result of the theory of representations of reductive groups that, by irreducibility,
there exists a unique highest weight w € P.

Proposition 17.9. p(G) is prozimal if and only if the highest weight space V,, of p is of
dimension 1. Moreover, in this case, p(G) is positively proximal if and only if w € 2P, i.e.

Va e A, W, € Z.
(a,)

Proof. Suppose V,, is of dimension 1. Since w is the highest weight, we have
w(Xo) > A(Xo) (17.1)

for all A # w weight of p. But the eigenvalues of p(e*X°) are by definition the numbers of the
form eMX0) where X is a weight of p, with corresponding eigenspace the weight space V). Thus,
(17.1) and the hypothesis dim V, = 1 means that p(e*X°) is proximal.

Suppose that p(G) is proximal, and pick g € G such that p(g) is proximal. Consider the Jordan
decomposition g = kan: the elements k, a, n pairwise commute, k is conjugate to ¥’ € K, while a

is conjugate to exp(X) € exp(a®), and n is conjugate to exp(N) € expu (where u = Yiaco, Ja)-

The element p(k') € p(K) < O(V, q) (for some scalar product ¢) only has eigenvalues of modulus
1, and so does p(k). Consider a basis ey, ...,eq € V with e; € V), for some weight \;, and with
an ordering such that \; > \; = i < j. Observe that dp(g,) - VA < Va4 for all & € o4 and
A € P, so that p(exp(V)) = exp(dp(N)) is upper triangular with ones on the diagonal for the
basis e, ..., eq. The moduli of the eigenvalues of p(g) are hence given by those of p(a), which
is therefore proximal.

The eigenvalues of p(a) are the numbers of the form e**) where X is a weight of p. Since w is

the highest weight, e“(X) is the highest eigenvalue of p(a). Since p(a) is proximal, we then have
dimV, = 1.

We only prove that if G = SL(n,R) and p(G) is positively proximal then w € 2P (for different
G, the idea is similar using s[(2, R)-triplets).

Recall that the simple roots of G are A = {ayq,...,an—1} where a;(diag(A1, ..., A\n)) = Ait1— ;.
We want to show that for all i € {1,...,n — 1},

{w, ;) .
7<Oéi, > 7.

Write (where the two —1’s appear at positions ¢ and i + 1)
ki = diag(1,...,1,—1,—-1,1,...,1) = " Fi=Firrin) = ginHa;
Since p(k;) and p(e*°) are both diagonal matrices, p(k;) has only +1 as diagonal values, and

p(eX0) is proximal, p(k;eX0) is also proximal, so it is positively proximal. In particular, the
eigenvalue of p(k;) on V,, is 1.
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17.2. Proof of the classification theorem

Pick v € V,\{0}. One has (after extending dp : g — slgR to the complexification dp®: g& —

sl(d, C)),

iﬂHai) iww(Hai)

v=e€

v = p(ki)v = p(e v,

so that w(H,,) is an even integer.

On the other hand, H,, := <§f‘zl> by definition, where t,, € g is such that 5(ts,) = (8, a;) for

all 8 € g*. Hence, for every i € {1,...,n — 1} we have
(w,a;)  w(ta,) 1

= = —w(H,, 7. ]
(i, i) {ay, a5) 2w( )€

Proof of Fact 17.2. Note that given an irreducible representation p of a reductive group with
simple root system A, there exists a unique lowest weight of p relatively to the choice of A, and
it is the highest weight relatively to the opposite simple root system —A. Therefore we may
replace the term “highest” by “lowest” in Proposition 17.9.

Let us fix 3 € ©. Denote by p: LY — GL(ug) the irreducible representation given by (16.2),
(16.3) and Theorem 16.6.

By Theorem 17.8, it is enough to show that p(LQ) is positively proximal if and only if Condi-
tions (i) and (ii) hold.

By Proposition 17.9 and the observation at the beginning of this proof, it is enough to check
that the lowest weight space of p has dimension 1 if and only if Condition (i) holds, and that
the lowest weight divided by 2 lies in the weight lattice of LY if and only if Condition (ii) holds.

By Fact 16.4, the restricted roots of LY have the form Q4o With @ € ¥ n Span(A\©), and we
can choose {q|q, : a € A\O} as simple roots.

By (16.2), the weights have the form o, + ajq, Where a € 3 N Spany(A\O).

Observe that B4, is by definition the lowest weight, with weight space gz. Thus the lowest
weight space of p has dimension 1 if and only if Condition (i) holds.

Denote by (-, -)q and (-, )i, the Killing forms of respectively g and lg. One may check that for
all w € a* and a € Span(A\©) we have

(w,a)y (Wlae: ¥ ae Nlo

= (17.2)
<av a>g <04| aer ¢ a@>[@
Therefore 3|4, /2 lies in the weight lattice of LY, if and only if for any € A\© we have
2880 oy (17.3)

<Oé, a>g ‘
The quantity in (17.3) is worth
e ( if there is no arrow between  and « in the Dynkin diagram of G,

e 1 if there is a simple arrow (whatever the direction) or if there is a double or triple arrow
pointing toward 3,

e 2 if there is a double arrow pointing toward c,
e 3 if there is a triple arrow pointing toward «.

Thus (17.3) holds for all € © and a € A\O if and only the only arrows in the Dynkin diagram
of G between © and A\© are double and point toward A\©, which concludes the proof. O]
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18. Analysis of Groups With a Theta-Positive
Structure
by Dani Kaufman

18.1. Examples of Theta-positive structures

Other than the case where G is a split real form and © = A there are 3 new families of examples
of ©-positive structures. We will call these three cases A, B and G respectively, for reasons
which will be clear later. We will explore the properties of each of these examples in more
detail.

The first property to establish in each case is the structure of the positive cones in ug. In each
case, one finds that there is exactly one space, ug, which has dimension strictly greater than 1
corresponding to the case that § is the root linked to A\® by a double arrow. We will call this
root space ug and all other one-dimensional root spaces uq,.

What is the structure of ug in each case?

e For type A, G is a Hermitian Lie group of tube type, meaning that its Hermitian symmetric
space is of the form V' +i€). The vector space ug is isomorphic to V' and the positive cone
is given by 2

e For type B, G is locally isomorphic to SO(p, ¢). The space ug is isomorphic to RM47PF1 as
a normed vector space and the positive cone is given by a choice of one side of the double
cone consisting of vectors in ug with positive norm.

e For type G, the space ug is given by the exceptional Jordan algebra of 3 x 3 matrices over
R,C,H or O and the positive cones are given by the positive definite matrices in each
algebra.

18.2. The Theta-Weyl group

We define for each ©-positive structure a subgroup of the Weyl group of G called the ©-Weyl
group, denoted W (O).

Let W(#) be the subgroup generated by w,, and wg = Wq e, Where wq, are the Weyl group
generators associated to the roots a; € W(G) and wg is the element of W (G) given by the
longest element of the Weyl group of A\© u {5}

The ©-Weyl group is isomorphic in each case to the Weyl group of a root system of type
Aj, B, Gy for each of the three families of non trivial ©-positive structures, justifying the use
of these names for these families. We denote the Dynkin diagram for these new root systems
Ag.

The Dynkin diagrams of A and Ag for each family are shown in Figure 18.1.
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18.3. A Theta-positive semigroup

A:.:}:.—H

5 aq s ap2 B aq o) ap_3 ap_2  fB
(a) Type A (b) Type B
A — e—e——9—9 A@ = e
@ B @
(c) Type G

Figure 18.1.: A and Ag for each family of groups with Theta-positive structures

Remark 18.1. The analysis of positivity in Hermitian Lie groups of tube type in Section 4.3
suggests that we should treat these groups as groups of 2 x 2 matrices with entries in some
noncommutative ring. This agrees with the fact that Ag is an Ay root system, which is the
same root system as SL(2,R). Thus we should think of groups with a ©-positive structure as
some kind of group of type Ag with noncommutative entries.

18.3. A Theta-positive semigroup

In analogy with Lusztig’s total positivity, we can define a O-positive semigroup, Ugo. To do
this, we first define
Za;: Ua; — Ua;, v — exp(v)

Recall that the ©-positive structure on G gives a positive cone ¢, € u,. Let w, € W(O) be the
longest element in the ©-Weyl group. Writing w, as a product of generators Way,, We define a
map

o%,: [[(ch, )50 — US°

(I)cjo (ah az, -, ap) Flay, (al)xaiz (aQ) © Ly, (ap)'

Theorem 18.2 (Theorem 4.5 in [GW18|). The image UZ° is independent of the choice of
reduced expression of wo.

Proof. We only give the basic ideas of a proof. Since two choices of reduced expression differ
by braid relations, we only need to check that the image is preserved after each type of braid
relation. Each braid relation is either of the form

(1) Wa;Wa; 41 Wa; = Wa i Wa Wa i
(2) wawpwawp = WaWaWEW,
(3) WaWpWaWpWalWs = WRWaWRWaWEWa

where for the last two relations « is the root in © adjacent to 5. The first relation is between
one-dimensional root spaces and is thus the same as the total positivity case. The second two
relations can be established by a brute force computation in the By and G9 cases. ]

With the notion of the semigroup U@>0 we may define the theta positive semigroup Ggo as

Uopp>0

the semigroup generated by Ug Lo, Ugo in a totally analogous way to the case of total

positivity.
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18. Analysis of Groups With a Theta-Positive Structure
18.4. Theta-positive triples of flags

Continuing the analogies with total positivity, we can define the notion of a positive triple of
elements of G/Pg. Let Eg, Fg be two opposite standard flags in G/Pg i.e. we have that the
stabilizer subgroups of ¥ and F are Pg)p P and Pg respectively.

Definition 18.3. Let Sg be a flag transverse to both Fg and Fg. We call a triple (Eg, So, Fo)
a ©-positive triple of flags if So = uFEg for u e UZ"°

Theorem 18.4 (Theorem 4.7 [GW18]). The set {Se € G/Pe | (Fo, Se, Fo) is O-positive} is a
connected component of the collection of flags transverse to both Eg and Fg.
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19. Positivity in Higher Teichmiiller Theory

by Fernando Camacho Cadena

Throughout this section GG will denote a real simple Lie group, and ¥ will be a compact closed
surface of genus at least 2 with fundamental group m (X).

We recall that a higher Teichmiiller space is a subset of x(S,G) which is a union of connected
components consisting entirely of discrete and faithful representations. The goal of this section
is to see how higher Teichmiiller spaces arise from representations into different types of Lie
groups.

The following were the known instances of higher Teichmiiller spaces:

e When G is a split real simple group, as for example PSL(n,R), the space of Hitchin
representations is a higher Teichmiiller space [FG06, Lab06, Gui08§].

e When G is a Hermitian Lie group of tube type, for example Sp(2n,R), the space of
maximal representations is a higher Teichmiiller space [BIW10].

The main goal of this section is the following theorem, which states that there are new higher
Teichmiiller spaces.

Theorem 19.1 (|GLW21, Theorem Al). Let G be a simple Lie group admitting a ©-positive
structure. Then there exists a connected component of the representation variety consisting
entirely of discrete and faithful representations.

From the classification of Lie groups admitting a ©-positive structure, the above theorem gives
the existence of new higher Teichmiiller spaces. Namely subsets of the representation varieties
of groups isomorphic to SO(p, ¢) and Lie groups of exceptional type (which had not been known
about before!).

To show the above theorem, Guichard, Labourie and Wienhard generalize the following common

property shared by Hitchin and maximal representations.

Theorem 19.2 (|[FG06, Lab06, Gui08, BIW10]|). Let G be either a simple Lie group which is
either real split, or Hermitian of tube type. Let Pg be the parabolic subgroup of G corresponding
to the ©-positive structure (when G is split real, © is the set of simple roots, and when G
is Hermitian of tube type, © = {ay}, see [GW18]). Then a representation p: 71 (X) — G is
Hitchin, or respectively maximal, if an only if there exists a p-equivariant continuous map

§: 0m(X) — G/Pe,

sending positive triples in 0w (X) to positive triples in G/Pg.

As we saw in previous sections, there is also a notion of positive of tuples in (generalized) flag
varieties G/Pg. The above result then motivates the following definition.
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19. Positivity in Higher Teichmiiller Theory

Definition 19.3 (|[GLW21, Definition 5.1]). Let G be a Lie group admitting a ©-positive
structure. A representation p: m1(X) — G is said to be ©-positive if there exists a p-equivariant

continuous map
5: 67['1(2) - G/P@

that sends positive triples in 01 (%) to positive triples in G/Peg.

In fact, the higher Teichmiiller spaces from theorem 19.1 consist entirely of positive represent-
ations. In this section we do not present the full argument, but focus on the following

Theorem 19.4 (|GLW21, Theorem B|). Let G be a simple Lie group admitting a ©-positive
structure, and p: m(X) — G a ©-positive representation. Then p is also a ©-Anosov repres-
entation.

We will give a definition of a ©-Anosov representation in section 19.3. We nevertheless state here
two essential properties of Anosov representations, due to Labourie, and Guichard-Wienhard.

Theorem 19.5 ([Lab06, GW12|). The space of ©-Anosov representations is open in Hom(m (%), G),
and every ©-Anosov representation is discrete and faithful.

One can then deduce the following result.
Corollary 19.6 (|[GLW21]). The set of ©-positive representations is an open subset of Hom(m1(X2), G).

Remark 19.7. In the case when G is locally isomorphic to SO(p, q), Beyrer and Pozzetti showed
in [BP21] that the subset of O-positive representations is closed. Together with the fact from
[GLW?21] that the set of ©-positive representations is open and that ©-Anosov representations
are discrete and faithful, this implies that the subset of ©-positive representations is itself a
higher Teichmyiiller space.

The method in [GLW21] to prove theorem 19.1 is to find a union of connected components in the
representation variety consisting entirely of ©-positive representations. Then by corollary 19.6,
all these representations are discrete and faithful. Finding a union of connected components
involves methods from Higgs bundle theory as well as previous work by [BCGP*21|. Here we
will only present the ideas for the proof of theorem 19.4.

We begin with some preliminaries on diamonds, which are structures on the flag varieties asso-
ciated to the ©-positive structure. We then move on to some definitions and facts about Anosov
representations and finish with the idea of the proof of theorem 19.4.

19.1. Diamonds

For the rest of this section, we will assume that G is simple and admits a ©-positive structure,
denote by U>? the ©-positive subsemigroup of G, and by Fg the flag variety G/Pg. We recall
here some instances of this.

Examples 19.8. e When G = SL(2,R),
1 ¢
U>0={< 1>:t>0}.
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19.1. Diamonds

e When G = SL(3,R),

1 a+c ab
U= — 1 b |:a,b,c>0
1

e When G = Sp(2n,R),

>0 In N . o . .
U™ = I : N is positive definite and symmetric
n

To define positivity in the flag variety, we fix two standard flags. Namely, we let F° € Fg be the
flag stabilized by Pg, and E° be the flag stabilized by Pg)p P Recall now that if T' € Fg is a third
flag, the triple (F°, T, E°) is positive if there exists an element ur € U>Y such that T = urFE.
We say that a general triple of flags (F, T, F) is positive if there exists g € G such that

gF°=F, gE°=F, and T = guE°,

for some v € U>C. In particular this implies that for two flags F' and E which are transverse,
letting g € G such that gF° = F and gE° = F, the subset

{(F,gug™'E,E) : ue U™}

consists entirely of positive triples. Here is an example of what such a set looks like.

Example 19.9. In the case of G = SL(3,R), O is the set of all positive roots, and we can
choose

* ok %
Py = 0 = = ,
0 0 =

making Fg the space Flag(R3) of full flags in R3. The standard flag F° corresponds to the flag
{Span(e1), Span(ey, e2)}, and the opposite flag is {Span(es), Span(es,e2)}. where ey, ez, e3 are
the standard basis vectors for R3. We can visualize a full flag in RP? as a point together with
a (projective) line through that point. To picture the set {(F°, uE°, E°) : u e U>"}, we look at
a coordinate patch in RP?:

{[z:y:2] e RP?: 2 # 0} —» R?
[x:y:z]H[lzg:i].

r X

Using the explicit form of U>? for SL(3,R), one can see that the orbit of Span(e) is

1 1
l:=—:—:a,b>07,
a ab
1 1
1: c—|:a,c>0p,
a+c 0

In coordinates, the orbit of Span(e;) is the (open) upper right quadrant. One can do a similar
computation for the orbit of the plane Span(ey,es) by identifying planes in R?® to orthogonal
lines (equivalently by identifying (RP?)* with RP?), and then see that the orbit (in coordinates)
will also be a quadrant. Now imagine o0 in the coordinates patch in for RP? as a single point
at infinity, thereby "closing up" the upper right quadrant into a "diamond" with the standard
flags as extremities.

and the orbit of Span(ez) is
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19. Positivity in Higher Teichmiiller Theory

From this vague picture, we make the following definition.

Definition 19.10. Given two transverse flags F, F € Fg, a diamond is a subset of Fg of the
form

{guE° : ue U™"}

for some g € G. The extremities of the diamond are the flags gF° and gE°.

As noted above, for any T" in a diamond with extremities F' and F, we have that (F,T, F) is a
positive triple.

Remark 19.11. The terminology of diamond was actually coined by Labourie and Toulisse in
[LT20] for the case when G = SO(2,n) with n = 3. There are charts on the flag variety associ-
ated to G which map to Minkowski space. In appropriate charts, a diamond is the intersection
of the future and past light cone of the extremities.

Example 19.12. When G = SL(2,R), we have the following identification
SL(2,R)/P =~ S,

where P is the group of upper triangular matrices. Here, diamonds are line segments on the
circle as in figure 19.1. We note here that the flag variety of SL(2,RR) and the one for PSL(2,R)
can be further identified with the visual boundary of H?, its symmetric space.

There is another characterization of diamonds in terms of transverse flags. To state the result,
let Qp c Fo be the subset of the flag variety consisting of flags transverse to F'.

Proposition 19.13 (|GLW21, Proposition 2.5|). A diamond with extremities E, F € Fg (recall
here that E and F' must be transverse) is a connected component of Qp N Qp.

In particular, we can specify a diamond by giving two transverse flags « and z, and a point y
in the interior of Qp N Qp. We will denote such a diamond by V,(z, z).

We will now see how diamonds are related to positive representations

Proposition 19.14 ([GLW21, Proposition 2.7]). Assume £: St — Fg sends positive triples in
St to positive triples in Fo. Then for any oriented positive tuple (z1,...,x,) in S*, there exist
diamonds V;; such that

(1) &(xj) € Vig if (x4, 4, ) is positive, and

(2) Vij Vi, if (Tk, ®i, x4, T is positive.
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19.2. Metrics on diamonds

I

T2

Zq

x3

Figure 19.1.: The circle with the clockwise orientation for positivity, and diamonds defined by
21,24 in green, and x2, x3 in magenta.

In figure 19.1, we think of assigning to the green and magenta arcs diamonds in the flag variety.
Assertion (2) in proposition 19.14 says that the containment of diamonds in the flag variety is
exactly the containment of the arcs (diamonds) on the circle.

As we will see later on, we will need metrics on (subsets) of the flag varieties. For the rest of the
section, we describe how to put metrics on diamonds, and state certain contraction properties.

19.2. Metrics on diamonds

We start with a particular class of positive triples.

Definition 19.15. Let H < G be a subgroup isomorphic to PSL(2,R). A positive circle is a
closed H-orbit in Fg parameterized by a PSL(2,R)-equivariant map

RP! — Fo.

Here we think of RP! =~ S! as the flag variety of PSL(2,R) (which can also be identified with
0o H?).

Example 19.16. Let G = PSL(d,R), then the flag variety Fg can be identified with G/P,
where P is the group of upper triangular matrices. Thus the flag variety consists of honest full
flags. We recall that a representation p: 71 (X) — G is Fuchsian (and in particular Hitchin) if
it factors through the irreducible representation ¢: PSL(2,R) — PSL(d,R). We then obtain a
p-equivariant continuous boundary map £: 0m1(X) — Fg. Then setting H = «(PSL(2,R)), we
have that the image of the boundary map £ is a positive circle.

Now we define a tripod to be a triple of pairwise distinct points lying on a positive circle. Even
though the definition of a positive circle seems quite restrictive, and there is no mention of
positivity, we have the following.

Proposition 19.17 (|GLW21, Proposition 2.9, Proposition 2.10]). (1) Given two transverse
points a,b € Fg, there exists a positive circle passing through a and b.

(2) The arc on a positive circle from a to b is completely contained in a diamond with ex-
tremities a and b.
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19. Positivity in Higher Teichmiiller Theory

(3) The equivariant map associated to the positive circle is positive, i.e. it sends positive triples
to positive triples.

The first part of the proposition implies that given any diamond Vj(z,z) < Fg, there is a
positive circle going through x and z. However, it is important to note that there might not
be a positive circle passing through x,y, and z. Moreover, the third part gives that a tripod is
positive.

To put a metric on a diamond, we look for a way to parameterize them. Recall that from
[GW18, Theorem 4.5, the positive subsemigroup U>? can be parameterized by an open cone
C < gV (where N depends on ©). That is, there is a diffeomorphism

F:C—-UY.

Let (z,y,z) be a tripod and choose some positive circle passing through these points as well as
an isomorphism o: — U,, where U, is the unipotent radical of the stabilizer of z in G. Then
the map

C — Fo

ur— oo F(u).x

parametrizes the diamond Vj(z,z). There is a special way of choosing the isomorphism o
such that h — y under the above parametrization, and where h € C' is a preferred unipotent
associated to the positive circle (see section 4.1 of [GLW21] for details).

Pulling back the Euclidean metric on the cone C, we get a complete Riemannian metric g, »)
on the diamond Vj,(z, 2).

Warning 19.18. Assume we have two tripods (z,y,2) and (z,%9/,2) so that the diamonds
Vy(z,z) and Vj(z,z) agree and y and 3y lie on the same positive circle through « and z. If
y # ¢, then the metrics g(,, .) and g(, /.y need not be the same.

Given an arbitrary positive triple (x,y, z) (not necessarily a tripod), it is still possible to put a
Riemannian metric g(, , ) on the diamond V;(z, z). The metric is defined by taking the average
of the metrics coming from tripods that are "as close as possible" to the triple (z,y,z). We
stress again that the metric depends on the triple (z,y, z) as opposed to only on the diamond
defined by the triple.

The next proposition is about how metrics for diamonds contained in each other are related.

Proposition 19.19 (|GLW21, Proposition 4.11]). Let (m, Ym, 2m) be a sequence of positive
triples such that

o Vy (xm,2zm) CV, and

ym+1(xm+lyzm+l )’

i ﬂmeN Vym (xmv Zm) = {°}
Then
g(zovyO:ZO) < kmg(xmvymr’zm)7

with ky,, — 0 as m — 0.
We do not reproduce the proof here, but remark that the vague intuition behind this statement

is as follows. The metric on diamonds is defined by the pullback to the cone C. Thus, if a
diamond V is contained in another diamond W, the metric in W has to be larger.
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19.3. Basics of Anosov representations
19.3. Basics of Anosov representations

In this section, we give a definition of Anosov representations which will be useful for us, but
do not give the full details.

Begin by choosing an auxiliary hyperbolic metric on ¥ and with this there is an identification
T'H? /7y (Z) = T,

where T'H? is the unit tangent bundle of the hyperbolic plane, and T'Y is the unit tangent
bundle to ¥. Then we identify T H? with the set of positive triples in 0H? as follows. Positivity
in 0H? is inherited from the identification with the circle S*. Let (z,y, z) be a positive triple
and consider the oriented geodesic ¢ from x to z in H2. Then there is a unique geodesic with y
as an endpoint intersecting ¢ orthogonally. Thus y determines a point on the geodesic, and with
that, a vector in the unit tangent bundle. Note that the triple (z,y, z) is also positive and gives
the negative of the vector determined by (z,y, z). Moreover, the geodesic flow will be denoted
by (z,y,z) — (x,ys, z), where s is the time parameter. See figure 19.2.

Ysa Ys1

Figure 19.2.: Parametrization of unit tangent bundle with positive triples and the clockwise
orientation on the circle. Here the violet geodesic with = as the forward endpoint,
and z as the backward endpoint. The blue geodesics meet it orthogonally to
determine a vector in T'H?. In the picture, sp < s7.

The following is an equivalent definition of Anosov representations given by Guichard and
Wienhard in [GW12, Proposition 2.7].

Definition 19.20. A representation p: 71(X) — G is ©-Anosov if the following conditions
hold.

(1) There exists a continuous p-equivariant map &: om (T'Y) — Fg sending distinct points
z,y € om (T'3) to transverse points in Fg.

(2) There exists a continuous 1 (X)-equivariant family of norms on

{(TE(Z)FG’ (m,y, Z)) : (az,y, Z) € TIHQ}

satisfying the following. There exist positive constants A and a such that for all ¢t > 0,
and (z,y, z) € T'H?

< Ae™ || for all s > 0.

H'H(z,y,z) T,Y—s,2)7
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To be precise, the definition should include a second boundary map to the flag variety F'/Pg™,

but we only work with one boundary map. Moreover, the continuity for the family of norms in
condition (2) is with respect to taking the trivial bundle T'H? x Fg.

19.4. Proof sketch of Theorem 19.4

Part (1) of the definition of Anosov representations is immediate from the definition of positive
representations. For part (2), let £: 0H? — Fg be the boundary map associated to the positive
representation. The goal is to define diamonds with £(z) in its interior, so that we can assign
the norm on T¢(,)Fo coming from the Riemannian metric on the diamond.

We begin by assigning to (x,y, z) € T'H? a fourth element w(z,y, z) € 0H? satisfying

Cr]R]P>1 (CE, Y, Z,U)(Z',y, Z)) = _17

where crpp1 is a cross ratio on RP! ~ 0H2. In the literature, such a quadruple is said to be
harmonic. One can easily check that the quadruple (x,y, z,w(x,y, z)) is a positive quadruple,
see figure 19.3. For example, taking the usual cross ratio on RP!, the quadruple (0,1,00,—1)
(in coordinates defined by normalizing the first coordinate of the line) is harmonic. We then
assign to the triple (x,y, z) the diamond

y(xvyvz) = Vv{(z) (g(y)a f(’UJ(IE, Y, Z))) < F@-

The point &(z) lies in the interior of the above diamond. This means that we can denote by
Il z,y,) the norm on T¢(,)Fg coming from the Riemannian metric g(¢(y) e(2).¢(w(w,y,2)- 1O see
that the metrics are expanding along the geodesic flow, we use proposition 19.19. The conditions
that need to be satisfied are

(1) Vwy_.2) S Yy, forall s >0, and

(2> y(w,y_s,z) - {é(z)} as § — +00.
For condition (1), one can check with a small computation that if (z,y1,yo,2) is a positive
quadruple, then (z,y1,vo0, 2, w(z,yo, 2), w(z,y1,2)) is a positive tuple as well, see figure 19.3.

Since the boundary map is positive, it follows from proposition 19.14 that indeed Y,  .) <
y(w,z) for all s > 0.

w(z,y1,2 Y1

w(x, Yo, 2)

Yo

Figure 19.3.: Harmonic quadruples on S*.
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For condition (2), observe (from another calculation) that

lim w(z,y, z) = z.
y—z

Then using the continuity of the boundary map, and that y_s — z as s — 00, we get condition
(2). Now we can apply proposition 19.19 to get that

H'H(x,y,z) < kSH'H(m,y,S,z)

with kg — 0 as s — 00. One can then finish the proof by using a compactness argument to get
the constants A and a in the definition of Anosov representations.
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20. Exercises
by Merik Niemeyer

Our goal in this exercise is to find ©-positive structures on both SO(2,3) and Sp(4,R).

20.1. The indefinite special orthogonal group

Let us first introduce the setting. A lot of this you have seen already in the talk on SO(p, q).

Define a quadratic form on R® by z — %Qz with

:
Q=<g
—1

Then G := SO(Q) = {X € SL(5,R) : '’XQX = Q} = SO(2,3). Recall that matrices in the Lie
algebra g = s0(2,3) are of the form

ail ai12 v b 0

agl a2 w 0 b
r s 0 w —v
& 0 S —an2 ai19
0 C -Tr asy —all

with real entries. You have also seen already that a Cartan subspace is given by

h = {dlag()‘vuao) —H, _)‘) : )\,,U, € R} = Rdlag(lv 07 0707 _1) @ Rdlag(ov 17 07 _17 0)7

<A » < A ¥
=:hy i=ho
i.e. the diagonal matrices in g. Define the matrices
0 1]0[0 O 0 0/0{0 O
0 0/]0]0 O 0 0]1]0 O
er:=1 0 0|0]0 O |, e:=] 00|01 0 [,
0 000 1 0 0]0|0 O
0 0]0]0 O 0 0]0]0 O
0 0j1]0 0 001 O
0 01010 0 0]0]|0 1
e3:=| 0 0/0]|0 -1 ], esa:=] 0 0|00 O |,
0 0]0|0 O 0 0]0|0 O
0 0j]0|0 O 0 0]0|0 O

and f; :=‘e;. Together with h; and hs these span the Lie algebra.
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Remark 20.1. Note that g is generated by h1, ho,e1,ea, f1, fa.

Define two functions «aq, as € h* by

aq (dla’g()" K, Oa —H, _)‘)) =A— K,
a?(diag()‘) K, 07 —H, _)‘)) = e

Exercise 20.1. Compute the root space decomposition of g and prove that g has a Ba root
system.

In case you do not want to spend time on this repetition, here are the positive root spaces:

Ba = R@l, Hay = Rer Jai+as = R€3a Ja14+2a0 = R64-

The corresponding negative root spaces are spanned by the f; and go = b since G is split. Also,
we see that A = {«a1,as} is a set of simple roots.

20.1.1. The totally positive structure

The first O-positive structure we want to investigate is the totally positive structure, i.e. pick
© = A. However, we will look at this from the viewpoint of O-positivity.

Exercise 20.2. For this choice of © compute ug, uoepp and lg. Find the center 3o of lo and the
weight spaces uy for the (adjoint) action of this on ug.

Remark 20.2. Note that the weight spaces coincide with the root spaces and that all of these
are 1-dimensional.

In a second step, we wish to prove that G actually admits a ©-positive structure for this choice
of ©, i.e. we need to find invariant cones in the weight spaces:

Exercise 20.3. By exponentiating, find Lg (the identity component of the Levi subgroup) and
compute the action on u, for a € ©. Prove that there exists a sharp convex cone in each weight
space, which is invariant under this action.

With the ©-positive structure in place, we will compute the ©-positive semigroup.

Exercise 20.4. Observe that the Weyl group W(0©) is just the full Weyl group W. Use the
longest word to give a parametrization Ug 0,

Hint 20.1. The longest word in the Weyl group of a Bs root system is 01090109 = 09010207.
It might not be worth it to explicitly compute a matriz form of an element in U@>0.

opp,>0
U@

Now you could compute in much the same way and finally get Ggo.

Remark 20.3. Note that this ©-positive semigroup coincides with Lusztig’s totally positive
semigroup.

Exercise 20.5. As a non-example, show that SO(2,q) for ¢ > 3 does not admit a ©-positive
structure if we chose © = A, the set of simple (restricted) roots.
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Another ®O-positive structure

Now we will define a second ©-positive structure on G by choosing © = {a;}.

Remark 20.4. Recall the classification of Lie groups admitting a ©-positive structure. As G is
both split real and (locally isomorphic to) SO(p,q), we find two different ©-positive structures
on G.

We can proceed in much the same way as before.

Exercise 20.6. Prove that G admits a ©-positive structure by explicitly calculating the Lg-
mvariant cone in Uq, .

Hint 20.2. You should find that elements of Lg are of the form
0 0
M 0
0 —1

(e an BN

a

where a € Rog and M € SO(J)° (here we denote by J the center 3 x 3-block in ()) and that
elements of u,, = ue are of the form

o0
Ju
0

for some v e R3. The sharp convex cone will be defined by the conditions vJv = 0 and vy > 0.

We can also compute the Weyl group W (©) in order to define Ug" (and from this Gg° like
before):

Exercise 20.7. Compute the Weyl group W (0) and show that this is isomorphic to the Weyl
group of an Ay root system and give a parametrization of Ugo.

Remark 20.5. We have also learned that G is of Hermitian type of tube type. The O-positive
structure it admits as such a group is the same one we just described.

20.1.2. Another ®-positive structure?

Exercise 20.8. Show that for the choice © = {as}, G does not admit a ©-positive structure.
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20.2. The symplectic group

20.2. The symplectic group

0 I
Joo =
I, 0

and recall that the symplectic group is G := Sp(4,R) = {M € GL(4,R) : ‘M Jyos M = Ja5}. Its
Lie algebra is g/ = sp(4,R) = {Xgl(4,R) : "X Jo5 + J22X = 0}, so an element in g’ is of the

form
A B
X = ;

where C, B are symmetric (2 x 2)-matrices and D = —‘A. A Cartan subspace is given by

Define Js 2 as the block matrix

= {diag(A, pt, =X, —p) : A\, p € R}

Exercise 20.9. Compute the root decomposition of g’ and prove that g’ has a By root system.

20.2.1. A local isomorphism with SO(2, 3)

We observed that the root systems of G and G’ are both of type By and thus isomorphic. It is
not hard to write this isomorphism down explicitly and starting from this we can construct an
isomorphism of the Lie algebras g and g’. The resulting isomorphism v: g — g’ is defined on
the generators of g by:

W(hy) = diag(1/2,1/2,-1/2,-1/2) =: I},
W(hy) = diag(1/2, —1/2,1/2,-1/2) =:

0 0|lo o
0 0[0 1
o) = | —— e,
(1) 0 0|lo o !
00|00
01 0
00/0 o0
¢€2= ::6/7
(e2) 00|/0 o 2
0 0[-1 0
(f1) = ()" = f1,

1)
V(f2) = ()"/2=: fi.

Under this isomorphism the simple roots «; and g correspond to of,ab € b/, respectively,
which are defined by

oy (diag(X, g, =A, —p)) = 24,
ng(dlag()\, K, _)\7 _:u)) =A- M-

Remark 20.6. This isomorphism of Lie algebras induces a local isomorphism between the Lie
groups G and G'.
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20.2.2. O-positive structures on Sp(4,R)

Here we only consider the ©-positive structure, which G’ carries as a group locally isomorphic to
SO(2,3) (see above), which is actually the same as the one which it carries as a Hermitian group
of tube type. We can easily carry over our previous calculations using the above isomorphism.

Exercise 20.10. Use the isomorphism v : g — g’ to prove that G admits a ©-positive structure
for the choice © = {a/}.

Hint 20.3. You should find that the weight space Uy, 1S isomorphic to the space of symmetric
matrices and that the invariant cone is given by the positive semi-definite matrices.

Some notes (almost solutions) on the exercises.

20.3. Partial solutions

20.3.1. SO(2,3)
The totally positive structure
Define a quadratic form on R® by z — %Qx with

000 0-1
00010
Q—(oo-wo).
01000
-10 00 0

Then G := SO(Q) = {M € SL(5,R) : 'MQM = Q} =~ SO(2,3) and matrices in the Lie algebra
g = 50(2,3) are of the form

ail a2 v b 0
as21 ag w 0 b
T S 0 w —v
0 | s | —ax a2
0 C —-Tr any —all

To work out the root decomposition we pick the maximal toral subalgebra

h = {dlag()\nu’()? —H _)‘) : )‘nu € R} = Rdla’g(lv 07 070’ _1) ® Rdlag(ov 17 07 _]-a 0)’

~ -~

~~ ~~

=:h :=ho

i.e. the diagonal matrices in g.
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Now we will investigate the root spaces: For this, define the following matrices:

0 1/0j0 O 0 0/0{0 O

0 0j]0|0 O 0 0/]1]0 O
er:=1 0 0|0]0 O |, e:=] 00|01 0 [,

0 000 1 0 0j]0]0 O

0 0/0]0 O 0 0/0{0 O

0 0|1]0 O 0 0/0|1 O

0 0]01]0 0 000 1
es:==]1 0 0[{0|0 =1 |, e4:=| 0 0[0|0 O

0 0j]0]0 O 0 0/]0]0 O

0 0j]0]0 O 0 0{]0]0 O

These form a linear basis for the subspace of strictly upper triangular matrices in g. In fact this
subspace is a subalgebra and as such is generated by e; and es.

Moreover, each e; spans a positive root spaces: Define the functions oy, as € h* by
al(dia'g()‘7 K, 07 —H, _A)) =A— K,
ap(diag(X, i, 0, —p1, =) = p,

and hence the positive root spaces are

By = Rey, Bay = Reg, Jar+as = Res, B 4+2a0 = Rey.

The corresponding negative root spaces are spanned by the matrices f; :=e; for i € {1,2,3,4}.
We thus find that this is a By root system with a; and ao a pair of simple roots.

We first pick © = A so that

o= Y G

aext

opp
ug’ = ) ga

aext

and clearly in this case [ = 30 = go = bh. Consequently, the weight spaces for the action
30 — ug coincide with the root spaces and we find u,, = g,,. By exponentiating elements in
lo we find that the identity component of the Levi subgroup is

Ly = {diag(a,b,1,b7",a™") 1 a,be R, }.

If we let this act on u,, by the adjoint action, we find that X = diag(a,b,1,b=%,a~!) maps e;
to ab~'e;. Thus, if we identify the one-dimensional space 1,, with R, we find that the sharp
convex cone R is preserved by this action (a,b > 0). Analogously for u,,, and we proved that
G admits a ©-positive structure.

Exponentiating the root spaces for roots in © yields two maps

xI; - R—G
t — exp(te;),

for i € {1,2}. More explicitly, these map to the subgroup Ug of G of unipotent upper triangular
matrices. As we choose © = A, we find that W(0©) = W, i.e. the Weyl group of the root
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system of GG, which is of type Bs. The longest word in such a root system can be written as
01020102, and therefore we obtain a parametrization of the totally positive subsemigroup Ug 0
of Ug, namely

UG = {z1(2)z2(v)z1 (y)22(w) =t Fio12(z,v,y,0) : z,0,y,w e R7}.

An element in this can be explicitly computed to be

1 z+y 2w+ (+y)w z(v+w)?/2+yw?/2 axyv?/2

0 1 v+ w (v + w)?/2 yv?/2
Fioio(2,v,y,w) = [0 0 1 v+ w yv

0 0 0 1 T+y

0 0 0 0 1

Analogously one can compute the positive part O>° of the subgroup O of unipotent lower
triangular matrices. The totally positive subsemigroup G>? is then

G>0 _ O>OAOU>0
where A° is the connected component of the identity in the subgroup A < G of diagonal matrices
in G.

It is not hard to see that the positive semigroup defined this way is just Lusztig’s totally positive
subgroup and much of the discussion actually mirrors Lusztig’s description. However, this is
only possible because we are dealing with a split real group.

If we naively tried to extend this notion to non-split groups we run into problems as the following
example shows: Consider Gy = SO(2, q) with ¢ > 3. The Lie algebra then has the form

( all a2 tv b 0
ag1 agy t'w 0 b
50(2,q) = < r s 0 w —v :aij,b,ceR,v,w,r,sequz >
C 0 tS —ag2 a2
L 0 C — tl" asy —all

and we recall that the restricted root system of this group is also of type Bs and indeed that
calculation is very similar to the above but we find that the (restricted) root space gq, is (¢ —2)-
dimensional in this case and contains all elements of the Lie algebra of the above form with all
but the w-entries 0. Now, if we take © = A, ug and ug® are again just the sum of all positive
and negative root spaces, respectively, and we also find lg = gg again. However, this takes a
slightly different form since G2 is not split.

A
[e=go=a@ce<a>={< v ):M:—tM},
-\

where a is a Cartan subspace and g = ¢ @ p the Cartan decomposition. The center clearly
is 30 = a and thus the weight spaces for the action 3o — ug are just the root spaces again.
Exponentiating the above expression, we find that a general element in Lg has the form

a
( b )
S
b71
a*l

Y =
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with S € SO(q — 2). If we consider the adjoint action on the weight space iy, = ga, = R72
we find Y.v = bSw, so that we are effectively dealing with an SO(q — 2)-action on R?~2, which
clearly has no invariant sharp convex cone, so that Go does not admit a ©-positive structure
for this particular choice of ©.

Another ®-positive structure
The group G = SO(2,3) can also be endowed with another ©-positive structure. For this, we

mostly use the same setup as before and have A = {ay, as}. Now we pick © = {a;} and thus
have (with ¥§ = X\(Span(A — ©)), i.e. all positive roots that contain some contribution from

u@ = Z ga = gal @ ga1+a2 @ ga1+2a2 = Rel ®R€3 @ IRe‘l’

aezg
u(épp = Z Jg—a=9-a ®g—a1—a2 ®g—a1—2a2 = Rfl @Rf3 @Rf4,
aezg
lo 1= g0 ® > (0 ®0-a) =H® o, DI—as-

aeSpan(A—©)nX+

In order to determine the ©-positive subsemigroup, we need to consider the adjoint action of
the center 30 of lg on ug. In this simple setup, we clearly have

30 = {diag(),0,0,0,—X) : A € R},
and thus ug = uy,.

By exponentiating an element in [g we see that a general element in the identity component of
the Levi subgroup Lg is of the form

0 0
M 0
0 —1

o O 2

a

where a € R*? and M e SO(J)°. Here we denote by J the center (3 x 3)-block in @, i.e.

0 0 1
J=10 -1 0
1 0 of
Now, elements of u,, = ug are of the form
0w 0
0 Jv
0

for some v € R3. Therefore, we identify this space with R?® and letting Lg act on u,, by
conjugation, we find that the sharp convex cone ¢ defined by the conditions v.Jv > 0 and vy > 0
is invariant under this action. So G' admits a ©-positive structure for the above choice of ©.

Our goal is to find the ©-positive subsemigroup Ggo and for this we need to consider the Weyl
group W(O). In our case this is very simple as we have © = {1}, which only contains a single
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element. Thus g = a1 and W(O) is the subgroup of the full Weyl group W that is generated
by the longest element s of the Weyl group Wig,1,(a—e) = W. This is isomorphic to the Weyl
group of an A; root system and thus the longest element in W (©) is simply s.

Accordingly the ©-positive subsemigroup of Ug = exp(ug) is the image of the map

F:c® - Ug

v — exp(v),
e U3% = F(c).

Similarly, we can compute Ug)pp’>0 and thus fin GZ°, which is generated by UZ°, ngp’>0 and

LY.

Another ®-positive structure?

Finally, we want to see whether we can find another ©-positive structure on G by taking
© = {a2} (keep the notation from before). The calculation works much the same as in the
previous case but we find ug = uy, ® u,,, where u,, = Rea @ Reg = R2. A calculation shows
that the action Lg — uq, corresponds to an SL(2, R)-action on R?, which has no sharp invariant
cone and so G does not admit a ©-positive structure for this choice of ©.

20.3.2. Sp(4,R)

A local isomorphism with G

Define Js 2 as the block matrix

0 I
Joo =
—I, 0

and recall that the symplectic group is G’ := Sp(4,R) = {M € GL(4,R) : ‘M Jyos M = Jao}. Its
Lie algebra is g’ = sp(4,R) = {X € gl(4,R) : 'XQ + QX = 0}, so an element in g is of the

form
A B
X = 5
C D
where C, B are symmetric (2 x 2)-matrices and D = —'A. A maximal toral subalgebra is given
by

h = {diag(\, u, =\, —p) : A\, u € R} = Rdiag(1,0, —1,0) ®R diag(0,1,0,—1).

~~ - ~

=:h1 =:ho
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As a vector space g’ is spanned by the matrices

0110 O

- 0 0,0 O -

€1 1= — |, é2:= )
0 0, 0 O
0 0j]—-1 0
0 0/0 O

. 0 0]0 1 -

63 = 9 64 = I
0 00 O
0 0/0 O

and their transposed matrices fz =&l If we set X = Moy + uilg = diag(\, p, =\, —p) and

(2

compute the bracket of X with the é;, we find

[X7 él] = ()‘ - :U’)éh
[X, é2] = 2)éq,
[ X, é3] = 2pués,
[X, 64] = ()\ + ,u)e4,
and thus if we set
dl(X) =A- Ky
a2 (X) = 24,

we have the following root spaces
9a, = Réy, 9a, = Res, Ja1+as = Réy, 9281 +62 = Ré,.

The corresponding negative root spaces are spanned by the fz and we are clearly dealing with
another root system of type Bs.

Therefore the root systems of G and G’ are isomorphic, which means that the Lie algebras g
and g’ are isomorphic. The isomorphism of the root systems is given in terms of the simple
roots as

a1 — Qg =: 0/1,

a9 —> dl =: 0/2,
which can be seen by comparing the expressions for the positive roots in terms of the simple
roots in both cases. In order to construct a Lie algebra isomorphism v : g — ¢, recall that g

is generated by hi, ho,e1, e, f1, fo. In order to define v it suffices to map these generators in
such a way that the bracket is preserved (this gives as a Lie algebra homomorphism).

We begin by mapping e, e2: These span the root spaces go, and gq,, respectively, and thus we
need to map these to elements in g’&2 and ggﬂ, respectively. Thus we define

Y(e1) = €3 =: €},

P(eg) = €1 =: €.
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Next, let us choose images for hy, ho. We want [h;, e;] = [¥(h;), ¥ (e;)] and by a quick calcula-
tion, we find

W(hy) = diag(1/2,1/2, —1/2, —1/2) =: b’
W(hy) = diag(1/2,—1/2,1/2, —1/2) =: h}.

Finally, we find images for fi, fo. These again need to span the corresponding root spaces
and need to be chosen in such a way that we get [e;, f;] = [¢(e;),%¥(f;)]. Another round of
calculations leads us to

1/)(f1) = f3 =: f{a

fi
V(f2) = 5 5.
If we furthermore observe that h}, hb, €}, €, f1, f5 span the Lie algebra g, we conclude that ¢
is an isomorphism of Lie algebras as desired. As such it induces through exponentiating a local
isomorphism of the Lie groups G = SO(2,3) and G’ = Sp(4,R).

©-positive structures on G’

Finally, let us consider ©-positive structures on G’. Due to the local isomorphism with G, which
we just described, we expect to find two such structures. Indeed, G’ is both split real and of
Hermitian type of tube type and by the above also locally isomorphic to SO(2,3), which are
three cases for which a ©-positive structure can be found but it is not hard to see that the last
two give the same structure in this case.

We will not investigate the totally positive structure on G’, instead let us focus on the other
O-positive structure on G’, which is obtained by picking ©' = {a}}. Using the Lie algebra
isomorphism 1 : g — g/, we can basically copy the above formulas (for G, in our notation we
just need to add a lot of ’s) and find

u/@’ = Z g/a = glo/l @ g/o/ +a, @ g,a'1+20/2 = IRe,l @Reg G—)Reilﬁ

1

aeEg
W= Y 0= 00 @0 o, B ay20y = R ORSORS,
aeEg
! / / / / / /
(o i=g/o® > (0a®0 ) =0 Dga®d .

aeSpan(A/—0/) AT+
The center 3’ g/ of 'gs can simply be read of or obtained using 1) and we find
3o = {diag(\, X\, =\, —)\) : A e R}
and thus u'er = u'y, again only consists of a single weight space.

By exponentiating an element in I'g/, we see that a general element X € L has the form

X =
0 tA—l

for Ae GL(2,R)°. Now Y € v’ is of the form

0 M
Y = ;
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20.3. Partial solutions

for some symmetric matrix M. Therefore we identify this weight space with the space of
symmetric matrices.

As we want to consider the action of L on 1/ o, by conjugation, we calculate

oy x-l (0 AM%)

0 0

Thus we see that the cone ¢’ of positive (semi-)definite matrices in v’ o, is preserved by the
action of L.

From here the computation of the ©-positive semigroup is analogous to the one for G.
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