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Foreword

The workshop on Theta-positivity (hereafter abbreviated Θ-positivity) and Higher Teichmüller
Theory took place in January 2022 in Heidelberg. The original initiative to host a workshop on
Θ-positivity was put forward by Xenia Flamm and Mareike Pfeil in the fall of 2019. Soon after,
the COVID-19 pandemic started and the event had to be postponed a couple of times. By the
time it was possible to host the workshop in person, Mareike already defended her PhD thesis
and had left Heidelberg. I then offered to help Xenia with the local organization in Heidelberg
in replacement of Mareike.

There were twenty-five participants, mostly PhD students, who all took an active part by
either giving a talk or preparing an exercise class. The event took place at the Internationales
Wissenschaftsforum Heidelberg (IWH) which provided both lecture rooms and bedrooms for
the participants. The location is ideal. It is quiet, with bright rooms and a large garden. On
the last day of the workshop, we had the pleasure of welcoming Anna Wienhard for a Q&A
session. Anna took all our questions for two hours and provided some expertise on many aspects
of Θ-positivity.

Xenia and I later had the idea of writing up a set of notes about the workshop. We are extremely
pleased that all the speakers accepted to type in the content of their presentations. After some
editing work, we were able to compile all the contributions in a single document. We tried our
best to homogenize notations. Shall there remain mistakes or typos, we would greatly appreciate
these to be communicated to us.

I want to express my gratitude to Xenia and Mareike for the initial work they put in when they
first attempted to organise the workshop during the pandemic. The workshop could have never
taken place without the financial contributions from STRUCTURES - Cluster of Excellence
Young Researcher’s Convent to which we are extremely grateful.

November 2022 Arnaud Maret
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The idea for this workshop was born in the fall 2019, when Mareike Pfeil and I were visiting
MSRI for the semester program Holomorphic Differentials in Mathematics and Physics. To-
gether with Ivo Slegers we started to learn about Lusztig’s positivity. Studying together inspired
us to organize a workshop to create an environment in which we can share our knowledge to
learn something new. Unfortunately, both Mareike and Ivo could not attend the final workshop,
but I am confident they would have enjoyed it as much as I did.

At this point I must thank Arnaud Maret who so willingly offered to help organize the workshop
when Mareike could not do it anymore. Without his bold decisions the workshop would probably
not have taken place at the time it did. Thank you so much, Arnaud!

I follow Arnaud’s words when thanking Anna Wienhard, the IWH and its team, as well as the
STRUCTURES - Cluster of Excellence Young Researcher’s Convent.
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Lastly I need to express my deep gratitude to all the participants of the workshop, without
who it would not have been possible. Thank you for the time, work and effort you put into
your preparations, presentations and now in these final notes. I hope they will provide a great
reference for us and others in the future.

November 2022 Xenia Flamm
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Introduction

These notes transcribe a workshop about the notion of total positivity and Θ-positivity and its
relation to Higher Teichmüller Theory. Θ-positivity is a notion of positivity in semisimple Lie
groups and was recently introduced by Guichard and Wienhard in [GW18] as a generalization of
Lusztig’s total positivity. It is believed to be the cathartic notion to classify higher Teichmüller
spaces. Without doubt, substantial progress will be achieved in the near future on the study of
Θ-positive structures. These notes provide an account of the state of the art as of 2021. For the
latest developments and further references (some of which were not treated in the workshop),
we refer to [GW22].

Working in representation theory, one often comes across the concept of “positivity”. It appears
in different contexts, for example the positive reals, the order on the circle, total positivity for
matrices, positivity of triples in flag varieties and the Maslov index. An especially important role
is played by Lusztig’s total positivity in the context of split real Lie groups. The new notion of
Θ-positivity generalizes this to other types of semisimple Lie groups and, in particular, includes
the notion of positivity for Lie groups of Hermitian type.

The notes are organized into four chapters. The first two chapters are reminders of classical
material. Chapter I is an introduction to Higher Teichmüller Theory : the study of connected
components of discrete and faithful representations of surface groups into semisimple Lie groups.
It focuses on some classical examples of higher Teichmüller spaces consisting of maximal and
Hitchin representations. Chapter II recalls some important definitions from Lie theory, including
root systems, Dynkin diagrams, and representation theory of Lie algebras. The notions of split
real Lie groups and Lie groups of Hermitian type are introduced along with an in-depth study
of the particular case of the Lie group SOpp, qq.

The last two chapters deal with the various notions of positivity in Lie groups. Chapter III
introduces the already known concepts of positivity with a special focus on Lusztig’s positivity.
This is a preparation for the definition of Θ-positivity for semisimple Lie groups which is treated
in Chapter IV. The main motivation for studying positivity lies in its close relation to repres-
entation theory and the question of existence of higher Teichmüller spaces. The two well-known
family of examples of higher Teichmüller spaces - given by maximal representations and by
Hitchin representations - can in fact be characterized by their positive structures. The guiding
conjecture of Guichard and Wienhard is that so-called Θ-positive representations provide a new
class of higher Teichmüller spaces. The conjecture has, by now, been proven for the most part
in [GLW21] and [BP21], building up on results of [BCGP`21] on magical sl2-triples.
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1. Introduction
by Sofia Amontova

Higher Teichmüller theory can be roughly speaking understood as the study of representations

surface groups ÝÑ interesting Lie groups .

The purpose of this introductory section is to present the classical Teichmüller theory as a
prototype: we first characterize it on the one hand via its standard definition as a geometric
object (see Section 1.1) and on the other hand as an algebraic object (see Section 1.2). The
latter perspective allows then to detect the classical Teichmüller space as a special object in
the representation-theoretical setting (see Section 1.3) which is precisely the viewpoint that
motivates to define the more general notion of a higher Teichmüller space (see Section 1.4) and
serves as a transition to the next section on maximal representations by Lisa Ricci.

Setting: For the entirety of this section, let Σ be a closed connected oriented surface of genus
g ě 2.

1.1. Geometric realization

We first remind of the geometric picture of the Teichmüller space and start with its folklore
characterization:

Definition 1.1. The (classical) Teichmüller space T pΣq is given by

T pΣq “ tmarked conformal structure pX, fq on ΣuL
∼

where

• X is a Riemann surface,

• with the homotopy equivalence f : Σ Ñ X as its marking,

• pX, fq ∼ pX, f 1q is an equivalence of two marked conformal structures if and only if there
exists a biholomorphism ϕ : X Ñ X 1 so that

X

Σ

X 1

ϕ

f

f 1

homotopy-commutes.

Notably, the diversity of Teichmüller theory is for one due to different perspectives of the Teich-
müller space T pΣq allowing to endow it with various structures, such as complex, hyperbolic,
symplectic, algebraic structures, including several Riemannian metrics, e.g.

3



1. Introduction

• Weil-Petersson metric which is a Kähler metric,

• unique Kähler-Einstein metric,

• Bergmann metric

and non-Riemannian metrics, e.g.

• Teichmüller metric (which coincides with the Kobayashi metric) that roughly measures
the distortion between conformal structures,

• Thurston metric that roughly measures the distortion between hyperbolic structures,

• Carathéodory metric.

Moreover, there is a natural discrete action by the mapping class group on the Teichmüller space,
interesting geodesic and horocyclic flows on its quotient Riemann moduli space, a quantization
theory of its Poisson structure, to mention a few. As such Classical Teichmüller theory is a rich
theory where techniques from geometry, analysis and dynamics confluence; it is an active field
in both pure mathematics and theoretical physics.

Now, for our purposes, regarding T pΣq as the parameter space of conformal structures is not
the viewpoint we would like to consider but rather the analogue parameter space of hyperbolic
structures known as the Fricke space:

Definition 1.2. The Fricke space FpΣq is given by

FpΣq “ tmarked hyperbolic structure pM,hq on ΣuL
∼

where

• M is a complete hyperbolic surface,

• with the orientation preserving homeomorphism h : Σ Ñ M as its marking,

• pM,hq ∼ pM 1, h1q is an equivalence of two marked conformal structures if and only if there
exists a isometry i : M Ñ M 1 so that

M

Σ

M 1

i

h

h1

isotopy-commutes.

More precisely, we can make the change of viewpoints thanks to the uniformization theorem
which implies that T pΣq can be identified with FpΣq.

Abuse of notation: From now and on the Teichmüller space T pΣq refers to the Definition 1.2.

We shall take a closer look at complete hyperbolic structures in the next subsection.

Remark 1.3. To get a better geometric feel for the object T pΣq we outline the idea of the
following fact

The Teichmüller space T pΣq is homeomorphic to R6g´6.

4



1.2. Algebraic realization

Idea of proof. Using hyperbolic geometry one can see this for instance by parametrising the
Teichmüller space by Fenchel-Nielsen coordinates: Let pM,hq be a marked hyperbolic structure.
The closed hyperbolic surface M has a collection of pairwise disjoint simple closed geodesics
that decompose the surface into a union of 3g ´ 3 disjoint pairs of pants1 (see Figure 1.1).

Figure 1.1.: Pants decomposition.

We call the corresponding lengths by li length parameters and the twists that determine the
gluings pairwise τi twist parameters for 1 ď i ď 3g ´ 3. In fact these parameters determine the
hyperbolic structure of M . In particular, it holds that the following map is a homeomorphism

T pΣq Ñ R3g´3
ą0 ˆ R3g´3,

rpM,hqs ÞÑ pl1, . . . , l3g´3, τ1, . . . , τ3g´3q,

where the tuple pl1, . . . , l3g´3, τ1, . . . , τ3g´3q is called the Fenchel-Nielsen coordinates associated
to pM,hq following the procedure above.

1.2. Algebraic realization

The goal of this subsection is essentially to explain the following

Idea: Any hyperbolic structure on Σ gives rise to a representation ρ : π1pΣq Ñ PSLp2,Rq.

This then permits to view the Teichmüller space T pΣq as an algebraic object by identifying it
with a connected component of the character variety

χpΣ,PSLp2,Rqq :“ Hompπ1pΣq,PSLp2,Rqq{PSLp2,Rq.

Ingredients to realise the idea above. We first fix a marked hyperbolic structure pM,hq on
Σ; we refer to it as merely h for short. Further,

• let s be a basepoint of M and

• let p : ĂM Ñ M be a universal cover.

Also recall that the group of orientation-preserving isometries of the hyperbolic plane Isom`pH2q

can be identified with PSLp2,Rq.

1A pair of pants is a compact hyperbolic surface homeomorphic to a sphere with three boundary components.

5



1. Introduction

Motto: Globalization. Recall that M comes equipped with the coordinate atlas tpUi, ψiquiPI .
In particular, for each connected Ui X Uj ‰ H there exists a unique transition map gi,j P

Isom`pH2q such that for the coordinate charts one has that

ψi|UiXUj
“ gi,j ˝ ψj|UiXUj

. (1.1)

The strategy now is to globalize the coordinate charts in terms of the universal cover p : ĂM Ñ M
in order to produce an orientation preserving isometry

fh : ĂM Ñ H2,

the so-called developing map. This in turn will then induce a representation

ρh : π1pMq Ñ Isom`pH2q.

The construction of the pair pfh, ρhq can be outlined in following two steps:

(1) Construct fh as a local isometry. Recall that ĂM is the set of homotopy classes of
paths starting at the basepoint s in M . Let rγs P ĂM and the path γ P M with endpoints
s and e be a choice of representative of rγs.

We now formalize the idea of globalising the local hyperbolic structure by extending a
coordinate chart containing the basepoint s along the path γ with help of transition maps
gi,j (see Figure 1.2):

We cover γ with a finite collection of coordinate charts tpUi, ψiqu1ďiďn and suppose w.l.o.g.
s P U1 and Ui X Uj ‰ H is connected for any consecutive i and j. Using (1.1) we can
extend ψ1 : U1 X γ Ñ H2 to an isometry ψ : U1 Y U2 X γ Ñ H2 such that

ψpxq “

#

ψ1pxq, if x P U1 X γ

g1,2 ˝ ψ2pxq, if x P U2 X γ.

We continue this procedure inductively for the remaining coordinate charts tpUi, ψiqu3ďiďn

until we reach the chart Un containing the endpoint e and we set

ψpeq “ g1,2 ˝ ¨ ¨ ¨ ˝ gn´1,n ˝ ψn|UnXγ
peq P H2.

Finally, we define the map fh : ĂM Ñ H2 by setting

fhprγsq :“ ψpeq.

6



1.2. Algebraic realization

Figure 1.2.: Construction of a developing map fh as a local isometry.

Fact 1.4. The map fh depends only on the initial chart (composition by isometry) and
the homotopy class of paths (look at succession of small homotopies).

We conclude that fh : ĂM Ñ M is well-defined (in particular independent of chart-refinement)
and a local orientation-preserving isometry with respect to the hyperbolic structure on ĂM
inherited from M .

(2) Obtain holonomy ρh via fh. Recall that π1pMq can be identified with the group of
deck transformations of the universal cover p : ĂM Ñ M that acts on H2 by isometries (see
exercise 1 for more details).

Now for any deck transformation γ P π1pMq there exists a unique gγ P Isom`pH2q so that
the following diagram commutes

ĂM H2

ĂM H2

fh

γ gγ

fh

.

That is fh is a ρh-equivariant map, where ρh is given by

ρh : π1pMq Ñ Isom`pH2q,

γ ÞÑ gγ .

In fact ρh is a homomorphism called the holonomy representation of the hyperbolic struc-
ture pM,hq.

Remark 1.5.

7



1. Introduction

a) The pair pfh, ρhq is unique up to a PSLp2,Rq-action defined by

pfh, ρhq
g
ÝÑ pg ˝ fh, gρhg

´1q.

b) In accordance with our motto stated above notice that indeed

• fh globalizes the coordinate charts,

• ρh globalizes the coordinate changes.

Finally, observe that completeness of M implies that fh : ĂM Ñ H2 is in fact a global orientation
preserving isometry.

Idea of the proof. Completeness of M implies completeness of ĂM so that fh : ĂM Ñ H2 is a
surjective covering via the path-lifting property. Since ĂM is simply connected and fh is a
homeomorphism and a local isometry, then indeed fh is a global isometry.

Conversely, it is an exercise to prove that M – H2{ρhpπ1pMqq.

Upshot 1.6. We have constructed the injective map

hol : T pΣq Ñ χpΣ,PSLp2,Rqq

rpM,hqs ÞÑ rρ :“ ρh ˝ h˚ : π1pΣq – π1pMq Ñ PSLp2,Rqs.

The following important fact is to be checked

Fact 1.7. T pΣq can be identified with a connected component consisting entirely of

faithful and discrete (1.2)

representations in the representation variety χpΣ,PSLp2,Rqq, i.e. every holonomy is a discrete
embedding into PSLp2,Rq.

Remark 1.8. T pΣq and T pΣq (Teichmüller space associated to a closed surface with reversed
orientation Σ) are the only two connected components with the special property (1.2).

1.3. Tool to detect Teichmüller space as a special connected
component in the character variety

We shall introduce a tool that will later generalize to a broader setting to single out special
analogues of T pΣq in the sense of (1.2) when passing from PSLp2,Rq to some more general Lie
group G.

Let ρ : π1pΣq Ñ PSLp2,Rq be a representation and p : rΣ Ñ Σ a universal cover.

Fact 1.9. There exists a smooth ρ-equivariant map f : rΣ Ñ H2.

Idea of the proof. We construct the associated flat pPSLp2,Rq,H2q-bundle

Eρ :“ rΣ ˆ H2{π1pΣq Ñ Σ.

Since the fibres H2 are contractible, there exists a smooth section Σ Ñ Eρ which lifts to a
smooth ρ-equivariant map f : rΣ Ñ rΣ ˆ H2 Ñ H2.

8



1.3. Tool to detect Teichmüller space as a special connected component in the character variety

Since f is ρ-equivariant, the volume form ωH2 P Ω2pH2,RqPSLp2,Rq pullbacks to f˚ωH2 P Ω2prΣ,Rqπ1pΣq.
We then may take the pushforward f˚ωH2 :“ p˚f

˚ωH2 summarizing in the following diagram:

prΣ, f˚ωH2q pH2, ωH2q

pΣ, f˚ωH2q.

p

f

We now may define our detection tool:

Definition 1.10. The Toledo number associated to the representation ρ is given by

τpρq “
1

2π

ż

Σ
f˚ωH2 P R.

Remark 1.11. Notice that τpρq is well-defined as any two ρ-equivariant maps are homotopic.

Now in case ρ “ ρh is a holonomy representation associated to a hyperbolic structure pM,hq

and we rerun the procedure above, then one can check that in the Fact 1.9 we obtain a ρh-
equivariant map fh as the unique developing map (and thus an isometry) resulting from a lift
of a developing section Σ Ñ Eρh .

Remark 1.12. As a continuation of the philosophy in Remark 1.5, notice that the developing
section can be obtained as a graph by globalizing the coordinate atlas.

In particular, we can take fM as the lift of the orientation-preserving homeomorphism (marking)
h : Σ Ñ M and the diagram above extends to the following:

prΣ, f˚ωH2q pH2, ωH2q

pΣ, f˚ωH2q pM,ωH2q,

p

fM

h

which together with Gauß-Bonnet gives that

τpρM q “
1

2π

ż

fpΣq

ωH2 “
1

2π

ż

M
ωH2 “ ´

2π

2π
|χpΣq| “ 2g ´ 2.

This is in fact the maximal absolute number the Toledo number can take:

Theorem 1.13 (Milnor-Wood inequality). For any representation ρ : π1pΣq Ñ PSLp2,Rq we
have that

|τpρq| ď 2g ´ 2.

Crucially, the following theorem by Goldman characterizes this numerical invariant as a detec-
tion tool for the special property (1.2):

Theorem 1.14 ([Gol88]). • τpρq distinguishes connected components in χpΣ,PSLp2,Rqq

and has values in Z X rχpΣq,´χpΣqs. That is, there are 4g ´ 3 components.

9



1. Introduction

• ρ is a holonomy representation of a hyperbolic structure if and only if τpρq “ 2g ´ 2.

Upshot 1.15. T pΣq is the connected component singled out by the maximal Toledo number
(in analogy T pΣq by the minimal Toledo number).

Remark 1.16. The theorems above were actually proven for the so-called Euler number epρq

of a representation, but in fact τpρq “ epρq.

The maximality property of the Toledo invariant holds in a more general setting leading to the
study of maximal representations (see next Chapter 2).

1.4. Generalization

Let G be a Lie group. This section culminates in generalizing the special property (1.2) in this
more general setting:

Definition 1.17. A higher Teichmüller space is a subset of χpΣ, Gq :“ Hompπ1pΣq, Gq{G which
is a union of connected components that consists entirely of discrete and faithful representations.

Remark 1.18. The existence of higher Teichmüller spaces is a prior not clear. In fact unless G
is locally isometric to PSLp2,Rq, the set of discrete and faithful representations is only a closed
set in Hompπ1pΣq, Gq{G. A non-example is when G is a simply-connected complex Lie group.

10



2. Maximal Representations
by Lisa Ricci

2.1. Hermitian Lie groups: two examples

In the following G is a Lie group of Hermitian type. In particular, it has an associated symmetric
space X “ G{K, where K is a maximal compact subgroup, such that

(1) X admits a G-invariant metric x¨, ¨y,

(2) X has a complex manifold structure with an almost complex structure J such that

• the metric is Hermitian: xv, wy “ xJxv, Jxwy for all v, w P TxX,

• J is G-invariant: dxLg ˝ Jx “ Jgx ˝ dxLg.

Recall that an almost complex structure J assigns to each x P X an endomorphism Jx P EndpTxq

such that J2
x “ ´ id.

It follows that if one sets ωXp¨, ¨q :“ xJ ¨, ¨y one obtains the so called Kähler form ωX P Ω2pXq,
which is

• G-invariant: L˚
gω “ ω for all g P G,

• non-degenerate,

• closed.

Example 2.1. (1) G “ SLp2,Rq, K “ Op2q, X “ G{K » H2. The Riemannian metric
is given by ds2 “

dx2`dy2

y2
and identifying TxH2 » R2 the almost complex structure is

Jx

ˆ

v
w

˙

“

ˆ

´w
v

˙

. Therefore in i P H2

pωH2qi

ˆˆ

v1
w1

˙

,

ˆ

v2
w2

˙˙

“

B

Ji

ˆ

v1
w1

˙

,

ˆ

v2
w2

˙F

i

“

ˆ

´w1

v1

˙

¨

ˆ

v2
w2

˙

“ v1w2 ´ w1v2 “ pdx^ dyq

ˆˆ

v
w

˙

,

ˆ

v
w

˙˙

(2) G “ Spp2n,Rq, K “ Spp2n,Rq X Op2n,Rq – Upnq and the associated symmetric space is
the Siegel upper half-space

Xn “ tA` iB : A,B P Sympn,Rq, B " 0u.

The G-action on Xn is by Möbius transformations: given g “

ˆ

A B
C D

˙

P Spp2n,Rq and

Z P Xn:
g ¨ Z “ pAZ `BqpCZ `Dq´1.

11



2. Maximal Representations

Under the identification TA`iBXn » tV ` iW : V,W P Sympn,Rqu the Riemannian metric
is given by

xU1, U2yiIn “ 1
2 TrpU1U2 ` U2U1q.

The almost complex structure is multiplication by i. Then the Kähler form is

pωXqiInpV1 ` iW1, V2 ` iW2q “ TrpV1W2 ´W1V2q.

2.2. Toledo number: definition and examples

Let Σ be a closed1 surface of genus g ě 2, G be a Lie group of Hermitian type with associated
symmetric space X and let ρ : π1pΣq Ñ G be a homomorphism. Let p : rΣ Ñ Σ be the universal
cover of Σ.

Fact 2.2. There exists a smooth ρ-equivariant map fρ : rΣ Ñ X.

The pullback f˚
ρ ωX P Ω2prΣq of the Kähler form is π1pΣq-invariant and therefore defines a 2-form

f˚
ρ ωX P Ω2pΣq, which satisfies

p˚f˚
ρ ωX “ f˚

ρ ωX .

Definition 2.3. Retain the above notation. The Toledo number of ρ is

τpρq :“
1

2π

ż

Σ
f˚
ρ ωX .

Fact 2.4. (1) The existence of a ρ-equivariant map is equivalent to the existence of a section
of the bundle

π1pΣqzprΣ ˆXq Ñ π1pΣqzrΣ – Σ

with contractible fiber X.

(2) τpρq is well-defined since any two ρ-equivariant maps rΣ Ñ X are homotopic via a ρ-
equivariant homotopy (this follows from the fact that X is contractible).

(3) For all g P G it holds τpgρg´1q “ τpρq.

Example 2.5 (The holonomy representation π1pΣq Ñ PSLp2,Rq). Let Σ be a closed surface
of genus g ě 2, p : rΣ Ñ Σ the universal cover, h an hyperbolic structure on Σ with associated
developing map fh : rΣ Ñ H2. This is an orientation-preserving isometry, in particular fh P

PSLp2,Rq and the holonomy representation is

ρh : π1pΣq Ñ PSLp2,Rq

γ ÞÑ fh ˝ γ ˝ f´1
h ,

where γ P PSLp2,Rq denotes the action of π1pΣq on rΣ by deck-transformations.

We see immediately that fh is ρh-equivariant: for all γ P π1pΣq, x P rΣ it holds fhpγ ¨ xq “

ρhpγq ¨ fpxq.

1That is compact and without boundary.

12



2.3. Maximal representations

Let ωΣ, ω
rΣ

and ωH2 be the volume forms on Σ, rΣ and H2, respectively. Then since local
isometries preserve the volume form it holds p˚ωΣ “ ω

rΣ
and f˚

hωH2 “ ω
rΣ
. Therefore

p˚ωΣ “ ω
rΣ

“ f˚
hωH2 .

Therefore
τpρhq “

1

2π

ż

Σ
f˚
hωH2 “

1

2π

ż

Σ
ωΣ “

2π

2π
|χpΣq| “ 2g ´ 2.

In the second-to-last equality we used the Gauß-Bonnet theorem.

Example 2.6 (The diagonal embedding). Recall that

Spp2n,Rq “ tx P SLp2n,Rq : txJn,nx “ Jn,nu,

where Jn,n “

ˆ

0 In
´In 0

˙

. Consider the diagonal embedding

d : SLp2,Rq Ñ Spp2n,Rq

A “

ˆ

a b
c d

˙

ÞÑ

ˆ

aIn bIn
cIn dIn

˙

.

Let X be the Siegel upper half space and define φ : H2 Ñ X, z ÞÑ zIn. Then φ is d-equivariant:

dpAqφpzq “ paInφpzq ` bInqpcInφpzq ` dInq´1 “ paz ` bqInppcz ` dqInq´1 “
az ` b

cz ` d
In “ φpAzq.

Let ρ : π1pΣq Ñ SLp2,Rq be any holonomy with developing map f : rΣ Ñ H2. We compute the
Toledo number T pd ˝ ρq. It is easy to check that φ ˝ f : rΣ Ñ X is (d ˝ ρ)-equivariant. Moreover,
φ˚ωX “ nωH2 . Indeed,

pφ˚ωXqi

ˆˆ

v1
w1

˙

,

ˆ

v2
w2

˙˙

“ pωXqiIn

ˆ

diφ

ˆ

v1
w1

˙

, diφ

ˆ

v2
w2

˙˙

“ pωXqiIn ppv1 ` iw1qIn, pv2 ` iw2qInq

“ Trpv1w2In ´ w1v2Inq “ npv1w2 ´ w1v2q

“ npωH2qi

ˆˆ

v1
w1

˙

,

ˆ

v2
w2

˙˙

.

Thus pφ ˝ fq˚ωX “ f˚φ˚ωX “ nf˚ωH2 and

τpd ˝ ρq “
1

2π

ż

Σ
pφ ˝ fq˚ωX “

n

2π

ż

Σ
f˚ωH2 “ nτpρq “ n|χpΣq|.

2.3. Maximal representations

The Toledo number has the following properties.

Proposition 2.7 ([BIW14, Corollary 5.7, Corollary 5.9]). Let G be a Lie group of Hermitian
type and Σ be a closed surface of genus g ě 2.

(1) The map

τ : Hompπ1pΣq, Gq Ñ R
ρ ÞÑ τpρq

is continuous.

13



2. Maximal Representations

(2) τ takes discrete values. More precisely, it takes values in 1
nX

Z, where nX P N depends
only on G.

(3) |τpρq| ď rankpXq|χpΣq|.

Definition 2.8. A representation ρ : π1pΣq Ñ G is maximal if τpρq “ rankpXq|χpΣq|.

Since τ is continuous and takes discrete values, it is constant on connected components of
Hompπ1pΣq, Gq and the set of maximal representations is a union of connected components.

By Fact 2.4 (3) the Toledo number gives a well-defined continuous map on χpΣ, Gq and the set
of maximal representations in χpΣ, Gq is also a union of connected components.

Definition 2.9. A higher Teichmüller space is a union of connected components of χpΣ, Gq

which consists entirely of discrete and faithful representations.

For G ‰ PSLp2,Rq the set of discrete and faithful representations is only a closed subset of
χpΣ, Gq, so it is not even clear that higher Teichmüller spaces exist. However, we have the
following.

Proposition 2.10 ([BIW10, §4]). Maximal representations are injective and have discrete im-
age.

The proof relies on the following theorem.

Theorem 2.11 ([BIW10, Theorem 8]). Let G be a Lie group of Hermitian type with associate
symmetric space X and let ρ : π1pΣq Ñ G be a representation. Then ρ is maximal if and only if
there exists a continuous ρ-equivariant map φ : BH2 Ñ qΣ which sends positively oriented triples
in BH2 – S1 to maximal triples in the Shilov boundary qΣ of X.

Remark 2.12. (1) Here the action of π1pΣq on BH2 is given by choosing an hyperbolization
of π1pΣq as a lattice in PSLp2,Rq.

(2) In the setting of G being an Hermitian Lie group, a triple of elements pL1, L2, L3q P qΣ3

is maximal if its Maslov index M
qΣ

pL1, L2, L3q takes the maximal value possible, which is
rkpXq.

For example, when G “ Spp2n,Rq the Shilov boundary qΣ consists of the Lagrangian sub-
spaces of R2n and a triple of Lagrangian subspaces pL1, L2, L3q is maximal if and only if
its Maslov index is equal to n.

We now sketch the proof of Proposition 2.10.

Proposition 2.13 ([BIW10, §4.4]). Let G be a Lie group of Hermitian type and Σ a closed
surface of genus g ě 2. Then maximal representations ρ : π1pΣq Ñ G are injective.

14



2.4. Relation to Theta-positivity

Proof. Suppose by contradiction that kerpρq ‰ t1u. Then there exists γ P kerpρq of infinite
order and we can find an open interval I Ă BH2 – S1 such that I, γI, γ2I are pairwise disjoint
and positively oriented. Choose I1, I2, I3 Ă I pairwise disjoint and positively oriented.

Let φ : BH2 Ñ qΣ be the continuous, ρ-equivariant map which preserves positivity given by
Theorem 2.11.

Let px, y, zq P I3 ˆ γI2 ˆ γ2I1. Since this triple is positively oriented in BH2, we have

M
qΣ

pφpxq, φpyq, φpzqq “ rkpXq.

On the other hand, the triple px, γ´1y, γ´2zq is negatively oriented and therefore

M
qΣ

pφpxq, φpγ´1yq, φpγ´2zqq “ ´rkpXq.

By ρ-equivariance and since ρpγq “ e:

φpγ´1yq “ ρpγq´1φpyq “ φpyq,

and
φpγ´2zq “ ρpγ´2qφpzq “ φpzq.

But this implies rkpXq “ ´rkpXq, which is the desired contradiction.

The proof of the fact that maximal representations have discrete image can be found in [BIW10],
Section 4.3.

2.4. Relation to Theta-positivity

Lie groups of Hermitian type are an example of a broader class of Lie groups, namely those
which admit a Θ-positive structure. If G is such a Lie group, there is a notion of Θ-positive rep-
resentations π1pΣq Ñ G and Theorem 2.11 tells us that maximal representations into Hermitian
Lie groups are Θ-positive.

It turns out that for any simple Lie group G admitting a Θ-positive structure there exist higher
Teichmüller spaces in χpΣ, Gq.

Theorem 2.14 ([GLW21, Theorem A]). Let G be a simple Lie group admitting a Θ-positive
structure. Then there exists a higher Teichmüller space in χpΣ, Gq.

The theorem is a corollary of the following two facts.

Theorem 2.15 ([GLW21, Theorem B and Theorem E]). Let G be a simple Lie group admitting
a Θ-positive structure.

(1) There is the following inclusion of sets of representations

tΘ-positiveu Ď tΘ-Anosovu Ď tdiscrete and faithful representationsu.

(2) There exists a union of connected components of χpΣ, Gq consisting entirely of Θ-positive
representations.

It is still open whether or not the set of Θ-positive representations forms higher Teichmüller
spaces.

Conjecture 2.16 ([Wie18]). The set of Θ-positive representations is open and closed in χpΣ, Gq.
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3. Hitchin Representations
by Thomas Le Fils

3.1. Definition

Let Σ be a connected closed oriented surface of genus g ě 2. Recall that the character vari-
ety χpΣ,PSLp2,Rqq has two connected components T pΣq and T pΣq consisting of discrete and
faithful representations.

For every n ě 2, there exists a unique irreducible representation

ιn : SLp2,Rq Ñ SLpn,Rq

up to conjugacy. Namely we can take ιn as the map that sends A “

ˆ

a b
c d

˙

to the matrix of

the linear map fA in the basis B where fA is the following:

fA : Rn´1rX,Y s ÝÑ Rn´1rX,Y s

P ÞÝÑ P paX ` cY, bX ` dY q

and B “ pXn´1, Xn´2Y, . . . , Y n´1q.

Remark 3.1. The matrix
ˆ

λ 0
0 λ´1

˙

is sent to the matrix

¨

˚

˚

˚

˝

λn´1 0 0 0
0 λn´3 0 0

0 0
. . . 0

0 0 0 λ1´n

˛

‹

‹

‹

‚

. There-

fore hyperbolic matrices are sent to diagonalizable ones with pairwise distinct eigenvalues.

Therefore the map ιn induces ιn : PSLp2,Rq Ñ PSLpn,Rq.

Example 3.2. If n “ 2, then B “ pX,Y q. Let A “

ˆ

a b
c d

˙

. The map fA sends X to aX ` cY

and Y to bX ` dY hence ι2 is the identity.

Remark 3.3. The Veronese embedding

V : RP1 ÝÑ RPn´1

rx : ys ÞÝÑ rxn´1 : xn´2y : . . . ; yn´1s

satisfies for all A P SLpn,Rq, for all p P RP1

V pA ¨ pq “ ιnpAq ¨ V ppq.

Let us now define Fuchsian representations.
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3.1. Definition

Definition 3.4. A Fuchsian representation is a representation ρ : π1pΣq Ñ PSLpn,Rq of the
form ιn ˝ j where the conjugacy class of j belongs to T pΣq.

We can now define the Hitchin component.

Definition 3.5. A Hitchin representation is a representation ρ : π1pΣq Ñ PSLpn,Rq that can
be deformed into a Fuchsian representation. In other words, its conjugacy class lies in the same
connected component of χpΣ,PSLpn,Rqq as that of a Fuchsian representation.

Let us call this component the Hitchin component and denote it by Hitn. Hitchin classified the
connected components of χpΣ,PSLpn,Rqq in [Hit92].

Theorem 3.6 (Hitchin). Let n ě 3. The number of connected components of χpΣ,PSLpn,Rqq

is 3 if n is odd, 6 if n is even.

In the same article, Hitchin showed that this component has trivial topology.

Theorem 3.7. The Hitchin component Hitn is homeomorphic to Rp2g´2qpn2´1q.

Remark 3.8. If n is even, there exists another copy Hitn of the Hitchin component. The sets
Hitn and Hitn are obtained from each other by conjugation by an element of GLpn,Rq with
negative determinant.

Exercise 3.9. Let j : π1pΣq Ñ PSLp2,Rq be such that rjs P T pΣq. The conjugacy class of the
representation ιn ˝ j is in Hitn if n ” 2 pmod 4q and in Hitn otherwise.

Hitchin components have simple geometric interpretations for small n. For example let us
remark that for n “ 2 it coincides with Teichmüller space.

Remark 3.10. If n “ 2 then ι2 “ I2 thus Hit2 “ T pΣq.

For n “ 3, a theorem of Choi-Goldman [CG93, CG97] gives a geometric interpretation of the
Hitchin component.

Theorem 3.11 (Choi-Goldman). The space Hit3 parametrizes the marked convex real projective
structures on Σ. Such a structure is an identification

Σ – O{ρpπ1pΣqq

where O Ă RP2 is a properly convex open set and ρ : π1pΣq Ñ PSLp3,Rq is a Hitchin represent-
ation.
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3. Hitchin Representations

3.1.1. Properties

Let us denote by FlagpRnq the variety of full flags of Rn:

FlagpRnq “ tpF0, F1, . . . , Fnq : Fi Ă Fi`1, dimpFiq “ iu.

We say that two flags E and F in FlagpRnq are transverse if we have Ei ‘ Fn´i “ Rn for
all 0 ď i ď n. The group GLpn,Rq acts naturally on flags and this action is transitive on
pairs of transverse flags. Therefore for any pair of transverse flags pE,F q, there exists a matrix
A P GLpn,Rq such that pA ¨ E,A ¨ F q “ pE0, F 0q where E0

i is the vector space spanned by the
i-th first vectors of the canonical basis of Rn and F 0

i is the one spanned by the i-th last ones,
for all 0 ď i ď n.

Let us recall the following consequence of the Švarc-Milnor Lemma. Let j : π1pΣq Ñ PSLp2,Rq

be such that rjs P T pΣq. The map π1pΣq Ñ H2 defined by γ ÞÑ jpγq ¨ x0 is a quasi-isometry
and allows us to identify Bπ1pΣq with BH2 “ RP1. The action of γ P π1pΣq on Bπ1pΣq in this
identification translates into the action of jpγq on RP1. Therefore the action of a non trivial
γ P π1pΣq on the boundary Bπ1pΣq has two fixed points that we will denote by γ` and γ´.

Labourie showed in his seminal work [Lab06] that Hitchin components form higher Teichmüller
spaces, i.e. they contain only discrete and faithful representations. Indeed Labourie showed for
each Hitchin representation the existence of special equivariant limit map, a Frenet map.

Theorem 3.12 (Labourie). If ρ is a Hitchin representation, then there exists a continuous
map ξ : Bπ1pΣq Ñ FlagpRdq that is ρ-equivariant, ξ “ pξ1, . . . , ξnq and, such that for all integers
n1, . . . , nk ě 1 that add up to

ř

i ni “ m ď d,

k
à

i“1

ξnipxiq
xiÑx

ÝÝÝÝÑ
xi‰xj

ξmpxq

The map ξ1 : Bπ1pΣq Ñ PpRdq is called a hyperconvex curve: it satisfies for any x1, . . . , xd P

Bπ1pΣq that are pairwise distinct, the following sum is direct:

d
à

i“1

ξ1pxiq “ Rd.

Observe that the map ξ completely determines ξ1 by the continuity property. Guichard [Gui08]
showed that actually the existence of such a continuous curve that is ρ-equivariant implies that
ρ is in the Hitchin component.

Theorem 3.13 (Guichard). There exists a ρ-equivariant continuous hyperconvex map Bπ1pΣq Ñ

PpRdq if and only if ρ is Hitchin.

Let us now show that the existence of a ρ-equivariant Frenet map as in Labourie’s theorem
implies that ρ is discrete and faithful. Let us observe before that if x ‰ y are in Bπ1pΣq, then
ξpxq is transverse to ξpyq and in particular ξ is injective.

• Let us show that ρ is faithful. Let γ P π1pΣqzt1u. Pick any point x P Bπ1pΣqztγ`, γ´u.
We have γ ¨ x ‰ x thus ξpγ ¨ xq ‰ ξpxq. But ξpγ ¨ xq “ ρpγq ¨ ξpxq hence ρpγq is not trivial.
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3.2. Positivity

• Let us show that ρpγq is diagonalizable for any γ P π1pΣq. Let Vi be the vector space
ξipγ`q X ξn´i`1pγ´q for all 1 ď i ď n. Observe that for all i, dimpViq “ 1 and that
Rn “

À

i Vi. Indeed since ξpγ`q is transverse to ξpγ´q, there exists a basis f1, . . . , fd of
Rn such that ξipγ`q “ xf1, . . . , fiy and ξn´i`1pγ´q “ xfn, . . . , fiy thus Vi “ xfiy. Moreover
ρpγq preserves Vi. Indeed ρpγq ¨ ξipγ`q “ ξipγ ¨ γ`q “ ξipγ

`q and ρpγq ¨ ξn´i`1pγ ¨ γ´q “

ξn´i`1pγ ¨ γ´q “ ξn´i`1pγ´q.

• Let us show that ρ is discrete. Let pγkqkPN be such that ρpγkq Ñ ˘In. For all x P Bπ1pΣq

we have γk ¨ x Ñ x. Indeed suppose γkℓ Ñ y. We have and ξpγkℓ ¨ xq Ñ ξpyq and
ξpγkℓ ¨ xq “ ρpγkℓq ¨ ξpxq Ñ ξpxq. Therefore ξpxq “ ξpyq and x “ y. The sequence γk ¨ x
has only x as an accumulation point thus it converges to x. Let us now pick three distinct
points x1, x2, x3 P Bπ1pΣq. We have γk ¨xi Ñ xi for all 1 ď i ď 3. The action of PSLp2,Rq

on RP1 is fully determined by its action on three points hence γk Ñ 1. By discreteness
we have γk “ 1 for k large enough.

Corollary 3.14. The Hitchin component Hitn is a higher Teichmüller space.

We can moreover show that the eigenvalues of an element in the image of a Hitchin representation
are all distinct.

Remark 3.15. Each Hitchin representation ρ is purely hyperbolic. Namely for every γ P

π1pΣqzt1u, the eigenvalues λi associated with Vi satisfy |λi| ą |λi`1|.

We can define concretely ξ as follows. For γ P π1pΣqzt1u then we can define ξpγ`q to be the
flag associated with the ordered eigenvalues of ρpγq. This defines ξ on a dense set of Bπ1pΣq

and we can then extend ξ uniquely by continuity.

Let us now give examples of maps ξ1 in particular settings.

Example 3.16. Suppose that ρ : π1pΣq Ñ PSLpn,Rq is in the Fuchsian locus: ρ “ ιn ˝ j, with
j : π1pΣq Ñ PSLp2,Rq such that rjs P T pΣq. The map j allows us to identify Bπ1pΣq with
PpR2q “ RP1 Then the map ξ1ppq “ V ppq is a hyperconvex curve and is ρ-equivariant:

ξ1pγ ¨ pq “ V pjpγq ¨ pq “ ιnpjpγqq ¨ V ppq “ ρpγq ¨ ξ1ppq.

Example 3.17. In the case n “ 3, the theorem of Choi-Goldman allows us to identify Bπ1pΣq

with BO and thus gives a map ξ1 : Bπ1pΣq Ñ PpR3q that is a ρ-equivariant hyperconvex curve.

3.2. Positivity

3.2.1. Positivity of flags

Let us define positivity for triples of flag.

Definition 3.18. A triple of flags of the form pE0, T, F 0q with T transverse to E0 is said to

be positive if T “ uT ¨ E0, with uT “

¨

˚

˚

˚

˚

˝

1 0 ¨ ¨ ¨ 0

˚
. . .

. . .
...

...
. . .

. . . 0
˚ ¨ ¨ ¨ ˚ 1

˛

‹

‹

‹

‹

‚

that has all its minors positive, unless

they are zero because of its shape.
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3. Hitchin Representations

A triple pE, T, F q is positive if there exists A P SLpn,Rq such that A ¨ pE, T, F q “ pE0, A ¨T, F 0q

is positive.

Hitchin representations are characterized by the existence of an equivariant limit map that sends
positive triples to positive triples.

Theorem 3.19 (Labourie, Guichard, Fock-Goncharov). A representation ρ : π1pΣq Ñ PSLpn,Rq

is Hitchin if and only if there exists a ρ-equivariant limit map ξ : Bπ1pΣq Ñ FlagpRnq that sends
positive triples to positive triples.

3.2.2. More general setting

One can define Hitchin representation in a more general context. Namely when G is an adjoint
real split semi-simple Lie group.

Example 3.20. These conditions are met for G “ SLpn,Rq, Spp2n,Rq, SOpn, n` 1q.

For this class of groups, there exists an embedding ι : SLp2,Rq Ñ G unique up to conjugation.

Example 3.21. For the groups G “ SLpn,Rq, Spp2n,Rq, SOpn, n ` 1q, the map ι is just the
embedding ιn.

We can define use this map to define Fuchsian representations as representation of the form ι˝ j
where j : π1pΣq Ñ PSLp2,Rq has its conjugacy class in T pΣq. Then we can also define Hitchin
representations as the deformation of those. The theorems we saw still hold.

Theorem 3.22. The Hitchin components are homeomorphic to Rp2g´2q dimpGq. Hitchin repres-
entations are discrete and faithful.

We can also generalize the notion of positivity to G{B where B is a Borel subgroup of G.

Theorem 3.23 (Labourie, Guichard, Fock-Goncharov). A representation ρ : π1pΣq Ñ G is
Hitchin if and only if there exists a ρ-equivariant ξ : Bπ1pΣq Ñ G{B that sends positive triples
to positive triples.

For more information on these generalizations we refer to [Wie18] and references therein.
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4. Exercises
by Marta Magnani, Arnaud Maret, Enrico Trebeschi

We want to explore the following facts throughout this list of exercises.

(1) The holonomies of hyperbolic structures are discrete and faithful. Any discrete and faithful
representation can be realized as a hyperbolic structure.

(2) The boundary of π1pΣq is homeomorphic to the boundary of the hyperbolic plane.

(3) The limit map for Teichmüller space.

(4) The subspace of discrete and faithful representations is closed in the space of representa-
tions.

Exercise 4.1. Let pM,hq be a marked hyperbolic structure over a closed surface Σ of genus
g ě 2. We recall that if p : pM̃, x̃0q Ñ pM,x0q is a universal cover, π1pM,x0q acts discretely and
faithfully on pĂM, x̃0q by deck transformations. There exists an isometry fh : ĂM Ñ H2, which
induces an isomorphism f˚

h : IsompĂMq Ñ IsompH2q.

The holonomy of a point rpM,hqs P T pΣq is the data of the representation

rρhs P χpΣ,PSLp2,Rqq,

where rρhs is the class of conjugacy of the following homomorphism:

π1pΣ, s0q π1pM,hps0qq Isom`pĂM, x̃0q Isom`pH2q “ PSLp2,Rq.
h˚ Deck f˚

h

To prove that ρh is well defined one have to check that the above construction is well defined up
to conjugation.

(a) It is a fact that the isomorphism

Deck: π1pM,x0q Ñ IsompĂM, x̃0q ă IsompĂMq

only depends on the basepoint x0 and that changing basepoint change the conjugacy class
of IsompĂM, x̃0q in IsompĂMq. Deduce that the morphism π1pΣq Ñ IsompĂMq is well defined,
up to conjugation.

(b) Describe explicitly the behaviour of f˚
h to prove that the choice of the isometry ĂM Ñ H2

only changes the conjugacy class of the representation.

(c) Let pM,hq „ pM 1, h1q be two hyperbolic structures, i.e. ph1q´1h : M 1 Ñ M is homotopic to
an isometry. Use the homotopy lifting property and the previous point to deduce that the
two deck transformation are conjugate by the lifted isometry.
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4. Exercises

Let ρ : π1pΣq Ñ PSLp2,Rq be a discrete and faithful representation. We want to show that this
is a covering action on H2, so that H2{ρpπ1pΣqq is a surface with fundamental group ρpπ1pΣqq –

π1pΣq, hence diffeomorphic to Σ because of the classification theorem for closed surfaces, and it
inherits a hyperbolic structure by the projection p : H2 Ñ H2{ρpπ1pΣqq.

It is a fact that an action is a covering one if and only if it is free and properly discontinuous.

(a) Prove that a discrete subgroup G of IsompXq acts properly discountinuously if pX, dq is a
complete metric space.

For this point use Arzelà-Ascoli Theorem, that is

Theorem 4.1 (Arzelà-Ascoli). Let K be a compact Hausdorff space and X a metric
space. Then F Ă CpK,Xq is compact in the compact-open topology if and only if it is
equicontinuous, pointwise relatively compact and closed.

We recall that F is pointwise relatively compact if @x P K, the set Fx “ tfpxq, f P F u

is relatively compact in X.

F is equicontinuous if @ε ą 0, Dδ ą 0 such that

dXpfpxq, fpyqq ă ε, @f P F, @x, y P K such that dKpx, yq ă δ.

Hint: in a complete metric space compact is equivalent to closed and bounded.

(b) Deduce from the previous point that a discrete and faithful action is properly discountinu-
ous.

(c) Describe the stabilizer of a point in Isom`pH2q “ PSLp2,Rq. Without loss of generality,
consider the stabilizer of i in the half-plane model.

(d) It is a fact that a group having a one-relator presentation xsi, i P I : ry, with r cyclically
reduced is with torsion if and only if the r is a proper power.

The fundamental group of a closed orientable surface of genus g can be presented as

π1pΣq “ xa1, b1, . . . , ag, bg : ra1, b1s . . . rag, bgsy,

hence is without torsion. Deduce from the previous point that a discrete and faithful action
has to be free.

Exercise 4.2. Step 1: The (Gromov) boundary of H2 is

BH2 :“ tr : r0,8q Ñ H2 geodesic rayu{finite distance

where
r1 „ r2 ðñ sup

t
dH2pr1ptq, r2ptqqq ă 8

Convince yourself that the Gromov boundary of H2 is homeomorphic to S1. A basis for the
topology on BH2 is

Urαs,c,t “ tβ : r0,8q Ñ H2 geod. rays : βp0q “ αp0q, Bcpαptqq intersects βu

Step 2: It is well known that π1pΣq “ xa1, b1, . . . , ag, bg :
śg

i“1rai, bis “ 1y. We can define
the boundary Bπ1pΣq using the same definition of Step 1, where instead of H2 we consider the
Cayley graph of π1pΣq equipped with the word metric dS for a finite generating set S.

Step 3: We want to show that BH2 and Bπ1pΣq are homeomorphic. The key ingredient is the
following
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Lemma 4.2 (Milnor-Švarc). Let pX, dq be a geodesic space and let Γ be a group acting properly
discontinuously, cocompactly and by isometries on X. Then Γ is finitely generated and for every
finite generating set S and every point x P X the map

f : pΓ, dSq Ñ pX, dq

γ ÞÑ γ ¨ x

is a quasi-isometry.

In our case X “ H2. How does the quasi-isometry extend to the boundary?

Remark 4.3. The intuitive thing to do would be looking at the map

pf : BΓ Ñ BH2

rγs ÞÑ rf ˝ γs

but in general quasi-isometries send geodesics to quasi-geodesics, so pf is not well defined.

The result will follow from the following

Theorem 4.4 (Stability of quasi-geodesics in hyperbolic spaces). Let X be a hyperbolic metric
space, γ : r0, Ls Ñ X a quasi-geodesic and γ1 : r0, L1s Ñ X a geodesic with same starting and
ending point as γ. Then D∆ ě 0 such that

Impγ1q Ă B∆pIm γq and Impγq Ă B∆pIm γ1q

(that is, one is contained in the ∆-neighbourhood of the other)

Exercise 4.3. When G “ PSLp2,Rq the Hitchin component and the space of maximal repres-
entations both agree with Teichmüller space. The existence of a nice limit map tells us something
about the representation. More precisely:

Let ρ : π1pΣq Ñ PSLp2,Rq be a representation and let ξ : Bπ1pΣq Ñ BH2 be an
injective continuous ρ-equivariant map, i.e. ξpγ ¨ rq “ ρpγqξprq. Then ρ is injective
and discrete.

The group π1pΣq acts on its Cayley graph by isometries. This action extends to the boundary
(definition in Exercise 2): for rrptqs geodesic ray P Bπ1pΣq and γ P π1pΣq, γ ¨ rrptqs “ rγ ¨ rptqs.

Injectivity: Since ρ P Hompπ1pΣq,PSLp2,Rqq it suffices to prove

γ P π1pΣq, γ ‰ 1 ñ ρpγq ‰ I2.

Use injectivity and ρ-equivariance of ξ to prove injectivity of ρ.

Discreteness: ρ discrete ðñ E sequence ρpαnq accumulating on I2. Use properties of ξ to show
the non-existence of such a sequence.

Exercise 4.4. The goal of this exercise is to understand the following statement.

The subspace of discrete and faithful representations is closed in the space of rep-
resentations.
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4. Exercises

Formally, let G be a Lie group and Γ be a non-cyclic, torsion-free, hyperbolic group. The
fundamental groups of hyperbolic surfaces are examples of such groups Γ.

The key ingredient is the so called Margulis Lemma (also known as Margulis-Zassenhaus Lemma).

Theorem 4.5 (Margulis Lemma). Let G be a Lie group. There exists a neighbourhood U of
the identity such that, given a discrete subgroup J Ă G such that J X U generates J , then J is
nilpotent.

Recall that J being nilpotent means that the sequence J1 :“ rJ, Js, Ji`1 :“ rJi, Js is eventually
the trivial group.

We will apply Margulis Lemma to prove that if ρn : Γ Ñ G is a sequence of discrete and faithful
representations that converge to a representation ρ : Γ Ñ G, then ρ is discrete and faithful.
First, assume that ρ is not faithful, i.e. there is g P Γzt1u such that ρpgq “ e.

(a) Let g` :“ limnÑ`8 gn in the boundary of Γ. What kind of subgroup is Stabpg`q ă Γ ?
Conclude that there exists h P Γz Stabpg`q.

(b) What is Stabpg`q X Stabph`q ?

We consider the subgroup of Γ defined by J :“ xg, hgh´1y.

(c) Prove that ρnpJq is nilpotent for some n large enough and deduce that J is nilpotent.

It is a fact that a nilpotent subgroup of a torsion-free hyperbolic group is either trivial or iso-
morphic to Z. So, we conclude that J – Z.

(d) (harder) Prove that xg, h2y – Z2.

This is a contradiction because xg, h2y is a nilpotent subgroup of Γ that is not trivial or a copy
of Z. Hence, ρ is faithful.

Assume now that ρ is not discrete. So, there exists a sequence gn P Γzt1u such that ρpgnq

converges to the identity.

(e) Convince yourself that there exists h not contained in Stabpg`
n q for all n (but maybe finitely

many).

(f) (somewhat tricky) Deduce that Jn :“ xgn, hgnh
´1y is nilpotent for some n. Conclude.
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5. Lie Groups, Lie Algebras and Their
Symmetric Spaces

by Luca De Rosa, Victor Jaeck

5.1. Lie groups and Lie algebras

Definition 5.1. A Lie group G is a group endowed with the structure of smooth manifold,
such that the operations of multiplication GˆG Ñ G and inverse G Ñ G are smooth.

Remark 5.2. In particular, a Lie group is a locally compact Hausdorff second countable topo-
logical group.

In the remaining of the workshop we will probably be mostly interested in linear groups, i.e.
Lie groups arising as subgroups of GLpn,Rq, for some n.

Exercise 5.3. Let G be a connected Lie group and U Ď G a neighborhood of the identity e P G.
Show that U generates G.

Examples 5.4. (1) pR,`q and pRzt0u, ¨q.

(2) G “ GLpn,Rq. The linear group G is an open subset of Rn2 , and hence it inherits a smooth
structure from it. The usual matrix multiplication makes it a group. Notice moreover
that matrix multiplication is a polynomial function of the entries, and the inverse of a
matrix is a rational function. Hence both are smooth. It follows that G is a Lie group,
called the linear group.

(3) Non-example: Consider the space of homeomorphisms HomeopXq with X, for instance,
the regular tree of degree d ě 3, endowed with the compact-open topology. One can show
that HomeopXq is not even a locally compact topological group. In fact, a neighbourhood
of the identity contains maps that fix balls of X of larger and larger radius.

(4) For more interesting examples (e.g. SLpn,Rq) we will use the inverse function theorem,
as we will see in the first exercise session.

Definition 5.5. A Lie algebra g is a vector space together with a skew-symmetric bilinear map

r¨, ¨s : g ˆ g Ñ g

satisfying the Jacobi identity: for all X,Y, Z P g

rX, rY,Zss ` rZ, rX,Y ss ` rY, rZ,Xss “ 0 (5.1)
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5.1. Lie groups and Lie algebras

Definition 5.6. Let g, h be Lie algebras. A Lie algebra homomorphism is a linear map φ : g Ñ h
respecting the bracket operation, i.e.

φprX,Y sq “ rφpXq, φpY qs

for all X,Y P g.

A Lie subalgebra m Ď g is a subspace of g such that for all X,Y P m, rX,Y s P m.

Definition 5.7. Let A be a commutative algebra over a field k. A derivation on A is an
endomorphism δ : A Ñ A of the underlying k-vector space A which satisfies the Leibniz rule
δpabq “ δpaq b` a δpbq for all a, b P A. We write DerpAq for the set of derivations on A.

Note that smooth vector fields Vect8pMq on a manifold M can be identified with derivations
on C8pMq. Precisely, given a point p P M and a tangent vector Xp P TpM , we can associate

δXp : C8ppq Ñ R, rf s ÞÑ pdpfqpXpq,

where C8ppq denotes the space of germs of functions around p. It follows that vector fields
correspond to endomorphisms of C8pMq.

Proposition 5.8. Let M be a smooth manifold. The map

α : Vect8pMq Ñ EndpC8pMqq, X ÞÑ pf ÞÑ pXf : p ÞÑ pdpfqpXqqqq

is an isomorphism onto its image which consists of derivations DerpC8pMqq of the R-algebra
C8pMq

Remark 5.9. Notice that DerpC8pMqq is not a subalgebra with respect to the natural operation
of composition. Consider for instance M “ R and a derivation X such that Xf “ f 1. Then
X ˝ Xpfq “ Xf 1 “ f2. Hence the element X2 sends f to its second derivative f2. This endo-
morphism of C8pMq clearly does not satisfy the Leibniz rule δpabq “ δpaqb`aδpbq. Nevertheless
there is another operation on DerpC8pMqq that, differently from the composition, gives back a
derivation.

Definition 5.10. For X,Y P Vect8pMq, define

rX,Y s :“ rδX , δY s :“ δX ˝ δY ´ δY ˝ δX

where δX : C8pMq Ñ C8pMq is the derivation corresponding to X.

Exercise 5.11. Let δ1 and δ2 be derivations. Show that rδ1, δ2s is a derivation as well, i.e. it
satisfies the Leibniz rule.

We have shown that Vect8pMq endowed with the brackets operation above is a Lie algebra. It
is in fact a very important and somehow prototypical example of a Lie algebra, as we will see
in the following subsection.

Our next goal is to define a Lie algebra g canonically attached to a given Lie group G.
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5. Lie Groups, Lie Algebras and Their Symmetric Spaces

5.2. Left invariant vector fields and the Lie algebra of a Lie group

Let G be a Lie group, acting smoothly on a smooth manifold M . Given g P G we denote with
Lg the left action map

Lg : M Ñ M, m ÞÑ g ¨m.

The induced map at the level of vector fields is given by

pLgq˚ : Vect
8pMq Ñ Vect8pMq, X ÞÑ pm ÞÑ pdmLgqpXmqq .

Definition 5.12. A vector field X P Vect8pMq is said to be G-invariant, or more precisely
G-left-invariant if for any g P G, we have pLgq˚pXq “ X. More explicitly, X P Vect8pMq is
G-invariant if for any g P G and m P M

pdmLgqpXmq “ XLgpmq “ Xgm

From now on we will denote with Vect8pMqG Ď Vect8pMq the Lie subalgebra of G-invariant
vector fields on M .

Recall that a Lie group G is also a smooth manifold, and its group structure provides a natural
action of G on itself. Precisely, we now put G “ M , and take as smooth action G ˆ M Ñ M
the multiplication action

GˆG Ñ G, pg, hq ÞÑ gh

The following lemma is key to the definition of a Lie algebra of a Lie group.

Lemma 5.13. Let G be a Lie group. The map

Vect8pGqG Ñ TeG, X ÞÑ Xe

is an isomorphism of vector spaces.

Proof. Injectivity: Let Xe “ 0. Then for all g P G we have pdeLgqpXeq “ Xg “ 0 and hence the
vector field X is identically zero.

Surjectivity: Given v P TeG, define the vector field X as follows: for any g P G

Xg :“ pdeLgqpvq

Then X is left invariant by construction, and Xe “ v.

From now on, given v P TeG, let vL be the corresponding left-invariant vector field constructed
above.

Definition 5.14. Let G be a Lie group. The Lie algebra g of G is the vector space TeG –

Vect8pMqG consisting of left-invariant vector fields, endowed with the brackets operation

rv, ws :“ rvL, wLse

for v, w P TeG.

Lie algebras are probably the central object in Lie theory. The Lie algebra g encodes in its G-
invariance most of the structure of the Lie group G. Moreover, Lie algebras are linear objects,
hence much easier to study.
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5.3. The exponential map and the adjoint representation

Exercise 5.15. The Lie algebra of G “ GLpn,Rq is given by Matpn,Rq with bracket operation
given by the commutator

rA,Bs “ AB ´BA.

Definition 5.16. A simple Lie group is a connected non-abelian Lie group G which does not
have nontrivial closed connected normal subgroups.

Definition 5.17. A Lie algebra g is said semisimple if it is direct sum of simple Lie algebras.

5.3. The exponential map and the adjoint representation

Definition 5.18. Let M be a manifold and X a vector field on M . An integral curve of X
through p P M is a smooth curve γ : p´δ, δq Ñ M such that γp0q “ p and γ1ptq “ Xγptq.

A vector field X on M is complete if for every q P M the integral curve of X through q is defined
on all R.

The following result will motivate the definition of the exponential map.

Theorem 5.19. Let G be a Lie group. The following hold

(1) Left invariant vector fields on G are complete;

(2) For every v P TeG, let ϕv : R Ñ G be the integral curve of vL through e P G. Then ϕv is
a smooth homomorphism R Ñ G. In particular for all t1, t2 P R we have

ϕvpt1 ` t2q “ ϕvpt1qϕvpt2q.

(3) The flow Φ: R ˆG Ñ G of vL is given by

Φpt, gq “ gϕvptq.

We are now ready to define the exponential map.

Definition 5.20. The G be a Lie group with Lie algebra g. The exponential map is defined by

expG : g Ñ G, v ÞÑ ϕvp1q.

Examples 5.21. If G “ GLpn,Rq, then g “ glpn,Rq “ Matpn,Rq and the Lie exponential map
turns out to be

expGLpn,Rq : Matpn,Rq Ñ GLpn,Rq, A ÞÑ

8
ÿ

n“0

An

n!

For the remaining of this subsection, let G be a Lie group with Lie algebra g. The map
intpgq : G Ñ G that sends x to gxg´1 is a smooth automorphism of G and the associated map
G Ñ AutpGq, g ÞÑ intpgq is a homomorphism.

Definition 5.22. The adjoint representation of G is Ad :“ deint. For every g P G, Adpgq :“
deintpgq is an element of GLpgq and the map Ad: G Ñ GLpgq is a homomorphism.
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5. Lie Groups, Lie Algebras and Their Symmetric Spaces

Exercise 5.23. For every t P R and X P g it holds

g expGptXqg´1 “ expG ptAdpgqXq .

Moreover, if G “ GLpn,Rq then AdpgqX “ gXg´1.

Definition 5.24. Let g be a Lie algebra. A representation of g into a finite-dimensional vector
space V is a Lie algebra homomorphism from g to EndpV q.

Definition 5.25. We also call adjoint representation the map ad: g Ñ glpgq that sends X ÞÑ

rX,´s.

Exercise 5.26. The adjoint representation ad is a representation of the Lie algebra g. Moreover,
the derivative of Ad at e P G is the Lie algebra representation ad.

Definition 5.27. The Killing form of a Lie algebra g is the symmetric bilinear form

Bgpx, yq :“ Trpadpxqadpyqq

The following criterion motivates alone the relevance of the Killing form:

Remark 5.28 (Cartan’s Criterion). A real Lie algebra is semisimple if and only if its Killing
form is non-degenerate.

If g is a semisimple Lie algebra, then any non-degenerate symmetric invariant bilinear form on
g is a scalar multiple of the Killing form.

5.4. Symmetric spaces and the Cartan decomposition

Definition 5.29 (Riemannian viewpoint). A Riemannian manifold M is locally symmetric if
for every p P M , there is a normal neighborhood p P U and an isometry Sp : U Ñ U such that
S2
p “ e and p is the only fixed point of Sp in U . Moreover, M is globally symmetric if each Sp

can be extended to an isometry of M .

We consider now a Lie group viewpoint of the notion of symmetric space. We are mostly
interested in the case when G is a semisimple Lie group with finite center. The following
theorem states that one can construct symmetric spaces from a Lie group and its maximal
compact subgroups.

Theorem 5.30. Let G be a connected semisimple Lie group with finite center, and let K be a
maximal compact subgroup. Then X “ G{K admits an essentially unique G-invariant metric
(e.g. the one induced by the Killing form). The space X endowed with this metric is a non-
positively curved symmetric space, hence complete and contractible (by Cartan-Hadamard).

We can finally introduce the Cartan decomposition of a Lie algebra.

Definition 5.31. An involution on g is a non-trivial Lie algebra automorphism θ of g whose
square is equal to the identity. Such an involution is called a Cartan involution on g if
´Bg pX, θpY qq is a positive definite bilinear form.
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5.4. Symmetric spaces and the Cartan decomposition

Definition 5.32. Let G and K be as in theorem 5.30. Since θ2 “ id, the Cartan involution θ
is diagonalizable and has eigenvalues `1 and ´1. We denote with k and p the corresponding
eigenspace, and hence obtain the decomposition

g “ k ‘ p

named the Cartan decomposition with respect to θ.

Theorem 5.33. Every real semisimple Lie algebra has a Cartan involution that is unique up
to inner automorphism.

Exercise 5.34. Show that, with the above notations, rk, ks Ď k, rp, ps Ď k and rk, ps Ď p.

31



6. Restricted Root Systems and Parabolic
Subgroups

by Max Riestenberg

Assumptions: We assume G is a connected, semisimple Lie group with finite center. K denotes
a maximal compact subgroup. The associated symmetric space X “ G{K is of noncompact
type.

Review: I am assuming we know about Lie groups G, Lie algebras g, symmetric spaces X “

G{K, and the Cartan decomposition g “ k ‘ p.

Goal: We need to cover the restricted root space decomposition, flag manifolds, and parabolic
subgroups. In particular we need to give the description of parabolic subgroups in terms of
restricted roots.

6.1. Constructing the associated symmetric space

I added this subsection after my talk, since there was some discussion about how to associate a
symmetric space to a semisimple Lie group. I will only summarize the construction.

Suppose G is a real semisimple connected Lie group with finite center. Let K be a maximal
compact subgroup. Form the quotient X “ G{K. The orbit map G Ñ X given by g ÞÑ gK
has differential at the identity g Ñ TrKsG{K. The kernel of this linear map is k. Define p to
be the Killing form perpendicular of k. Then the differential of the orbit map restricts to an
isomorphism p Ñ TrKsG{K. The Killing form restricts to a positive definite inner product on p,
and K acts on p via the adjoint action by isometries for this inner product. The inner product
may be extended to all of X “ G{K by left translation by the action of G.

The resulting Riemannian manifold turns out to be a symmetric space of non-compact type.
We define the Cartan involution θ on g “ k‘ p by setting k to be the `1-eigenspace and p to be
the ´1-eigenspace. This involution integrates to a unique involution σ : G Ñ G. The geodesic
symmetry at rKs is then given by gK ÞÑ σpgqK.

Let me emphasize that a few points in my summary are not obvious (to me). In particular, it is
not obvious that the restriction of B to k is negative definite and that the definition of θ yields
a Cartan involution. (Recall that a Cartan involution is a Lie algebra involution θ such that
the modified Killing form ´BpX, θY q is an inner product.) Let me not attempt to prove this
here.

Example 6.1. Our running example will be SLpn,Rq. Its associated symmetric space Xn can
be modelled as the space of n ˆ n real symmetric positive definite matrices of determinant 1.
The action G ˆ X Ñ X may be given by g ¨ x “ gx tg. Then X has a basepoint p “ In, the
identity matrix, with stabilizer K “ SOpnq, with involution σpgq “

t
g´1 and Cartan involution

θpXq “ ´ tX. The Cartan decomposition is given by k “ sopnq and p is the traceless symmetric
matrices.
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6.2. Maximal flats

6.2. Maximal flats

A flat in X is a totally geodesic submanifold isometric to Euclidean space. A flat is maximal if
it is maximal with respect to inclusion.

Example 6.2. The set of diagonal matrices with positive entries on the diagonal, multiplying
to 1 is a maximal flat in Xn.

Recall that a point p in X determines the Cartan decomposition g “ p‘ k and a canonical
identification p “ TpX. Via this identification, the Riemannian exponential map corresponds
to the Lie theoretic exponential map:

expppXq “ eXp.

Moreover, for a nonpositively curved symmetric space, the Riemannian exponential map expp : p Ñ

X is a diffeomorphism.

Proposition 6.3.

tmaximal flats through pu ÐÑ tmaximal abelian subspaces of pu

Example 6.4. The set of traceless diagonal matrices form a maximal abelian subspace of p in
slpn,Rq.

Proof. Let a be an abelian subspace of p. Via the identification p “ TpX, the Riemann curvature
tensor at p is given by R : pˆ pˆ p Ñ p,

RpX,Y qZ “ ´rrX,Y sZs,

which clearly restricts to zero on a. Hence expppaq is a flat.

On the other hand, the sectional curvature of the plane spanned by X,Y P p is given by

κpX,Y q “
xRpX,Y qY,Xy

xX,XyxY, Y y ´ xX,Y y2

which reduces to BprX,Y s, rX,Y sq if X,Y are orthonormal. If X,Y correspond to vectors
tangent to a flat, this must be zero. On the other hand, the restriction of B to k is negative
definite, so rX,Y s “ 0. It follows that the preimage of a flat under expp is an abelian subspace
of p.

6.3. Restricted root space decomposition

Let B : gˆ g Ñ R be the Killing form of g. Recall that it is a symmetric bilinear form,
nondegenerate if and only if g is semisimple (We assume that G is semisimple in this section).
The point p P X defines the Cartan involution θ : g Ñ g so that k is the p`1q-eigenspace of θ and
p is the p´1q-eigenspace of θ. We may define Bp : gˆ g Ñ R by BppX,Y q “ ´BpX, θpY qq.

Lemma 6.5. Bp is an inner product. For X P k, adX is skew-symmetric with respect to Bp.
For X P p, adpXq is symmetric with respect to Bp.
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6. Restricted Root Systems and Parabolic Subgroups

Example 6.6. For SLpn,Rq and p “ In, BppX,Y q “ 2n trpX tY q. Note that trpX tY q is the
entrywise dot product for matrices, also known as the Frobenius inner product.

By the spectral theorem of linear algebra, each adpXq : g Ñ g is real-diagonalizable over R.

8

Here’s a brief aside to prepare us for root theory. The takeaway is that roots are natural
generalizations of eigenvalues and root spaces are natural generalizations of eigenvectors to the
setting of a commuting family of linear transformations.

Exercise 6.7. Let f1, . . . , fn be a finite set of commuting, diagonalizable linear transformations
of a vector space V . Show that they admit a common diagonalization, i.e. there exists a basis
teiu of V such that each fi is diagonal in the basis teiu.

Recall that an eigenvalue of a linear transformation is a number λ so that fv “ λv. When you
play with the previous exercise, you will discover that the eigenvalues of linear combinations of
the fi is the linear combination of the eigenvalues of the fi. In other words, rather than think
of an eigenvalue as a number, it is better to think of it as a gadget that eats linear combinations
of fi and spits out a number. And this operation should be linear, i.e. it should commute
with taking linear combinations. In other words, an eigenvalue of a commuting family of linear
transformations fi is a linear functional on the span of fi.

8

We apply these observations to a maximal abelian subspace a of p. a acts on g via the adjoint
action, and this is a commuting family of diagonalizable linear transformations. Therefore
we may consider its simultaneous eigenspace decomposition, which in this case is called the
restricted root space decomposition:

g “ g0 ‘
à

αPΣ

gα .

where gα “ tX P g : @A P a, rA,Xs “ αpAqXu and Σ “ Σpg, aq “ tα P a˚ zt0u : gα ‰ 0u is the
set of restricted roots.

Example 6.8. For a as above in slpn,Rq, g0 “ a and each root α : a Ñ R is given by the
difference of two diagonal entries. Each root space is one-dimensional, spanned by an off-
diagonal elementary matrix.

Exercise 6.9. Give an example where a ‰ g0.
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6.4. Weyl group and Weyl chambers

The restricted root space decomposition depends only on p and a. Therefore

NKpaq “ tk P K : Adpkqpaq “ au

acts on a and also the set of roots (recall that K denotes the stabilizer of p in G). The kernel
of the action on a is

ZKpaq “ tk P K : @A P a,AdpkqpAq “ Au

and the quotient W “ NKpaq{ZKpaq is called the (restricted) Weyl group.

Each root α P Σ has a wall

wα “ kerα “ tA P a : αpAq “ 0u.

The components of a z YαPΣ wα are called (open) Euclidean Weyl chambers. Elements of a in
open Euclidean Weyl chambers are called regular. We often choose an open Euclidean Weyl
chamber and denote it a` (sometimes called the positive Weyl chamber).

Example 6.10. For SLpn,Rq, the restricted Weyl group W is isomorphic to the permutation
group Sd on d symbols. It acts on a via simultaneously permuting the rows and columns.

Via the exponential map, we can talk about walls and Euclidean Weyl chambers in a maximal
flat as well. It turns out that each wall of a maximal flat is an intersection of maximal flats.

Choose a regular element X P a`. There is an associated set of positive roots Σ` “ tα P Σ :
αpXq ą 0u and a similarly defined set of negative roots. Every root is positive or negative.
There is also a set of simple roots ∆, uniquely defined by the property that each positive root
can be written as a linear combination of simple roots by nonnegative integers. Each wall
bounding a` is the kernel of a unique simple root in ∆. In particular, |∆| “ dim a “ rankX.

6.5. The KAK decomposition

Theorem 6.11. Let a` be a closed Euclidean Weyl chamber in a maximal abelian subspace of
p. Then

p “
ď

kPK

Adpkqpa`q.

Moreover, if Adpkqpa`q “ a` then Adpkq fixes a` pointwise.

Example 6.12. For SLpn,Rq, the stabilizer of the point-chamber pair pp, a`q, i.e.

M “ tg P G : gp “ p,Adpgqpa`q “ a`u

is given by diagonal matrices with entries ˘1, with an even number of ´1’s.

Theorem 6.11 implies that G acts transitively on point-chamber pairs, but in general this action
is not simply transitive.

Exercise 6.13. Give an example of a symmetric space G{K where the stabilizer of a point-
chamber pair in G has positive dimension.
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6. Restricted Root Systems and Parabolic Subgroups

Unfortunately, the following decomposition is also sometimes referred to as the “Cartan decom-
position." Fortunately, it can be unambiguously referred to as the “KAK decomposition."

Corollary 6.14. If G is a connected semisimple Lie group with finite center, K is a maximal
compact and a` is a closed Euclidean Weyl chamber, then G “ K exppa`qK. Moreover, for any
two factorizations g “ kak1, g “ lbl1 we have a “ b.

Example 6.15. Applied to SLpn,Rq, this is just the singular value decomposition.

Proof. One first shows that any two points of X are related by a transvection. Moreover, each
transvection lies in a 1-parameter subgroup corresponding to an element of p. It follows that
G “ K expppq. Now apply Theorem 6.11.

The previous corollary implies that the Cartan projection µ : G Ñ a` is well-defined. (It
depends on the basepoint p.)

6.6. The visual boundary

In this section we introduce the visual boundary BvisX of X. There is a natural action of
G on BvisX. The orbits of this action are called flag manifolds and the point stabilizers are
proper parabolic subgroups. We describe this picture in more detail, then give a description of
parabolic subgroups in terms of the restricted root space decomposition.

We say that two unit-speed geodesic rays c, c1 : r0,8q Ñ X are asymptotic if supt dpcptq, c1ptqq

is finite. The set of equivalence classes of asymptotic rays is called the visual boundary of X,
denoted BvisX. There is a natural topology on X \ BvisX homeomorphic to a closed ball called
the visual compactification of X. G acts on BvisX via grcs “ rg ˝ cs.

Exercise 6.16. Prove this is indeed an equivalence relation and that this action is well-defined.

Since the action of G on X is transitive, we can move the basepoint of any geodesic ray to a
fixed point p, and by Theorem 6.11 in the last section, we may use K to move the geodesic ray
into (the exponential of) a preferred Weyl chamber a`. Moreover, there is an essentially unique
way of doing this.

Definition 6.17. Let a` be a closed Euclidean Weyl chamber. Its ideal boundary σ is called
an ideal/spherical Weyl chamber.

Theorem 6.18. Let σ be an ideal Weyl chamber, let K be a maximal compact, and let ξ be an
ideal point. Then G ¨ ξ “ K ¨ ξ and

|pG ¨ ξq X σ| “ |pK ¨ ξq X σ| “ 1.

The previous Theorem is a consequence of Theorem 6.11. An ideal Weyl chamber is a spherical
simplex, and its faces are also simplices. If g P G takes a simplex τ to itself, it must fix τ
pointwise. (Warning: this uses our assumption that G is connected!)
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6.7. Flag manifolds and parabolic subgroups

Definition 6.19. The stabilizer P “ Gξ “ tg P G : gξ “ ξu of an ideal point ξ P BvisX is called
a parabolic subgroup of G. The homogeneous space G{P – G ¨ ξ is called a flag manifold.

Example 6.20. We describe the visual boundary, flag manifolds, and parabolic subgroups for
SLpn,Rq. In this case, each ideal Weyl chamber σ corresponds to a full flag in Rn, i.e. a chain of
subspaces 0 “ V0 Ă V1 Ă ¨ ¨ ¨ Ă Vn´1 Ă Vn “ Rn with dimVi “ i. Each simplex τ corresponds
to a partial flag. Each parabolic subgroup stabilizes a partial flag. The maximal parabolics
correspond to Grassmannians, and the minimal parabolic subgroups (a.k.a. Borel subgroup)
stabilize a full flag, hence are conjugate to the subgroup of upper triangular matrices.

Each ideal point ξ P BvisX lies in the interior of some simplex τ . It corresponds to an eigenvalue-
flag pair, i.e. a partial flag pViq together with a vector pλiq P Rn, with the constraints that
ř

λi “ 0 and
ř

λ2i “ 1 and λj “ λj`1 when a subspace of dimension j is missing from the
partial flag. Given a point p P X, we can construct a geodesic ray from p and an eigenvalue-flag
pair by using the inner product on Rn corresponding to p to construct an orthonormal basis
compatible with the partial flag, then using the eigenvalue data to construct a matrix X P p
with the appropriate eigenvalues. See Eberlein’s book [Ebe96] for more details.

We have seen that a pair of ideal points have the same stabilizers if and only if they span the
same simplex of BvisX. In other words, parabolic subgroups correspond to simplices of BvisX.

By Theorem 6.18, we may assume (up to translating by an element of K) that our ideal point
ξ P BvisX is represented by the geodesic ray

cptq “ etXp

for X P a` Ă a Ă p. We can describe Gξ explicitly in terms of the restricted roots Σ. Let ∆ be
the simple roots corresponding to a` and let Θ Ă ∆ be the simple roots that are positive on
X. Let Σ` be the positive roots and Σ´ be the negative roots.

The roots which are zero on X lie in Spanp∆zΘq, so the set of roots positive on X is Σ`
Θ “

Σ`zSpanp∆zΘq. We define

uΘ :“
ÿ

αPΣ`
Θ

gα and uoppΘ :“
ÿ

αPΣ`
Θ

g´α .

Exercise 6.21. uΘ and uoppΘ are nilpotent subalgebras of g.

Example 6.22. For SLpn,Rq, the standard subalgebras uΘ are strictly upper triangular.

Theorem 6.23. Let PΘ denote the normalizer of uΘ in G. Then PΘ “ Gξ.

We skip the proof, but mention the main idea: each group is equal to the set of elements g P G
such that the limit limtÑ8 e´tXgetX exists. See Eberlein’s book [Ebe96] for more details.
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6. Restricted Root Systems and Parabolic Subgroups

6.8. Levi subgroups

The subgroup PΘ is called the standard parabolic associated to Θ. (‘Standard’ means standard
with respect to the choices of fixed basepoint, flat, and chamber.) Let P opp

Θ denote the normalizer
of uoppΘ in G. The intersection LΘ :“ PΘ X P opp

Θ is called the Levi subgroup, and its Lie algebra
is given by

lΘ “ g0 ‘
ÿ

αPSpanp∆zΘqXΣ`

`

gα ‘ g´α

˘

.

The Lie algebra pΘ of PΘ decomposes as

pΘ “ lΘ ‘ uΘ.

Example 6.24. For SLpd,Rq, a Levi subgroup is a block diagonal subgroup. It acts on the
parallel set of block diagonal symmetric matrices.

Guichard-Wienhard allow the subset Θ to be empty, in which case PH “ G, so G itself is
considered a parabolic subgroup. At the other extreme, P∆ is a minimal parabolic subgroup,
a.k.a. a Borel subgroup.

Remark 6.25. Warning! The subspace p and subalgebra pΘ have essentially nothing to do with
each other. Guichard-Wienhard avoid the notation p in the Cartan decomposition by replacing
it with kK.

6.9. Parallel sets

Recall that we considered an ideal point ξ in the previous section. Let c : R Ñ X be the unit-
speed geodesic with cp0q “ p in the asymptote class of ξ. Define Θ and PΘ as before. The Levi
subgroup LΘ “ PΘ X P opp

Θ stabilizes a parallel set, which is the union of biinfinite geodesics
parallel to c, equivalently, it is the union of maximal flats containing c. If c is regular, it lies in
a unique maximal flat, Θ “ ∆, PΘ “ P∆ is a Borel subgroup and the parallel set is a maximal
flat. In general, a parallel set is a totally geodesic subspace containing p. It is a nonpositively
curved symmetric space, but not necessarily of non-compact type i.e. it has a Euclidean de
Rham factor.

The presence of a Euclidean factor means that lΘ is no longer semisimple, but it is still reductive,
i.e. the direct sum of its center with a semisimple subalgebra. Observe that LΘ acts on uΘ via
the adjoint representation. This representation is crucial for the definition of Θ-positivity!

=

Exercise 6.26. Give an example of a symmetric space with an isometry g which fixes p and
preserves a` but does not fix a` pointwise. (Hint: such an isometry cannot be in the identity
component.)

Exercise 6.27. The action of LΘ on G{P opp
Θ fixes the identity coset, so LΘ also acts on the

tangent space TrP opp
Θ sG{P opp

Θ . Show that this representation is equivalent to the adjoint action
of LΘ on uΘ.
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7. Representations and Dynkin Diagrams
by Daniel Soskin

7.1. Representations

Let g be a complex Lie algebra and V a vector space over the field of complex numbers, unless
another field is introduced explicitly.

Definition 7.1. A representation of a Lie algebra g is a Lie algebras homomorphism ϕ : g Ñ

glpV q, where glpV q is the general linear algebra, i.e. the algebra of endomorphisms of a vector
space V with product given by rX,Y s “ XY ´ Y X.

Definition 7.2. A vector space V , endowed with an operation gˆV Ñ V , is called a g-module
if the following conditions are satisfied: for any X,Y P g, v, w P V , and a, b P F we have

(1) paX ` bY q.v “ apX.vq ` bpY.vq,

(2) X.pav ` bwq “ apX.vq ` bpX.wq,

(3) rY,Xs.v “ XY.v ´ Y X.v.

Given a representation ϕ : g Ñ glpV q, we can view V as a g-module via the action X.v “

ϕpXqpvq. Conversely, given a g-module V , this equation defines a representation ϕ : g Ñ

glpV q.

Definition 7.3. A homomorphism of g-modules is a linear map ϕ : V Ñ W such that ϕpX.vq “

X.ϕpvq.

Definition 7.4. A g-module is called irreducible if it has precisely two g-submodules (itself and
0).

Definition 7.5. A g-module is called completely reducible if it is a direct sum of irreducible
g-submodules.

Lemma 7.6 (Schur’s Lemma). Let ϕ : g Ñ glpV q be an irreducible representation of g. Then
the only endomorphisms of V commuting with ϕpgq are the scalars.

Theorem 7.7 (Weyl). Let ϕ : g Ñ glpV q be a (finite-dimensional) representation of a semisimple
Lie algebra. Then ϕ is completely reducible.

Let g be a semisimple Lie algebra, h a fixed Cartan subalgebra and Σ a root system relative to
h. If V is a finite-dimensional g-module, h acts diagonally on V , and V is a direct sum of its
weight spaces: V “

À

λPh˚ Vλ, where Vλ “ tv P V |h.v “ λphqv @h P hu. Whenever Vλ ‰ 0, it is
called weight space and λ is called weight.
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Example 7.8. The Lie algebra g itself is an g-module via the adjoint representation. Then,
weights are the roots α P Σ with the weight spaces gα from the root space decomposition along
with the weight space h of 0.

Exercise 7.9. Verify that gα maps Vλ into Vλ`α , λ P h˚, α P Σ.

Example 7.10. Let us consider g “ slp2,Cq with the standard basisX “

ˆ

0 1
0 0

˙

, Y “

ˆ

0 0
1 0

˙

,

H “

ˆ

1 0
0 ´1

˙

. One can verify that rH,Xs “ 2X, rH,Y s “ ´2Y , rX,Y s “ H, and thus for

slp2,Cq-module V it follows that if v P Vλ, then X.v P Vλ`2 and Y.v P Vλ´2. Assume now
that V is an irreducible finite-dimensional g-module. There exists a nonzero v0 P Vλ such that
Vλ`2 “ 0, and X.v0 “ 0. Define vi “ 1

i!Y
i.v0, (i ą ´1). Then,

(1) H.vi “ pλ´ 2iqvi;

(2) Y.vi “ pi` 1qvi`1;

(3) X.vi “ pλ´ i´ 1qvi´1.

All nonzero vi are linearly independent. Let m be an integer such that vm ‰ 0 and vm1 “ 0 for
m ă m1. The subspace of V with basis v0, v1, ..., vm is a g-submodule, so it must be equal to V ,
since the latter is irreducible. Note, that from (3) it follows that m “ λ, and m “ dimpV q ´ 1,
because each weight space is of dimension one. Thus, there exist only one irreducible slp2,Cq-
module of each possible dimension.

It turns out, that for any complex semisimple Lie algebra g is built from copies of slp2,Cq. For
any root α P Σ, and any Xα P gα, there exist Y´α P g´α such that Xα, Yα and rXα, Yαs span a
subalgebra of g isomorphic to slp2,Cq.

Definition 7.11. Let h0 be the real form of h. An element λ P h˚
0 is algebraically integral if

2pλ, αq

pα, αq

are integers for all roots α.

Exercise 7.12. The weight of any finite-dimensional representation is algebraically integral.

The fundamental weights w1, . . . , wl are defined in a way that they form basis of h˚
0 such that

2pwi,αjq

pαj ,αjq
“ δij , where αi are simple roots. An element λ is algebraically integral if and only if it

is an integral combination of the fundamental weights. Thus, the set of all algebraically integral
weights in h˚

0 form the weight lattice for g.

Suppose that the Lie algebra g is the Lie algebra of a Lie group G. Then, λ P h˚
0 is analytically

integral if for each t in h such that expptq “ e in G we have pλ, tq P 2πiZ. If a representation of g
arises from representation of G, then the weights of the representation are analytically integral.
For semisimple G the set of analytically integral weights form a sub-lattice of the lattice of
algebraically integral weights. If G is simply connected then both lattices coincide.

There is a partial order on the space of weights. We say that µ is higher that λ (µ ľ λ), if µ´λ
is expressible as a linear combination of positive roots with non-negative coefficients.

An integral element λ is called dominant if it is a non-negative integer combination of the
fundamental weights. Note, that it is not the same as being higher than 0.
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Definition 7.13. A weight λ of a representation V of g is called highest weight if it is higher
than every other weight of V .

Theorem 7.14. (1) Every irreducible finite-dimensional representation has a highest weight.

(2) The highest weight is dominant and algebraically integral element.

(3) Two irreducible representations with the same highest weight are isomorphic.

(4) Every dominant, algebraically integral element is the highest weight of an irreducible rep-
resentation.

7.2. Dynkin diagrams and related classifications

Let Σ be a root system of dimension l, with ordered basis of simple roots tα1, . . . , αlu. For two
roots α, β P Σ, let xβ, αy :“ 2pβ,αq

pα,αq
.

Definition 7.15. The root system Σ is called irreducible if it cannot be partitioned into the
union of two orthogonal proper subsets.

Theorem 7.16. The root system of a simple Lie algebra is irreducible.

The following statement reduces the problem of characterizing semisimple Lie algebras by their
root systems to the problem of characterizing simple ones by their irreducible root systems.

Theorem 7.17. Let g be a semisimple Lie algebra with h and Σ as defined before. If g “

g1 ‘ ...‘ gt is the decomposition of g into simple ideals, then hi “ hX gi is a Cartan subalgebra
of gi with relative irreducible root subsystem Σi of Σ in such a way that Σ “ Σ1 Y . . . Y Σt is
the decomposition of Σ into its irreducible components.

Irreducible root systems can be classified by so called Dynkin diagrams.

Since xβ, αy must be an integer (called Cartan integer), there are only a few possible values: 0,
˘1, ˘2, ˘3. Moreover, at most two distinct root lengths may occur in an irreducible system Σ,
which are referred to as long and short roots. The matrix pxαi, αjyqi,j“1,...,l is called the Cartan
matrix of Σ. Define the Coxeter graph of Σ to be a graph on l vertices α1, . . . , αl, where the αi

is joined to αj (i ‰ j) by xαi, αjy xαj , αiy edges. Whenever a double or triple edge occurs in the
Coxeter graph of Σ, we add an arrow pointing to the shorter of the two roots. The resulting
object is called a Dynkin diagram. Since for simple roots pα, βq ď 0, all Cartan integers can be
recovered from the Dynkin diagram. Note that the Coxeter graph is connected if and only if its
corresponding root system Σ is irreducible.

Theorem 7.18. If Σ is an irreducible root system of rank l, its Dynkin diagram is one of the
following (l vertices in each case): Al pl ě 1q, Bl pl ě 2q, Cl pl ě 3q, Dl pl ě 4q, E6, E7, E8,
F4, G2, see Table 7.1.

Theorem 7.19. For each Dynkin diagram of type A-G, there exists an irreducible root system
having the given diagram.
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Aℓ pℓ ě 1q:
α1 α2 αℓ´1 αℓ

Bℓ pℓ ě 2q:
α1 α2 αℓ´2 αℓ´1 αℓ

Cℓ pℓ ě 3q:
α1 α2 αℓ´2 αℓ´1 αℓ

Dℓ pℓ ě 4q:
α1 α2 αℓ´3

αℓ´2

αℓ´1

αℓ

E6:
α1

α2

α3 α4 α5 α6

E7:
α1

α2

α3 α4 α5 α6 α7

E8:
α1

α2

α3 α4 α5 α6 α7 α8

F4:
α1 α2 α3 α4

G2:
α1 α2

Table 7.1.: List of Dynkin diagrams

Classification of real Lie algebras differs from the case of Lie algebras over algebraically closed
fields.

Definition 7.20. The complexification of a real Lie algebra g is obtained from g by extending
the field of scalars from real to complex. Elements of gC can be considered as pairs pu, vq,
u, v P g (or u` iv) with the following operations:

(1) pu1, v1q ` pu2, v2q “ pu1 ` u2, v1 ` v2q,

(2) pα ` iβqpu, vq “ pαu´ βv, αv ` βuq for any real α, β,

(3) rpu1, v1q, pu2, v2qs “ pru1, u2s ´ rv1, v2s, rv1, u2s ` ru1, v2sq.

If g is a finite-dimensional real Lie algebra, its complexification is either simple or a product of
a simple complex Lie algebra and its conjugate. Thus, real simple Lie algebras can be classified
by the classification of complex Lie algebras and some additional information, which can be
done by Satake diagrams, which generalize Dynkin diagrams.
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8. The Indefinite Special Orthogonal Group
by Jacques Audibert

8.1. The Lie group and its Lie algebra

Denote Ip,q “

ˆ

Ip 0
0 ´Iq

˙

.

Theorem 8.1. For every B P GLpn,Rq symmetric there exists p, q ě 0 and P P GLpn,Rq such
that tPBP “ Ip,q.

For every B P GLpn,Rq symmetric define SOpBq “ tM P SLpn,Rq : tMBM “ Bu.

Remark 8.2. If tPBP “ Ip,q then SOpBq “ P SOpIp,qqP´1.

Example 8.3. Let 0 ď p ď q. Denote by

Qp,q “

¨

˝

0 0 Wp

0 ´Iq´p 0
tWp 0 0

˛

‚P GLpp` q,Rq

where

Wp “

¨

˚

˚

˚

˝

p´1qp´1

. .
.

´1
1

˛

‹

‹

‹

‚

P GLpp,Rq

Denote

P “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

p´1qp´1
?
2

p´1qp
?
2

. . . . .
.

´ 1?
2

1?
2

1?
2

´ 1?
2

´Iq´p
1?
2

1?
2

1?
2

1?
2

. .
. . . .

1?
2

1?
2

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

(8.1)

Then tPQp,qP “ Ip,q thus SOpQp,qq “ P SOpIp,qqP´1.

Proposition 8.4. • SOpQp,qq is a Lie group.

• If p “ 0, then SOpQ0,qq is connected and compact.
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• If p ą 0, then SOpQp,qq has two connected components and is not compact.

Denote SO0pQp,qq the connected component of SOpQp,qq containing the identity.

Theorem 8.5. SO0pQp,qq is homeomorphic to SOpIpq ˆ SOpIqq ˆ Rpq.

Exercise 8.6. Determine the fundamental group of SO0pQp,qq.

Proposition 8.7. The Lie algebra of SOpQp,qq is

sopQp,qq “ tM P Matpp` q,Rq : tMQp,q `Qp,qM “ 0, TrpMq “ 0u “

$

&

%

¨

˝

M11 M12 M13

M21 M22
tM12Wp

M31
tW p

tM21 ´ tW p
tM11Wp

˛

‚: tM22 “ ´M22, M13 “ ´Wp
tM13Wp, M31 “ ´Wp

tM31Wp

,

.

-

with

Mij “ ´ tW p
tM ijWp ðñ Mij “

¨

˚

˚

˚

˚

˚

˝

a11 a12 ¨ ¨ ¨ a1p´1 0
a21 a22 ¨ ¨ ¨ 0 a1p´1

...
...

. . .
...

...
ap´11 0 ¨ ¨ ¨ p´1qp´2a22 p´1qp´1a12
0 ap´11 ¨ ¨ ¨ p´1qp´1a21 p´1qpa11

˛

‹

‹

‹

‹

‹

‚

.

The Lie bracket is rX,Y s “ XY ´ Y X.

We thus see that dim sopQp,qq “
pp`qqpp`q´1q

2 .

Proposition 8.8. Its Killing form is BpX,Y q “ pp` q ´ 2qTrpXY q pp` q ě 3q.

Since, for p` q ě 3, BpX,Y q is non-degenerate, sopQp,qq is semisimple.

Remark 8.9. Let p` q ě 3. Then sopQp,qq is simple unless

• p “ q “ 2 because sopQ2,2q “ slp2,Rq ‘ slp2,Rq,

• p “ 0 and q “ 4 because sopQ0,4q “ supI2q ‘ supI2q.

Exercise 8.10. Prove that SO0pI2,2q – SLp2,RqˆSLp2,Rq{t˘pI2, I2qu and SO0pI4q – SUpI2qˆ

SUpI2q{t˘pI2, I2qu.

Example 8.11. SOpQ2,3q has Lie algebra

sopQ2,3q “

$

’

’

’

’

&

’

’

’

’

%

¨

˚

˚

˚

˚

˝

a12 a12 a13 a14 0
a21 a22 a23 0 a14
a31 a32 0 a23 ´a13
a41 0 a32 ´a22 a12
0 a41 ´a31 a21 ´a11

˛

‹

‹

‹

‹

‚

: aij P R

,

/

/

/

/

.

/

/

/

/

-

.
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8.2. The restricted root system

8.2. The restricted root system

Let 0 ď p ď q with p` q ě 3.

Proposition 8.12. The map θ : sopQp,qq Ñ sopQp,qq, M ÞÑ ´ tM is a Cartan involution.

Proof. Since sopQp,qq is close under transpose, θ is a Lie involution of sopQp,qq. For any X P

sopQp,qq non-zero ´BpX, θpXqq “ pp` q ´ 2qTrpX tXq ą 0

Thus sopQp,qq “ k ‘ p where k “ tM P sopQp,qq| ´ tM “ Mu and p “ tM P sopQp,qq| tM “ Mu.
This is the Cartan decomposition.

Denote

a “

$

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

%

Dλ “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

λ1
. . .

λp
0

´λp
. . .

´λ1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

: λi P R

,

/

/

/

/

/

/

/

/

/

/

.

/

/

/

/

/

/

/

/

/

/

-

This is a maximal abelian subspace of p as the following computations show.

Denote

pEklqij “

"

1 if i “ k and j “ l,
0 otherwise.

Then we compute the following brackets:

»

–Dλ,

¨

˝

Eij

0
p´1qi`j`1Ep´j`1p´i`1

˛

‚

fi

fl “ pλi´λjq

¨

˝

Eij

0
p´1qi`j`1Ep´j`1p´i`1

˛

‚ (8.2)

»

–Dλ,

¨

˝

0
Eij

0

˛

‚

fi

fl “ 0 (8.3)

»

–Dλ,

¨

˝

0 Eij

0 p´1qp´iEjp´i`1

0

˛

‚

fi

fl “ λi

¨

˝

0 Eij

0 p´1qp´iEjp´i`1

0

˛

‚ (8.4)

»

–Dλ,

¨

˝

0
Eij 0

p´1qp´jEp´j`1i 0

˛

‚

fi

fl “ ´λj

¨

˝

0
Eij 0

p´1qp´jEp´j`1i 0

˛

‚ (8.5)

»

–Dλ,

¨

˝

Eij ` p´1qp`i`jEp´j`1p´i`1

0
0

˛

‚

fi

fl “ pλi`λp´j`1q

¨

˝

Eij ` p´1qp`i`jEp´j`1p´i`1

0
0

˛

‚

(8.6)
»

–Dλ,

¨

˝

0
0

Eij ` p´1qp`i`jEp´j`1p´i`1

˛

‚

fi

fl “ p´λp´i`1´λjq

¨

˝

0
0

Eij ` p´1qp`i`jEp´j`1p´i`1

˛

‚

(8.7)
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8. The Indefinite Special Orthogonal Group

Remark 8.13. The rank of sopQp,qq is the dimension of a which is p.

We see that

Zkpaq “ tX P k : rA,Xs “ 0 @A P au “

$

&

%

¨

˝

0
M22

0

˛

‚: MJ
22 “ ´M22

,

.

-

.

Definition 8.14. A real semisimple Lie algebra is said to be split if Zkpaq “ t0u.

Thus sopQp,qq is split if and only if p “ q or p “ q ´ 1.

Denote εi : a Ñ R, Dλ ÞÑ λi for every i.

Proposition 8.15. The set of restricted roots of sopQp,qq relative to a is

• if p ‰ q, then Σ “ tεi p1 ď i ď pq, ´εi p1 ď i ď pq, εi ` εj p1 ď i ă j ď pq, ´εi ´ εj p1 ď

i ă j ď pq, εi ´ εj p1 ď i ‰ j ď pqu,

• if p “ q, then Σ “ tεi ` εj p1 ď i ă j ď pq, ´εi ´ εj p1 ď i ă j ď pq, εi ´ εj p1 ď i ‰ j ď

pqu,

and the root space decomposition is

sopQp,qq “ a ‘ Zkpaq ‘
à

1ďiďp

gεi ‘
à

1ďiďp

g´εi ‘
à

1ďi‰jďp

gεi´εj ‘
à

1ďiăjďp

gεi`εj ‘
à

1ďiăjďp

g´εi´εj

where gλ “ tX P sopQp,qq : rA,Xs “ λpAqX @A P au with dimpgεiq “ q ´ p, dimpg´εiq “ q ´ p,
dimpgεi´εj q “ 1, dimpgεi`εj q “ 1 and dimpg´εi´εj q “ 1.

Proof. This is a consequence of the previous bracket computations.

Proposition 8.16. If p ‰ q, then ∆ “ tε1 ´ ε2, ε2 ´ ε3, . . . , εp´1 ´ εp, εpu is a set of simple
roots. If p “ q then ∆ “ tε1 ´ ε2, ε2 ´ ε3, . . . , εp´1 ´ εp, εp´1 ` εpu is a set of simple roots.

Proof. We only prove the case p ‰ q. We have to express each root as a combination of the
simple ones involving only non-negative or non-positive coefficients. We see that εi “ εi´εi`1`

εi`1´εi`2`. . .`εp´1´εp`εp. Also for i ă j εi`εj “ εi´εi`1`εi`1´εi`2`. . .`εj´1´εj`2εj´

2εj`1`2εj`1´2εj`2` . . .`2εp´1´2εp`2εp and εi´εj “ εi´εi`1`εi`1´εi`2` . . .`εj´1´εj .
We deduce the other equations by multiplying those by ´1.

Exercise 8.17. Check the case p “ q.

The Dynkin diagram of sopQp,qq is Bp if p ‰ q and Dp if p “ q.

Example 8.18. Case of sopQ2,3q:

a “

$

’

’

’

’

&

’

’

’

’

%

¨

˚

˚

˚

˚

˝

λ1
λ2

0
´λ2

´λ1

˛

‹

‹

‹

‹

‚

: λi P R

,

/

/

/

/

.

/

/

/

/

-

so sopQ2,3q has rank 2. We have Zkpaq “ t0u so sopQ2,3q is split. Then Σ “ tε1, ε2, ´ε1, ´ε2, ε1`

ε2, ´ε1 ´ ε2, ε1 ´ ε2, ε2 ´ ε1u and all root spaces have dimension 1. As a set of simple roots
we can pick ∆ “ tε1 ´ ε2, ε2u and the Dynkin diagram is thus B2.

46



9. Examples and Exercises - Part 1
by Alex Moriani

9.1. Closed linear groups

In this session we will talk about linear Lie groups, that is, closed Lie subgroups of GLpn,Rq.
But first, let us just recall how to see the Lie algebra of a linear Lie group as a group of matrices.
The group GLpn,Rq is open in Matpn,Rq (which is a real vector space), and so it is a manifold
of dimension n2.

Exercise 9.1. Prove that the general linear group GLpn,Rq is a Lie group. Prove that its
Lie algebra is isomorphic to Matpn,Rq endowed with the usual bracket on matrices rA,Bs “

AB ´BA.

Solution. GLpn,Rq is an open subset of Matpn,Rq (a real vector space), so a smooth manifold.
Multiplication and inverse are polynomial in the coefficients so are smooth and GLpn,Rq is a Lie
group. The Lie algebra of a Lie group is defined as being the set of left invariant vector fields,
which is in bijection with the tangent space at the identity. For GLpn,Rq, the Lie algebra may
so be identified with the vector space Matpn,Rq. It will be the same for every closed subgroup
of GLpn,Rq, its Lie algebra will be a subspace of Matpn,Rq.

Definition 9.1. The linear Lie algebra of a closed Lie subgroup G of GLpn,Rq is its tangent
space at In seen as a subspace of Matpn,Rq :

g “ tγ1ptq | γ : R Ñ G smooth, γp0q “ Inu,

endowed with the usual bracket on matrices rX,Y s “ XY ´ Y X.

Exercise 9.2. Show that it is a Lie algebra (vector space, skew-symmetry and Jacobi identity).

Solution. If X,Y P Matpn,Rq corresponding to x, y : R Ñ GLpn,Rq, xy is smooth and its
derivative at t ` 0 gives pxyq1p0q “ x1p0q ` y1p0q “ X ` Y , so X ` Y P g. Looking at kx, for
k P R, we see that kX P g. So g is a vector space. Computations show that r¨, ¨s is bilinear
skew-symmetric and verify the Jacobi identity. So g is a Lie algebra.

Exercise 9.3. Show for the case of GLpn,Rq, its Lie algebra glpn,Rq and its linear Lie algebra
g are isomorphic.

Hint. They are isomorphic as vector spaces. Recall that the bracket of the Lie algebra glpn,Rq

is given by the bracket of vector fields (glpn,Rq “ tleft invariant vector fieldsu).

Φ : g Ñ glpn,Rq

X ÞÑ XL,
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9. Exercises - Part 1

where XL is the left invariant vector field with pXLqIn “ X. We want to show that this map is a
Lie algebra isomorphism. It is well-defined, one-one, onto. We need to check that it respects the
Lie bracket, i.e. we have to verify that for every X,Y P g, rXL, Y Ls “ rX,Y sL “ pXY ´Y XqL,
and to do that we check that they act in the same way as derivations on functions. It is
differential calculus. If this is true, the two vector fields are the same, and so is their value at
the identity, i.e. rXL, Y LsIn “ rX,Y s “ XY ´ Y X.
Remark: recall that the exponential map for Lie groups gives the exponential of matrices in a
linear group. To find a particular curve with derivative X one can choose t ÞÑ expptXq. Here
is another way of thinking of the linear Lie algebra of a closed linear subgroup G:

g “ tX P Matpn,Rq | expptXq P G @t P Ru.

9.2. Exercises

Exercise 9.4. Show that the classical groups

• SLpn,Rq “ tA P GLpn,Rq : detpAq “ 1u,

• Spp2n,Rq “ tA P GLpn,Rq : tAJn,nA “ Jn,nu X SLp2n,Rq,

• SOpp, qq “ tA P GLpn,Rq : tAIp,qA “ Ip,qu X SLpp` q,Rq,

are closed linear groups, and compute their linear Lie algebras.

Hint. Use the inverse function theorem.

Solution.

• SLpn,Rq “ det´1p1q, pdIn detqpXq “ trpXq, so slpn,Rq “ ppdIn detqq´1p0q “ tX P

glpn,Rq : trpXq “ 0u,

• Spp2n,Rq “ f´1pJn,nq, where

f : SLp2n,Rq Ñ Matp2n,Rq, A ÞÑ tAJn,nA.

Then pdI2nfqpXq “ tXJn,n ` Jn,nX, so spp2n,Rq “ tX P glp2n,Rq : tXJn,n ` Jn,nX “ 0u,

• SOpp, qq “ g´1pIp,qq, where

g : SLpp` q,Rq Ñ Matpp` q,Rq, A ÞÑ tAIp,qA.

Thus sopp, qq “ tX P glpp` q,Rq : tXIp,q ` Ip,qX “ 0u.

Exercise 9.5. Compute the Killing form on glpn,Rq. Compute the Killing form on slp3,Rq

and spp4,Rq.

Solution. Taking the basis pEijq (matrices with zeros, and only one 1 on the i-th row and j-th
column), and a lot of patience, one can compute the killing form on glpn,Rq to obtain that
BpX,Y q “ 2nTrpXY q ´ 2TrpXqTrpY q. Since slpn,Rq is an ideal of glpn,Rq, its Killing form
is the restriction of that of glpn,Rq, i.e. BpX,Y q “ 2nTrpXY q. For slp3,Rq, decompose it into
skew and symmetric part, so it becomes slp3,Rq “ sop3,Rq ‘ p. Take the basis

¨

˝

0 1 0
´1 0 0
0 0 0

˛

‚,

¨

˝

0 0 1
0 0 0

´1 0 0

˛

‚,

¨

˝

0 0 0
0 0 1
0 ´1 0

˛

‚,

¨

˝

0 1 0
1 0 0
0 0 0

˛

‚,

¨

˝

0 0 1
0 0 0
1 0 0

˛

‚,

¨

˝

0 0 0
0 0 1
0 1 0

˛

‚,
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9.2. Exercises

¨

˝

1 0 0
0 0 0
0 0 ´1

˛

‚,

¨

˝

0 0 0
0 1 0
0 0 ´1

˛

‚,

and find the matrix of the Killing form being equal to
¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

´12 0 0 0 0 0 0 0
0 ´12 0 0 0 0 0 0
0 0 ´12 0 0 0 0 0
0 0 0 12 0 0 0 0
0 0 0 0 12 0 0 0
0 0 0 0 0 12 0 0
0 0 0 0 0 0 12 6
0 0 0 0 0 0 6 12

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

,

which is non-degenerate of signature p5, 3q.

For spp2n,Rq, a computation as that of glpn,Rq gives us BpX,Y q “ p2n` 2qTrpXY q, which is
non-degenerate of signature pn2, n2 ` nq in spp2n,Rq.

Exercise 9.6. Show that the Lie algebras above are semisimple Lie algebras, except for glpn,Rq,
which is only reductive (i.e. direct sum of an abelian Lie algebra and a semisimple one).

Remark 9.2. We see that the Killing form is non-degenerate for slpn,Rq, spp2n,Rq and sopp, qq.

Recall the Cartan criterion: a Lie algebra is semisimple if and only if its Killing form is non-
degenerate. Write glpn,Rq as slpn,Rq ‘ RIn.

Exercise 9.7. Find a Cartan decomposition for slpn,Rq, spp2n,Rq, sopp, qq. Find the associated
symmetric space of the Lie group SLpn,Rq and its maximal flats.

Solution. We can take the skew and symmetric part in each case (that are eigenspaces of the
involution X ÞÑ ´ tX). This gives the following Cartan decompositions:

• slpn,Rq “ sopn,Rq ‘ p with p being the symmetric matrices with trace 0,

• spp2n,Rq “ k ‘ q,

• sopp, qq “ sopp,Rq ‘ sopq,Rq ‘ r.

Let us detail the cases slpn,Rq and spp2n,Rq. In slpn,Rq, the skew part gives all the skew-
symmetric matrices, i.e. the Lie algebra of SOpn,Rq, so a maximal compact of SLpn,Rq is
SOpn,Rq. The symmetric part of slpn,Rq are the symmetric matrices with trace zero. In p,
define a as the set of diagonal matrices of p, i.e. diagonal matrices of trace zero. The space a
is abelian, and is maximal for this property. Let us say that if you take a symmetric matrix
with zero trace, then its exponential will give a positive definite matrix with determinant one
(symmetric implies diagonalizable, and then apply exponential to give another symmetric matrix
with eigenvalues exppliq ą 0, and recall that exp ˝Tr “ det ˝ exp). So the exponential of p will
give us Sym1

`pn,Rq the set of positive definite symmetric matrices of determinant one. The
Cartan decomposition can be written as

SLpn,Rq – SOpn,Rq ˆ Sym1
`pn,Rq,
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9. Exercises - Part 1

which is nothing else than the polar decomposition. The symmetric space is then X “

SLpn,Rq{SOpn,Rq – Sym1
`pn,Rq. A maximal flat of X is then given by integrating the sub-

space a Ă p, and this gives diagonal matrices with positive entries and determinant one.

In spp2n,Rq, we can decompose the matrices as

X “

ˆ

M1 M2

M3 ´ tM1

˙

,

with M1 P slpn,Rq and M2,M3 symmetric. Then we see that the Lie subalgebra k is made of

matrices
ˆ

M1 ´M2

M2 M1

˙

, with M1 skew- and M2 symmetric. At the Lie group level, the maximal

compact K associated to the Lie sub-algebra k can be thought of in a convenient way. We recall
the definition

Upnq “ tA P GLpn,Cq : A˚A “ Inu,

where A˚ stands for tA (conjugate transpose). Recall also that complex matrices can be seen
as real matrices of twice the size by writing

A “ RepAq ` i ImpAq ÞÑ

ˆ

RepAq ´ ImpAq

ImpAq RepAq

˙

.

Looking at Upnq as a group of real matrices, and doing the computation tAJn,nA for A P Upnq,
we find Jn,n, i.e Upnq Ă Spp2n,Rq. Moreover, computing the Lie algebra of Upnq seen in
GLp2n,Rq we find exactly k. Then just remark that Upnq is connected so we can say that a
maximal compact of Spp2n,Rq is Upnq. The symmetric space of Spp2n,Rq will be studied in
the following worksheet.

Exercise 9.8. Compute the restricted root spaces, the Weyl chambers (and Weyl group), the
KAK decomposition and the parabolic subgroups of SLp3,Rq.

For SLp3,Rq, recall that

a “

$

&

%

¨

˝

λ
µ

ν

˛

‚: λ, µ, ν P R, λ` µ` ν “ 0

,

.

-

.

The space a˚ is generated by fi, for 1 ď i ď 3, where fi

¨

˝

¨

˝

λ1
λ2

λ3

˛

‚

˛

‚“ λi. Let us take

A “

¨

˝

λ1
λ2

λ3

˛

‚P a, and X “ pxijq P slp3,Rq “ g. We have

rA,Xs “

¨

˝

0 pλ1 ´ λ2qx12 pλ1 ´ λ3qx13
pλ2 ´ λ1qx21 0 pλ2 ´ λ3qx23
pλ3 ´ λ1qx31 pλ3 ´ λ2qx32 0

˛

‚,

so the roots are Σ “ tλi ´ λj : i ‰ ju and the root spaces associated are gpijq “ tX P

g | xkl “ 0 @pklq ‰ pijqu of dimension one. Here g0 “ a. An example of a Lie algebra with
a ‰ g0 is slpn,Cq, where all works like the real case (with Hermitian instead of symmetric) but
g0 “ a ‘ ia.

Let us compute the Weyl chambers. Let us take the root α “ λ1 ´ λ2 and compute kerpαq “
$

&

%

¨

˝

d
d

´2d

˛

‚: d P R

,

.

-

. We can represent the space a as a 2-plane, namely the hyperplane

x` y ` z “ 0 in R3, and draw the walls we obtain.
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10. Examples and Exercises - Part 2
by Colin Davalo

10.1. Hermitian symmetric spaces, in general

Several equivalent definitions of Hermitian symmetric spaces exist. Here is a first definition.

Definition 10.1. A symmetric space pX, gq is called of Hermitian type if it admits a com-
plex structure J : TX Ñ TX that is invariant by the identity component of G and such that
gpJ ¨, J ¨q “ gp¨, ¨q.

In particular g becomes a Hermitian metric, and ωp¨, ¨q “ gp¨, J ¨q defines a non-degenerate
2-form on X.

Exercise 10.1. Any differential form on a symmetric space X that is invariant under the
identity component of the isometry group is closed. In particular the previous ω is a symplectic
form.

Hint. Consider x P X and the symmetry σx at x. Then if ω is an invariant k-form, then σ˚
xω is

also an invariant k-form, equal to p´1qkω.

A characterisation of symmetric spaces of Hermitian type is the following: let X whose identity
component of the isometry group is G. Let g “ k ` p be the Cartan decomposition associated
with X. Then X is of Hermitian type if and only if k has a non-zero center.

There exist Hermitian symmetric spaces of compact and non-compact type, but we are more
interested in the Hermitian symmetric spaces of non-compact type.

10.2. An interesting example

We study one example of an Hermitian symmetric space. Through this example, we try to
understand the main features of Hermitian symmetric spaces.

Let n ě 1 be an integer, and let Spp2n,Rq be the subgroup of GLp2n,Rq of elements preserving
the symplectic form ω, which is the bilinear form defined by ωpX,Y q “ tXJn,nY for X,Y P R2n

with :

Jn,n “

ˆ

0 In
´In 0

˙

.

The goal of this exercise session is to study the properties of the symmetric space associated
with Spp2n,Rq.
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10. Exercises - Part 2

Exercise 10.2. Find a Cartan involution, and a maximal abelian subalgebra a Ă p for Spp2n,Rq.
What is the associated restricted root system? And the Weyl group?

Hint. The Killing form is proportional to A,B ÞÑ TrpABq. The Weyl groups acts by isometry
on a

A model for this symmetric space associated with Spp2n,Rq is the Siegel upper half-space Xn,
defined as the space of complex n ˆ n matrices which can be written S ` iT with S, T real
symmetric nˆ n matrices, and T positive definite.

Remark 10.2. When n “ 1, the Siegel space X1 becomes the upper half-plane:

tz P C : Impzq ą 0u.

It is a model for the symmetric space H2 associated with Spp2,Rq “ SLp2,Rq.

The symplectic groups acts on the Siegel space in a way that is similar to the action of SLp2,Rq

on the upper half-plane. Consider for

g “

ˆ

A B
C D

˙

P Spp2n,Rq,

for some nˆ n blocks A,B,C,D. Let Z “ S ` iT P Xn for some symmetric real matrices S, T .
We define g ¨ Z “ pAZ `BqpCZ `Dq´1.

Exercise 10.3. Assuming that this is well defined, check that it is an action. Find an equivari-
ant diffeomorphism between Xn and the symmetric space Spp2n,Rq{Upnq.

Hint. Show that the stabilizer of iIn P Xn is isomorphic to Upnq.

The action of any element Spp2n,Rq on Xn is holomorphic. Hence the symmetric space associ-
ated to Spp2n,Rq inherits a complex structure.

Exercise 10.4. Check that the Riemannian metric actually defines an Hermitian metric for
this complex structure.

A Hermitian symmetric space is of tube type if it is biholomorphic to a domain of the form
V ` iΩ with V a real vector space and Ω a convex cone.

It is handy to realize the symmetric space as a bounded domain of a complex vector space.
For every symmetric space of Hermitian type, a general construction called the Harish-Chandra
embedding. For the group Spp2n,Rq, this domain is Dn, the space of complex symmetric nˆ n
matrices Z such that In ´ tZZ is positive definite.

Exercise 10.5. Find a biholomorphism from Xn to Dn, inspired from a biholomorphism from
the upper half-plane to the unit disk, that can be extended continuously to the boundary of Xn.
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10.2. An interesting example

Recall the maximal principle: let f be a continuous function from the closure Ω of a bounded
domain Ω of a complex vector space into C that is holomorphic on Ω. Then:

max
xPΩ

|fpxq| “ max
xPBΩ

|fpxq|.

However this inequality can be improved sometimes. We say that a closed subset F Ă BΩ is a
boundary if for all function f continuous on Ω and holomorphic on Ω :

max
xPΩ

|fpxq| “ max
xPF

|fpxq|.

The intersection of all boundaries of Ω is called the Shilov boundary of Ω.

Exercise 10.6. Show that the Shilov boundary of DˆD Ă C2 where D Ă C is the unit disk is
the set of pairs pz1, z2q P C2 such that |z1| “ |z2| “ 1.

Show that Spp2n,Rq acts on BDn, and that any Z P BDn such that ZZ “ In is in the same orbit
as In.

Show that the Shilov boundary of Dn is the set of symmetric complex matrices Z such that
ZZ “ In. (harder)

The Shilov boundary of Dn is invariant by the action of Spp2n,Rq. Let Qn be the stabilizer of
a Lagrangian in R2n, i.e. of a n-dimensional subspace on which ω is degenerate. The space Ln

of Lagrangians can be seen as the flag manifold Spp2n,Rq{Qn.

Exercise 10.7. Check that Qn is a parabolic subgroup. To what set of root is it associated ?
Show that the Shilov boundary of Dn is diffeomorphic in a Spp2n,Rq-equivariant way to Ln.
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11. Totally Positive Matrices
by Romeo Troubat

In the section, our aim will be to introduce a notion of positivity in glpn,Rq. First, we will
discuss the link between triples of points in S1 and matrices in SLp2,Rq which will give us a
notion of positivity for SLp2,Rq. We will then generalize this notion for matrices in glpn,Rq

using totally positive matrices.

11.1. Positivity for the special linear group

The tangent bundle of S1 is equivalent to the trivial bundle S1 ˆ R, thus the choice of a half
line in R gives a causal structure to the space S1. If we choose Rą0 Ă R, we can for instance say
that clockwise rotations in S1 are positive whereas counter clockwise rotations are negative.

Definition 11.1. A triple of points px, y, zq in S1 is said to be positive if the points are pairwise
distinct and if one has to meet the point y when going from x to z following the positive rotation.

The group SLp2,Rq acts on S1 » RP1. Up to an action by SLp2,Rq, we can assume that x “ Re2
and z “ Re1 where e1 “ p0, 1q ans e2 “ p1, 0q. Let us consider the subgroup

U :“

"

g P SLp2,Rq, g “

ˆ

1 t
0 1

˙*

.

One could check that U fixes z and acts transitively on S1ztzu. It can be identified with R
using the application

t P R ÞÝÑ

ˆ

1 t
0 1

˙

P U,

and the choice of a half-line Rą0 Ă R gives us a subsemigroup Uą0 Ă U defined by

Uą0 “

"ˆ

1 t
0 1

˙

, t ą 0

*

.

Any point on S1 different from z can be written in a unique way as y “ uyx. If y “ tye1 ` e2,

then uy is equal to
ˆ

1 ty
0 1

˙

. It is then easy to verify that the triple px, y, zq is positive if and

only if ty ą 0, i.e if and only if uy P Uą0.

In the same way, let us define the group

O :“

"

g P SLp2,Rq, g “

ˆ

1 0
t 1

˙*

55



11. Totally Positive Matrices

and its subsemigroup

Oą0 “

"ˆ

1 0
t 1

˙

, t ą 0

*

.

Finally, we call A “

"ˆ

λ 0
0 λ´1

˙

, λ ‰ 0

*

the set of diagonal matrices in SLp2,Rq and A˝ “

"ˆ

λ 0
0 λ´1

˙

, λ ą 0

*

the connected component of the identity in A.

Definition 11.2. We call SLp2,Rqą0 “ Oą0A˝Uą0 the set of totally positive matrices in
SLp2,Rq.

Proposition 11.3. The set of totally positive matrices is the set of matrices in SLp2,Rq whose
coefficients are all positive. In particular, it is a subsemigroup of SLp2,Rq.

Proof. It is easy to compute that

ˆ

1 0
s 1

˙ˆ

λ 0
0 λ´1

˙ˆ

1 t
0 1

˙

“

ˆ

λ λt
λs λst` λ´1

˙

.

By choosing the parameters λ, s, t correctly, we can put any positive number we want in the
top left, top right and bottom left spots in the matrix. The bottom right coefficient is then
determined by the fact that the determinant has to be 1. Thus, SLp2,Rqą0 “ Oą0A˝Uą0.

11.2. Totally positive matrices

We will now try to generalize the previous notion of positivity to matrices in glpn,Rq.

Definition 11.4. A matrix in glpn,Rq is said to be totally positive if all of its minors are
positive. We call glpn,Rqą0 the set of totally positive matrices in glpn,Rq. We call U (resp. O)
the set of upper triangular (resp. lower triangular) matrices with 1 on all diagonal entries and
A the set of diagonal matrices in glpn,Rq.

Proposition 11.5. The set of totally positive matrices forms a subsemigroup of glpn,Rq.

Proof. Let A and B be two totally positive matrices and let I and J be two subsets of t1, . . . , nu

of cardinal k. We write A|I the matrix we obtain by extracting the lines in I from A and A|I,J

the one we obtain by extracting the lines from I and the columns from J . We have

pABq|I,Jpe1 ^ ...^ ekq “ A|IB|Jpe1 ^ ...^ ekq.

The matrix B|J is an application from Rk to Rn. By projecting B|Jpe1 ^ . . . ^ ekq onto ei1 ^

. . . ^ eik , we get the determinant of p ˝ B|J , where p is the projection on xei1 , . . . , eiky. Thus,
we have
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11.2. Totally positive matrices

B|Jpe1 ^ . . .^ ekq “
ÿ

|K|“k

detpB|K,Jqei1 ^ . . .^ eik ,

which gives us

pABq|I,Jpe1 ^ . . .^ ekq “
ÿ

|K|“k

detpB|K,JqAIpei1 ^ . . .^ eikq

“

¨

˝

ÿ

|K|“k

detpA|I,Kq detpB|K,Jq

˛

‚e1 ^ . . .^ ek,

thus, detppABq|I,Jq “
ř

|K|“k detpA|I,Kq detpB|K,Jq. This is known as the Cauchy–Binet for-
mula. Since all of A and B’s minors are positive, the product AB is a totally positive matrix.

Definition 11.6. We call Uą0 (resp. Oą0) the set of matrices in U (resp. O) which have all
positive minors, except for those which have to be equal to 0 by virtue of being in U (resp. O).
Finally, we call A˝ the connected component of the identity in A.

We give an explicit parametrisation of the sets Uą0 and Oą0. The group U is generated by the
elementary matrices

uiptq “ In ` tEi,i`1, i “ 1, . . . , n´ 1.

We call Uě0 the group generated by the elements uiptq for i “ 1, . . . , n ´ 1 and t ą 0. For the
case n “ 2, we have shown that Uě0 “ Uą0, but that is no longer the case for n ě 3 since the
matrices uiptq, t ą 0, are not contained in Uą0 as too many of their minors are equal to zero.

To get the appropriate parametrisation, let us study the group Sn of permutations on the set
t1, . . . , nu. Each of its elements can be decomposed as a product of adjacent transpositions
pi, i ` 1q and the length of a permutation can be defined as the smallest number of adjacent
transposition in one of its decomposition. For each group Sn, there exists a permutation ω0 of
maximum length,

ω0 “ pn, n´1qpn´1, n´2q . . . p2, 1qpn, n´1qpn´1, n´2q . . . p3, 2q . . . pn, n´1qpn´1, n´2qpn, n´1q.

For n “ 4, we have ω0 “ p4, 3qp3, 2qp2, 1qp4, 3qp3, 2qp4, 3q. Let ω0 “ σi1 . . . σik be a decomposition
of ω0 P Sn and let us define the map

Fσi1
...σik

: pt1, . . . , tkq P Rk ÞÝÑ ui1pt1q . . . uikptkq.

Proposition 11.7. The map Fσi1
...σik

|pR`qk is a bijection unto Uą0. It provides a parametrisa-
tion of Uą0. There is a symmetric result for Oą0.
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11. Totally Positive Matrices

For n “ 3, this gives us the parametrisation

u1paqu2pbqu1pcq “

¨

˝

1 a 0
0 1 0
0 0 1

˛

‚

¨

˝

1 0 0
0 1 b
0 0 1

˛

‚

¨

˝

1 c 0
0 1 0
0 0 1

˛

‚“

¨

˝

1 a` c ab
0 1 b
0 0 1

˛

‚

In the case n “ 2, we defined the set of totally positive matrices using the decomposition
SLp2,Rqą0 “ Oą0A˝Uą0. Let us show a similar result for n ě 3.

Proposition 11.8. For n ě 2, the set of totally positive matrices can be decomposed as
glpn,Rqą0 “ Oą0A˝Uą0.

Proof. Let A “ pai,jq be a totally positive matrix. In particular, all of its coefficients are
positive. We are going to reduce our matrix using operations on lines and columns. First, let
us subtract ai,1

ai´1,1
Li´1 to Li for i “ 2, ..., n. This gives us the matrix

A “

ˆ

In `
an,1
an´1,1

En,n´1

˙

. . .

ˆ

In `
a2,1
a1,1

E2,1

˙

¨

˚

˚

˚

˚

˝

1 a1,j
0 a2,j ´

a2,1
a1,1

...
...

0 an,j ´
an,1

an´1,1

˛

‹

‹

‹

‹

‚

Let us write B “

¨

˚

˚

˚

˚

˝

a1,j
a2,j ´

a2,1
a1,1

...
an,j ´

an,1

an´1,1

˛

‹

‹

‹

‹

‚

. We admit that the matrix A is totally positive if and only if

B is totally positive [Whi52]. By repeating the same process, we can reach the decomposition

A “

ˆ

In `
an,1
an´1,1

En,n´1

˙

. . .

ˆ

In `
an´1,n´1

an´2,n´1
En´1,n´2

˙ˆ

In `
an,n
an´1,n

En,n´1

˙

C,

where C is an upper triangular matrix. Using the parametrisation we have shown, we can see
that the product of transvections is equal to a matrix in Oą0. We now only have the repeat the
same operations on the columns to obtain the decomposition glpn,Rqą0 “ Oą0A˝Uą0.
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12. Lusztig’s Total Positivity
by Xian Dai

Lusztig’s total positivity generalizes total positivity for nˆ n matrices in GLpn,Rq to split real
Lie groups. Our goal in this section is to explain this general notion of total positivity.

12.1. Some motivation for total positivity

We recall a n ˆ n matrix is said to be (totally) positive if all of its minors are positive (i.e. in
Rą0). The set of all totally positive nˆ n matrices form a subset GLpn,Rqą0 Ă GLpn,Rq.

Let V – Rn. Another characterization of total positivity in GLpn,Rq due to I.J. Schoenberg
[Sch30] is as follows.

Proposition 12.1. A matrix g P GLpV q is positive if and only if the coefficients of k-th exterior
power Λkg : ΛkV Ñ ΛkV are positive for k “ 1, 2, . . . , n.

Proof. Suppose a totally ordered basis of V is e1, e2, . . . , en, then for any k P r1, ns, the k-th
exterior power ΛkV has a basis per1 ^ er2 ¨ ¨ ¨ ^ erkq indexed by the sequences r1 ă r2 ă ¨ ¨ ¨ ă rk
in r1, ns and Λkg : ΛkV Ñ ΛkV are positive for k “ 1, 2, . . . , n is given by

Λkgper1 ^ er2 ¨ ¨ ¨ ^ erkq “ ger1 ^ ger2 ¨ ¨ ¨ ^Aerk .

The conclusion follows once we notice that coefficients of above matrices are exactly minors of
g.

One source of the idea of total positivity appear in the work of Gantmacher and Krein in 1935.
The following Theorem can be viewed as one of the initial motivation of total positivity.

Theorem 12.2 (Gantmacher-Krein). If g P GLpn,Rq is totally positive, then g has distinct real
positive eigenvalues.

Proof. Suppose g P GLpn,Rqą0. We denote c1, . . . , cn to be eigenvalues of g arranged so that
|c1| ě |c2| ě ¨ ¨ ¨ ě |cn|. Then the eigenvalues of Λkg are cr1cr2 ¨ ¨ ¨ crk for r1 ă r2 ¨ ¨ ¨ ă rk and
ri P r1, ns. For instance, the first two eigenvalues of Λkg in decreasing order of absolute values
are c1c2 ¨ ¨ ¨ ck and c1c2 ¨ ¨ ¨ ck´1ck`1. Since Λkg has positive entries by Proposition 12.1. By
Perron-Frobenius Theorem, we must have

c1c2 ¨ ¨ ¨ ck ą 0

Taking k “ 1 yields c1 ą 0. By induction on k, we obtain c1 ą c2 ą . . . ą cn ą 0.

59



12. Lusztig’s Total Positivity

12.2. Lusztig’s total positivity for matrices

We start from a presentation of Lusztig’s total positivity in a simple case which is GLpn,Rq.
Totally positive matrices in GLpn,Rq satisfy a decomposition theorem and form in fact a semig-
roup.

Let U be the group of upper triangular matrices with ones on the diagonal, O be the group of
lower triangular matrices with ones on the diagonal, and A the group of diagonal matrices. The
group U is generated by elementary matrices

uiptq “ In ` tEi,i`1, i “ 1, . . . , n´ 1,

where In denotes the identity matrix and Ei,i`1 the matrix with the single entry 1 in the i-th
row and pi` 1q-th column.

Let furthermore Uą0 Ă U and Oą0 Ă O be the subsets of totally positive unipotent matrices,
i.e. those matrices of U , where all minors are positive, except those which have to be zero by
the condition of being an element of U , similarly for O. We can parametrize the set Uą0 using
the symmetric group Sn on n letters. We denote by σi, i “ 1, . . . , n´1, the tranposition pi, i`1q

and by ω0 the longest element of the symmetric group, which send p1, 2, . . . , nq to pn, . . . , 2, 1q.
Let k “

npn´1q

2 . For every way to write ω0 “ σi1σi2 ¨ ¨ ¨σik , we can define a map

Fσi1
σi2

¨¨¨σik
: Rk Ñ U

pt1, . . . , tkq ÞÑ ui1pt1qui2pt2q ¨ ¨ ¨uikptkq.

An element is in Uą0 if and only if it is of the form ui1pt1qui2pt2q ¨ ¨ ¨uikptkq with ti P R`.
Therefore the map Fσi1

σi2
¨¨¨σik

|pRą0qk is a bijection onto Uą0 and provide a parametrization of
Uą0 by Rk

`. The same works for Oą0.

The following decomposition theorem is due to A. Whitney [Whi52]:

GLpn,Rqą0 “ Oą0A0Uą0,

where A0 is the connected component of the identity in A, i.e. the diagonal matrices all of whose
entries are positive.

12.3. Lusztig’s total positivity for split real Lie groups

In this subsection, we want to explain the generalized notion of total positivity of arbitrary split
real reductive Lie group introduced by Lusztig [Lus94]. Moreover, the explicit parametrization
of Uą0 (resp. Oą0) can also be generalized to arbitrary split real reductive Lie group.

Let G be a split semisimple algebraic group over R. Let g be the Lie algebra of G. To describe
total positivity in G, we start from some discussion of some important ingredients involved in
defining positivity in this general setting.
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12.3. Lusztig’s total positivity for split real Lie groups

12.3.1. Root space decomposition and Chevalley generators

Fix a Cartan subalgebra h of g. We denote by Σ the set of all roots and Σ` a choice of positive
roots (resp. Σ´ negative roots) and ∆ Ă Σ` the set of simple roots. The Lie algebra g admits
the root space decomposition,

g “ h ‘
à

αPΣ

gα.

Denote hα as the coroot of α P Σ, we say a family pXαqαPΣ is a Chevalley basis for pg, hq (see
[Bou75, Chapter VIII, Section 2.4, Definition 3] or [Hum72, Chapter VII, Section 25]) if

(1) Xα P gα for all α P Σ.

(2) rXα, X´αs “ ´hα for all α P Σ.

(3) the linear map from g to g which is equal to ´1 on the Cartan subalgebra a and takes Xα

to X´α for all α P Σ is an automorphism of g.

Take eα “ Xα and fα “ X´α for α P ∆ so that peα, fα, hαqαP∆ form a Chevalley generators of
g. We define

xαptq “ exppteαq , yαptq “ expptfαq

In analogy to the last subsection, the elements eα (resp. fα ) play the roles of Ei,i`1 (resp.
Ei`1,i). Also xαptq (resp. yαptq) are similar to uiptq(resp. viptq) in GLpn,Rq case.

12.3.2. Longest element in Weyl group

We denote by W the Weyl group of G generated by sα for α P ∆. W together with psαqαP∆ is
a Coxeter group.

Let l : W Ñ N be the standard length function. For ω P W , we let ∆ω be the set of all sequences
pα1, α2, . . . , αpq in ∆ so that p “ lpωq and

sα1sα2 ¨ ¨ ¨ sαp “ ω.

We let ω0 be the element such that p0 “ lpω0q is maximum. To make a link with the theory
in the last subsection, one notices that the symmetric group Sn is the Weyl group for the case
GLpn,Rq.

12.3.3. Parametrization of U˘ and total positivity

With a fixed ω0 so that p0 “ lpω0q reaches maximum, we can define maps

Φ˘
ω0

: Rp
ě0 Ñ U˘

Φ`
ω0

pa1, a2, . . . , apq :“xα1pa1qxα2pa2q . . . xαppapq,

Φ´
ω0

pa1, a2, . . . , apq :“yα1pa1qyα2pa2q . . . yαppapq.

Here U˘ are the unipotent radicals of the Borel subgroups (minimal parabolic subgroups) B˘

corresponding to Σ˘ respectively. It turns out that the definition of Φ˘
ω0

do not depend on a
particular choice of pα1, α2, . . . , αpq.
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12. Lusztig’s Total Positivity

We then define

U˘
ω0,ě0 :“ Φ˘

ω0
pRp

ě0q Ă U˘,

and
U˘
ω0,ą0 :“ Φ˘

ω0
pRp

ą0q Ă U˘.

The sets U˘
ě0 “ U˘

ω0,ě0 and U˘
ą0 “ U˘

ω0,ą0 are semigroups of G.

Proposition 12.3. The maps Φ˘
ω0

are homeomorphisms between pRą0qp and U˘
ą0. Therefore

U˘
ą0 are cells.

Now consider
Gě0 “ U`

ě0Tą0U
´
ě0 “ U´

ě0Tą0U
`
ě0,

Gą0 “ U`
ą0Tą0U

´
ą0 “ U´

ą0Tą0U
`
ą0,

where T is the subgroup of G with Lie algebra a (sometimes called the maximal torus of G). We
let T 0 be the connected component of T containing the identity. Gě0 and Gą0 are semigroups in
G. More precisely, Gě0 is a semigroup with the identity element e of G but Gą0 is a semigroup
without the identity element e.

As one could easily guess, an element g in G is called (totally) positive if g P Gą0. We have
Gą0 is also a cell because of the following,

Theorem 12.4. The map U`
ą0 ˆ Tą0 ˆ U´

ą0 Ñ G, given by multiplication in G, is a homeo-
morphism onto the subset Gą0 Ă G.

This can be viewed as a generalisation of the Whitney decomposition mentioned in the last
subsection.
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13. Positivity of Lie Groups of Hermitian Type
by Jingyi Xue

13.1. Examples of Hermitian type Lie groups

13.1.1. Spp2n,Rq

Again we first look at the symplectic group Spp2n,Rq, which is the subgroup of GLp2n,Rq of
elements preserving the symplectic form ω, which is the bilinear form defined by ωpX,Y q “
tXJn,nY for X,Y P R2n with :

Jn,n “

ˆ

0 In
´In 0

˙

.

Recall from the previous sections, Upnq embeds as a maximal compact subgroup. Results of
this example come from Bump’s book [Bum13, Chap. 28].

Proposition 13.1. If Z “ X ` iY P Xn (the Siegel upper half-space) and g “

ˆ

A B
C D

˙

P

Spp2n,Rq, then CZ `D is invertible. Define

gpZq “ pAZ `BqpCZ `Dq´1

Then gpZq P Xn, and this defines an action of Spp2n,Rq on Xn. The action is transitive, and
the stabilizer of iIn P Xn is Upnq. If W is the imaginary part of gpZq then

W “

´

t
Z̄C ` tD

¯´1
Y pCZ `Dq´1.

Proof. Using the conditions for g being in Spp2n,Rq, one easily checks that

1

2i

´´

t
Z̄C ` tD

¯

pAZ `Bq ´

´

t
Z̄A` tB

¯

pCZ `Dq

¯

“
1

2i
pZ ´ Z̄q “ Y,

From this it follows that CZ ` D is invertible since if it had a nonzero nullvector v, then we
would have t̄vY v “ 0, which is impossible since Y " 0. To check that gpZq is symmetric,
gpZq “

tgpZq is equivalent to

pAZ `Bq
`

tZC ` tD
˘

“
`

tZA` tB
˘

pCZ `Dq

which is easily confirmed. Next the imaginary part W of gpZq is positive definite since

W “
1

2i
pgpZq ´ gpZqq “

1

2i

ˆ

pAZ `BqpCZ `Dq´1 ´

´

t
Z̄C ` tD

¯´1 ´t
Z̄A` tB

¯

˙

Simplifying this gives the desired expression; and W is Hermitian (real) and that W " 0. It
is easy to check that g pg1pZqq “ pgg1q pZq. To show that this action is transitive, note that if
Z “ X ` iY P Xn, then

ˆ

In ´X
0 In

˙

P Spp2n,Rq,
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13. Positivity of Lie Groups of Hermitian Type

and this matrix takes Z to iY . Now if h P GLpn,Rq, then
ˆ

h 0
0 th´1

˙

takes iY to iY 1, where

Y 1 “ hY th. Since Y " 0, we may choose h so that Y 1 “ In. This shows that any element in Xn

may be moved to iIn, and the action is transitive. To check that Upnq is the stabilizer of iIn,
let

A piInq `B “ pC piInq `Dq piInq

which implies A “ D,B “ ´C.

Therefore Spp2n,Rq{Upnq – Xn is a tube type Hermitian symmetric space since Upnq has center
S1.

Just like the classical Cayley transform cpzq “ z´i
z`i which maps H2 to the unit disc D2, the gen-

eralized Cayley transform is applicable to Hermitian symmetric spaces. It was shown by Cartan
and Harish-Chandra that any non-compact type Hermitian symmetric space is biholomorphic
to a bounded domain in a complex vector space. Piatetski-Shapiro [PS69] gave unbounded real-
izations. Korányi and Wolf [WK65, KW65] gave a completely general theory relating bounded
symmetric domains to unbounded ones by means of the Cayley transform.

Consider now the Cayley transform c P Spp2nq “ Spp2n,Cq X Up2nq for Spp2n,Rq{Upnq:

c “
1

?
2i

ˆ

In ´iIn
In iIn

˙

, c´1 “
1

?
2i

ˆ

iIn iIn
´In In

˙

To embed Xn in its compact dual Gc{K “ Spp2nq{Upnq, the first step is to interpret Gc{K as
an analog of the Riemann sphere, a space on which the actions of both groups G and Gc may
be realized as linear fractional transformations.

Define the Siegel parabolic subgroup HCWC (see below) of GC “ Spp2n,Cq:

P “

"ˆ

h 0
0 th´1

˙ˆ

I X
0 I

˙

: h P GLpn,Cq, X P Matpn,Cq, X “ tX

*

.

Followed from Iwasawa decomposition, it is easy to verify the following:

Proposition 13.2.

P Spp2nq “ Spp2n,Cq, P X Spp2nq “ cKc´1 “

"ˆ

g 0
0 tg´1

˙

: g P Upnq

*

.

Define Rn “ GC{P with dense open subset

R˝
n “

"

gP : g “

ˆ

A B
C D

˙

P Spp2n,Cq,detC ‰ 0

*

Ă Rn.

Here notice that if g is in Spp2n,Cq of block form with C invertible, then AC´1 “ tC´1 ¨tCA¨C´1

is symmetric since tCA is symmetric by definition. g, g1 define same coset if and only if there
exists some h P GLpn,Cq such that A1 “ Ah, C 1 “ Ch if and only if A1pC 1q´1 “ AC´1. From

this observation, we may define a bijection σ from Sympn,Cq to R˝
n by σpZq “

ˆ

Z ´I
I 0

˙

P ,

which can be rewritten as
ˆ

A B
C D

˙

P if and only if AC´1 “ Z.
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13.1. Examples of Hermitian type Lie groups

With the above notations, we have

gpσpZqq “

ˆ

A B
C D

˙ˆ

Z ´I
I

˙

P “

ˆ

AZ `B ´A
CZ `D ´C

˙

P “ σppAZ `BqpCZ `Dq´1q

if CZ `D is invertible.

Therefore we may identify Sympn,Cq with R˝
n, and the action of Spp2n,Cq is by linear fractional

transformations.

We may also identify Rn with Gc{K by means of the compositions of bijections

Gc{K
conjugation
ÝÝÝÝÝÝÝÑ Gc{cKc

´1 Proposition 13.2
ÝÝÝÝÝÝÝÝÝÝÑ GC{P “ Rn

Now we may apply c to embed Xn into its compact dual Rn:

Proposition 13.3.

cpXnq “ Dn :“
␣

W P R˝
n : I ´WW ą 0

(

“
␣

W P Matpn,Cq :W “ tW, I ´W ˚W ą 0
(

.

The group cSpp2n,Rqc´1, acting on Dn by linear fractional transformations, consists of all
symplectic matrices of the form

ˆ

A B

B A

˙

.

Proof. This is a direct computation:

Impc´1pW qq “ Imp´ipW ´ IqpW ` Iq´1q

“ ´
1

2

`

pW ´ IqpW ` Iq´1 ` pW ´ IqpW ` Iq´1
˘

“ ´
1

2

`

pW ´ IqpW ` Iq´1 ` pW ` Iq´1pW ´ Iq
˘

.

This is positive definite if and only if pW ` Iq Impc´1pW qqpW ` Iq ą 0; where the latter is

´
1

2
ppW ` IqpW ´ Iq ` pW ´ IqpW ` Iqq “ I ´WW.

For g P Spp2n,Cq, c´1gc “ c´1gc gives us the desired form of elements in cSpp2n,Rqc´1.

Proposition 13.4. (1) The closure of Dn is contained within R˝
n. The boundary of Dn

consists of all complex symmetric matrices W such that I ´WW is positive semidefinite
but such that detpI ´WW q “ 0.

(2) If W and W 1 are points of the closure of Dn in R˝
n that are congruent modulo cGc´1,

then the ranks of I ´WW and I ´W 1W 1 are equal.

(3) Let W be in the closure of Dn, and let r be the rank of I ´ WW . Then there exists
g P cGc´1 such that gpW q has the form

ˆ

Wr 0
0 In´r

˙

, Wr P Dr.
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13. Positivity of Lie Groups of Hermitian Type

Proof. The diagonal entries in WW are the squares of the lengths of the rows of the symmetric
matrix W . If I ´ WW is positive definite, these must be less than 1. So Dn is a bounded
domain within the set R˝

n. The rest of (1) is clear.

For (2), if g P cGc´1, see Proposition 13.3 of the form, W 1 “ gpW q,

I ´W
1
W 1 “ I ´

`

W tB ` tA
˘´1 `

W̄ tA` tB
˘

pAW `BqpBW `Aq´1.

Now the rank of I ´W
1
W 1 is the same as the rank of

`

W tB ` tA
˘ `

I ´ W̄ 1W 1
˘

pBW `Aq “ pW tB ` tAqpBW `Aq ´ pW tA` tBqpAW `Bq

“ I ´WW.

For (3), observe that up to an action by
ˆ

u 0
0 ū

˙

for some u P Upnq, we may assume that W

does not have 1 as an eigenvalue. Now c´1pW q “ ipI`W qpI´W q´1 “ X`iY P Xn. Since Y ě 0,
there exists some k P Opnq such that D “ kY k´1 is diagonal with nonnegative eigenvalues.

Consider γ “

ˆ

k 0
0 k

˙ˆ

I ´X
0 I

˙

P Spp2n,Rq, γpX ` iY q “ iD, then cγc´1pW q “ W 1 “

pD ´ IqpD ` Iq´1. The diagonal entries of I ´ W 1W 1 are 0 if and only if the corresponding
entries of D are 0. So after exchanging order of orthogonal basis of k, we will write W 1 “

diagpw1, . . . , wr,´1, . . . ,´1q, where ´1 ă wi ă 1. Then
ˆ

iIn 0
0 ´iIn

˙

¨W 1 will be the desired

special form.

Now let us fix r ă n and consider

Br “

"ˆ

Wr 0
0 In´r

˙

:Wr P Dr

*

By Proposition 13.3, the subgroup of cGc´1 of the form
¨

˚

˚

˝

Ar 0 Br 0
0 In´r 0 0

Br 0 Ar 0
0 0 0 In´r

˛

‹

‹

‚

is isomorphic to Spp2r,Rq, and Br is homogeneous with respect to this subgroup. Thus, Br is
a copy of the lower-dimensional Siegel space Dr embedded into the boundary of Dn.

Theorem 13.5. The Shilov boundary of Dn is Sympn,Cq X Upnq.

Proof. Let f P OpDnq X CpDnq, we show that |f | must take its maximum on Sympn,Cq XUpnq,
which is the unique closed cGc´1-orbit in Dn (union of all orbits of B0). This is sufficient because
cGc´1 acts transitively on Sympn,Cq X Upnq (Proposition 13.4), so the set Sympn,Cq X Upnq

cannot be replaced by any strictly smaller subspace with the same maximizing property.

Suppose x P Dn maximizes |f |. By Proposition 13.4, Dg P cGc´1, s.t. g ¨x P Br for some r ă n.
If r ą 0, then noting that f |g´1¨Br

P Opg´1 ¨ Brq, the maximum modulus principle implies that
f is constant on g´1 ¨ Br and hence |f | takes the same maximum value on Bpg´1 ¨ Brq, which
intersects Sympn,Cq X Upnq.
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13.1. Examples of Hermitian type Lie groups

Notice that the action of Upnq on Lagrangian Grassmannians L (Upnq embedded in Spp2n,Rq)
is transitive; the stabilizer of a point is readily verified to be Opnq and we get L » Upnq{Opnq.
Now consider the action of Upnq on Sympn,CqXUpnq by conjugation, the action is still transitive
and the stabilizer of In is Opnq, so Sympn,Cq X Upnq – Upnq{Opnq.

Therefore we can identify L with Sympn,Cq X Upnq.

13.1.2. SUpn, nq

This is quite similar to Spp2n,Rq. Explicitly,

SUpn, nq “ tg P SLp2n,Cq : g˚In,ng “ In,nu , where In,n “

ˆ

In 0
0 ´In

˙

.

Consider domain T :“ tZ P Matpn,Cq : Z˚Z ă Inu, then one can check that the linear fractional

transformation gpZq “ pAZ`BqpCZ`Dq´1 for g “

ˆ

A B
C D

˙

P SUpn, nq and Z “ X`iY P T

is well-defined, which determines a transitive action.

The stabilizer of 0 is

StabSUpn,nqp0q “

"ˆ

A 0
0 D

˙

P SUpn, nq

*

“

"ˆ

A 0
0 D

˙

:
A˚A “ D˚D “ In
detpAq detpDq “ 1

*

“ SpUpnq ˆ Upnqq

which is maximal compact.

The center Z pSpUpnq ˆ Upnqqq “

"ˆ

λIn 0
0 µIn

˙

:
|λ| “ |µ| “ 1

pλµqn “ 1

*

is non-trivial.

If Z P T , then I ´ Z is invertible, the inverse Cayley transform

c´1 : T ÝÑ Hermpn,Cq ` iHerm`pn,Cq

Z ÞÝÑ i
I ` Z

I ´ Z

is biholomorphic (verify: 1
2i rcpZq ´ cpZq˚s “ pI ´ Z˚q

´1
rI ´ Z˚Zs pI ´ Zq

´1
P Herm`pn,Cq),

where Hermpn,Cq is the (real) vector space of Hermitian matrices and Herm`pn,Cq is the (real)
cone of positive definite ones.

Therefore SUpn, nq{SpUpnqˆUpnqq – T – Hermpn,Cq`iHerm`pn,Cq is a Hermitian symmetric
space of tube type.

The Shilov boundary of T is

qSn,n “ tZ P MnpCq : In ´ Z˚Z “ 0u

which corresponds to the space of maximal isotropic subspaces

Ison,n “
␣

L P Grn
`

C2n
˘

: |ω|L “ 0
(

Ă Xn,n

under the Borel embedding Xn,n “
␣

L P Grn
`

C2n
˘

: |ω|L ą 0
(

Ă Grn
`

C2n
˘

Remark 13.6. A general description of Borel embedding, Harish-Chandra embedding and the
Shilov boundaries in each realizations can be found in [Wie04].
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13. Positivity of Lie Groups of Hermitian Type

13.1.3. SOpn, 2q (n ą 2)

Consider the domain (also known as the Lie ball):

DIVn :“

"

Z P Cn : Z˚Z ă
1

2

´

1 `
ˇ

ˇ

tZZ
ˇ

ˇ

2
¯

ă 1

*

“

"

z P Cn :
ÿ

|zi|
2

ă
1

2

ˆ

1 `

ˇ

ˇ

ˇ

ÿ

z2i

ˇ

ˇ

ˇ

2
˙

ă 1

*

then one can check that linear fractional transformation

SOpn, 2q ˆ DIVn ÝÑ DIVn

ˆˆ

A B
C D

˙

, Z

˙

ÞÑ

AZ `B

ˆ

1
2ptZZ ` 1q
i
2ptZZ ´ 1q

˙

p1, iq ¨

ˆ

CZ `D

ˆ

1
2ptZZ ` 1q
i
2ptZZ ´ 1q

˙˙

is a transitive action, which can be extended continuously to DIVn . The stabilizer of 0 is easily
verified to be SOpnq ˆ SOp2q, which has non-trivial center.

To describe a tube domain expression of DIVn , first we introduce the future tube in Cn`1

(n ě 0):

τ`pnq “ Rn`1 ` iV ` “
␣

z P Cn`1 : y2 “ y20 ´ y21 ´ . . .´ y2n ą 0, y0 ą 0
(

.

where the sharp convex subset

V ` “ V `pnq “
␣

y P R1,n : y2 ą 0, y0 ą 0
(

.

is usually called the future cone.

The reason of its name is that for n “ 3, R1,3 with the Lorentz inner product becomes the
Minkowski spacetime. The boundary Bτ`p3q consists of the smooth part

S “
␣

ζ “ ξ ` iη P C4 : η2 “ 0, η0 ą 0
(

and the distinguished boundary

M “
␣

ζ “ ξ ` iη P C4 : η “ 0
(

– R4,

Through any point ζ P S there passes a generator lζ of the cone

Γ` “ BV ` “
␣

η P R1,3 : η2 “ 0, η0 ě 0
(

called a real light ray. The complexification λζ of the ray lζ which coincides with a complex
halfplane λζ “ tξ ` αη : α P C, Imα ą 0u is called a complex light ray.

We will give a biholomorphism between the n-dimensional Lie ball DIVn and the future tube
τ`pn´ 1q. This biholomorphism is a composition of two mappings.

The first mapping is a realization of τ`pn ´ 1q as a domain on a complex quadric in CPn`1.
Let us introduce the new variables

z1 “
s1
s0
, . . . , zn´1 “

sn´1

s0
, z0 “

sn
s0
.

In these variables the domain τpn´1q “
␣

z P pR1,n´1q2 : y2 ą 0
(

will transform to the domain

T 1 “

!

s P Cn`2 : ´ |s0|
2

´ ¨ ¨ ¨ ´ |sn´1|
2

` |sn|
2

` 2Re ps̄0sn`1q ą 0 ,

´s20 ´ ¨ ¨ ¨ ´ s2n´1 ` s2n ` 2s0sn`1 “ 0
(
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13.1. Examples of Hermitian type Lie groups

Changing the variables s0, s1, . . . , sn`1 to the variables t0 “ s0 ´ sn`1, t1 “ s1, . . . , tn`1 “ sn`1

we can write T 1 in the form

T “

!

t P Cn`2 : ´ |t0|
2

´ ¨ ¨ ¨ ´ |tn´1|
2

` |tn|
2

` |tn`1|
2

ą 0 ,

´t20 ´ ¨ ¨ ¨ ´ t2n´1 ` t2n ` t2n`1 “ 0
(

which is a section of the domain rT “

!

t P Cn`2 : |t0|
2

` ¨ ¨ ¨ ` |tn´1|
2

ă |tn|
2

` |tn`1|
2
)

by the

complex quadric
␣

t20 ` ¨ ¨ ¨ ` t2n´1 “ t2n ` t2n`1

(

. The domains T and rT are given by homogeneous
relations so it is more natural to consider them as domains in CPn`1. Note that the Levi form
of the domain rT being restricted to the complex tangent space of B rT at a point t with tn`1 ‰ 0
has one negative and n positive eigenvalues. The domain T has two components distinguished
by the sign of Im tn

tn`1
. τ`pn ´ 1qis biholomorphic to the domain T` on the quadric in CPn`1

given in homogeneous coordinates as follows

T` “

!

rt0 : t1 : ¨ ¨ ¨ : tn`1s : |t0|
2

` ¨ ¨ ¨ ` |tn´1|
2

ă |tn|
2

` |tn`1|
2 ,

t20 ` ¨ ¨ ¨ ` t2n´1 “ t2n ` t2n`1, Im
tn
tn`1

ą 0

*

The second mapping given by

w0 “
t0

tn ` itn`1
, . . . , wn´1 “

tn´1

tn ` itn`1
.

transforms the domain T` biholomorphically onto the domain DIVn .

The composed mapping of τ`pn´ 1q onto DIVn is given by

w0 “ i
1 ` z2

pz ` iq2
, w1 “ i

2z1
pz ` iq2

, . . . , wn´1 “ i
2zn´1

pz ` iq2

where i “ pi, 0, . . . , 0q. We conclude that SOpn, 2q{pSOpnq ˆ SOp2qq – DIVn – τ`pn ´ 1q is a
Hermitian symmetric space of tube type.

The distinguished boundary of τ`pn´ 1q transforms into the set

SL “

!

|w0|
2

` ¨ ¨ ¨ ` |wn´1|
2

“ 1,
ˇ

ˇw2
0 ` ¨ ¨ ¨ ` w2

n´1

ˇ

ˇ “ 1
)

.

Set w “ u ` iv, pz, ωq “ z0ω0 ` z1ω1 ` ¨ ¨ ¨ ` zn´1ωn´1. Then the intersection of SL with the
complex sphere Σ1 “ tw P Cn | pw,wq “ 1u is given by the equations |u|2 ´ |v|2 “ 1, pu, vq “

0, |u|2 ` |v|2 “ 1. It follows that v “ 0; hence Σ1 intersects SL in the pn ´ 1q-dimensional real
sphere

␣

u P Rn | |u|2 “ 1
(

. So SL can be written as

qS :“ SL “

!

eiθu | u P Sn´1 Ă Rn
)

» S1 ˆ Sn´1{Z2,

which is also the (distinguished) Shilov boundary of DIVn , known as the Lie sphere.

Remark 13.7. For the convenience of readers, we record at here the classification of all irre-
ducible Hermitian symmetric spaces, according as to whether or not they are of tube type:

tube type nontube type
SUpn, nq SUpp, qq, p ą q

Spp2n,Rq

SO˚p2nq, n even SO˚p2nq, n odd
SOpn, 2q

E7p´25q E6p´14q

where E7p´25q and E6p´14q correspond to the exceptional Hermitian symmetric spaces of com-
plex dimension 27 and 16 , respectively.

69



13. Positivity of Lie Groups of Hermitian Type

13.2. Maslov index and a semigroup

For Spp2n,Rq, consider

V “

"

g P Spp2n,Rq : g “

ˆ

In 0
M In

˙

,M P Sympn,Rq

*

W “

"

g P Spp2n,Rq : g “

ˆ

In N
0 In

˙

, N P Sympn,Rq

*

and

H “

"

g P Spp2n,Rq : g “

ˆ

A 0
0 tA´1

˙*

– GLpn,Rq

where the matrices are written with respect to a symplectic basis. Define

Spp2n,Rqą0 :“ V ą0H˝Wą0

where

V ą0 “

"ˆ

In 0
M In

˙

P V :M P Pospn,Rq

*

,Wą0 “

"ˆ

In N
0 In

˙

P W : N P Pospn,Rq

*

and H˝ is the identity component of H. To show Spp2n,Rqą0 is a subsemigroup, we only need
to verify the product of an element in Wą0 with an element in V ą0 is in V ą0H˝Wą0. Notice
if N,M P Pospn,Rq, then I ` NM is invertible since if it had a nonzero nullvector v, then
Mv “ ´N´1v, then tvMv “ ´ tvN´1v, a contradiction. An explicit calculation (in view of
block Gaussian elimination) is

ˆ

I N
0 I

˙ˆ

I 0
M I

˙

“

ˆ

I `NM N
M I

˙

“

ˆ

I 0
MpI `NMq´1 I

˙ˆ

I `NM 0
0 I ´MpI `NMq´1N

˙ˆ

I pI `NMq´1N
0 I

˙

.

Remark 13.8. The definition for Spp2n,Rqą0 is obtained from Θ-positive structure by taking
Θ “ tαnu, where the restricted roots αi “ ei ´ ei`1, αn “ 2en.

We will see that a triple pL1, L2, L3q P L3 is positive if and only if Dg P Spp2n,Rq such that
gpL1, L2, L3q “ pLE , uLE , LF q for some u P Wą0 if and only if pL1, L2, L3q has maximal Maslov
index n, where LE “ spante1, ¨ ¨ ¨ , enu, LF “ spantf1, ¨ ¨ ¨ , fnu are two standard Lagrangians,
tf1, ¨ ¨ ¨ , fn, e1, ¨ ¨ ¨ , enu is a symplectic basis with respect to ω.

Now we generalize this construction to any Hermitian Lie group G which is of tube type.

First we briefly introduce the notion of Jordan algebras and their relationship with symmetric
cones. For details, a good reference is [FK94].

Definition 13.9. A Jordan algebra is a vector space V with a bilinear (not necessarily associ-
ative) product V ˆ V Ñ V, px, yq ÞÑ xy with

yx “ xy

x
`

x2y
˘

“ x2pxyq.

We always assume that V has an identity element e.
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An idempotent in V is an element c P V satisfying c2 “ c. Two idempotents c and d are said to
be orthogonal if cd “ 0. Since then

xc, dy “ xc2, dy “ xc, cdy “ xc, 0y “ 0,

orthogonal idempotents are orthogonal with respect to the inner product.

Remarks 13.10. (1) @x P V , we usually denote by Lpxq : V Ñ V the multiplication by x.

(2) Let c be an idempotent in a Jordan algebra. It is not hard to verify that the only possible
eigenvalues of Lpcq are 0, 1

2 and 1. (verify the identity 2Lpcq3 ´ 3Lpcq2 ` Lpcq “ 0)

A Jordan algebra over R is said to be Euclidean if there exists a positive definite symmetric
bilinear form x¨, ¨y : V ˆ V Ñ R which is associative; i.e. xxu, yy “ xu, xyy for all x, y, u P V .

An idempotent is called primitive if it is non-zero and cannot be written as sum of two (necessar-
ily orthogonal) non-zero idempotents. A complete system of orthogonal primitive idempotents
or a Jordan frame, is a set of primitive idempotents c1, . . . , cm satisfying

cicj “ 0, @i ‰ j,
m
ÿ

i“1

ci “ e.

Let V be a finite-dimensional Euclidean Jordan algebra over R, we define the rank of V as

rkpV q :“ maxtdegpxq | x P V u,

where degpxq is the degree of the unique minimal polynomial of x. An element x P V is called
regular if degpxq “ rkpV q.

Proposition 13.11 (Characteristic polynomial). The set of regular elements is open and dense
in V . There exist polynomials a1, . . . , ar on V such that the minimal polynomial of every regular
element x P V in the variable λ is given by

fpλ, xq “ λr ´ a1pxqλr´1 ` ¨ ¨ ¨ ` p´1qrarpxq.

The polynomials ai are unique and homogeneous of degree i.

Another useful result is

Theorem 13.12 (Spectral decomposition of type II). Suppose V has rank r. Then for every
x in V there exists a Jordan frame c1, . . . , cr and real numbers λ1, . . . , λr such that

x “

r
ÿ

j“1

λjcj .

The numbers λj (with their multiplicities) are uniquely determined by x. Moreover,

akpxq “
ÿ

1ďi1ď¨¨¨ďikďr

λi1 . . . λik ,

where akp1 ď k ď rq is the polynomial defined in the above proposition.
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13. Positivity of Lie Groups of Hermitian Type

The reason why we choose Jordan algebras is the cones of squares give a full characterization
of symmetric cones that we now describe.

Let V be a Euclidean Jordan R-algebra and let K be the set of all squares, i.e,

K :“
␣

x2 : x P V
(

.

If x2 P K and α ě 0 then αx2 “ p
?
αxq2 P K. It follows that K is a cone. We call K the cone

of squares of V . Furthermore, it can be shown that K is a closed symmetric cone, cf. [FK94].
(i.e. homogeneous and self-dual; AutpKq transitively on the interior of K, K “ K˚)

Remark 13.13. Since K is closed, here K˚ is the dual closed cone K˚ :“ ty P V | xx, yy ě

0,@x P Ku. If C is an open convex cone in V , we say that C is homogeneous if AutpCq transitively
on C; is self-dual if C “ C˚, where C˚ is the dual open cone C˚ :“ ty P V | xx, yy ą 0,@x P Czt0uu.

Proposition 13.14. Let I be the set of invertible elements in V , then K˝ “
␣

x2 | x P I
(

, where
K˝ is the interior of K.

Proof. y P K˚ if and only if xy, x2y “ xLpyqx, xy ě 0 for all x P V , if and only if Lpyq is positive
semidefinite. Since K “ K˚, we need to verify that Lpyq is positive definite if and only if y “ w2

for some invertible w.

Necessity: Suppose Lpyq ą 0, and y “
řr

i“1 λici is the spectral decomposition. Since

xLpyqci, ciy “ λi xci, ciy “ λi }ci}
2

ą 0,

we know λi ą 0. Therefore y is invertible and y “ w2 with w “
řr

i“1

?
λici.

Sufficiency: Suppose y “ w2 for invertible w “
řr

i“1 λici, notice that we have
@

zL
`

w2
˘

, z
D

“
@
řr

i“1 λ
2
iL pciq z, z

D

. Since w is invertible, the eigenvalues of w2 are greater than zero, i.e.
λi ą 0 for all i. Hence we only need to verify for each z P V zt0u, there is some i such that
xLpciqz, zy ą 0. Suppose not, Dz0 P V zt0u s.t. xLpciqz0, z0y “ 0 for all i. (remark that Lpciq ě 0)
Therefore

0 “

r
ÿ

i“1

xL pciq z0, z0y “

r
ÿ

i“1

xciz0, z0y “ xez0, z0y “ xz0, z0y,

which is a contradiction since z0 ‰ 0.

From this relation one can also prove that K˝ is an open symmetric cone. We have mentioned
that K is a closed symmetric cone; in fact, the converse also holds. We state the following result
which is a Jordan algebraic characterization of symmetric cones.

Theorem 13.15 (Theorem III.3.1 in [FK94]). A cone is symmetric if and only if it is the cone
of squares of some Euclidean Jordan algebra.

Proposition 13.16. Let V be an Euclidean Jordan R-algebra with rank r and K its cone of
squares. If x P V is such that x “

řr
i“1 λici, where pciqi“1,...,r is a Jordan frame, then λi ě 0,

resp. ą 0. for i “ 1, . . . r if and only if x P K, resp. K˝.

Proof. If λi ě 0 then we can write x “ y2, with y “
řr

i“1

?
λici, which means that x P K.

In case that λi ą 0 for i “ 1, . . . , r, we know that x is invertible, and it follows that x P K˝.
Conversely, if x P K we have x “ y2, with y P V . If we denote αi the eigenvalues of y, we can
write x “

řr
i“1 α

2
i ci where α2

i ’s are the eigenvalues of x, which are greater or equal than zero.
If x P K˝ then y is invertible, therefore α2

i ’s are greater than zero.
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We denote K˝ by Ω, tube domain TΩ :“ V ‘iΩ “ t
ř

µici | Imµi ą 0u. Via the Cayley transform
cpzq “ pz ´ ieqpz ` ieq´1, TΩ is biholomorphic to bounded symmetric domain in V C:

D :“
!

v “
ÿ

λici P V C : pciq Jordan frame, |λi| ă 1
)

.

The Shilov boundary of TΩ is V . (Proposition IX.5.5 in [FK94]) For the Shilov boundary Š of
D, we have:

Proposition 13.17 (Proposition.X.2.3, Theorem.X.4.6 in [FK94]). Let D Ă V C be a bounded
symmetric domain in the complexification of an Euclidean Jordan algebra V . The following are
equivalent:

(1) z P Š,

(2) z “
ř

λici, where c1, . . . , cr is a Jordan frame and |λi| “ 1,

(3) z P cpV q,

(4) z̄ “ z´1.

Example 13.18. For Xn “ Sympn,Rq ` iPospn,Rq, define X ˝ Y :“ XY `Y X
2 for X,Y P

Sympn,Rq, where XY denotes the usual matrix product. The inner product is defined as
xX,Y y “ TrpX ˝ Y q “ TrpXY q for all X,Y P Sympn,Rq. One can check that pSympn,Rq, ˝q is
a Euclidean Jordan algebra. Any X P Sympn,Rq has spectral decomposition:

X “

n
ÿ

i“1

λiqi
tqi

where λi P R, i “ 1, . . . , n, are the eigenvalues of X and qi, i “ 1, . . . , n are unitary eigenvectors
of X. Each qi tqi is an idempotent;

␣

q1
tq1, . . . , qn

tqn
(

is a Jordan frame.

AutpPospn,Rqq “ GLpn,Rq{t˘Inu acts on Spp2n,Rq transitively by g ¨ x :“ gx tg. For any
Y P Pospn,Rq˚, xY, ξ tξy ą 0 for all nonzero ξ P Rn. Namely, trpY ξ tξq “

ř

i,j yijξiξj ą 0, which
implies Y P Pospn,Rq. On the other hand, take any X P Pospn,Rq, Y P Pospn,Rqzt0u, we
write Y “

řn
i“1 µiqi

tqi for µi ě 0,@i but not all 0. Then TrpXY q “
ř

i µi
tqiXqi ą 0, hence

X P Pospn,Rq˚. This shows Pospn,Rq “ Pospn,Rq˚, therefore Pospn,Rq is an open symmetric
cone.

For the Maslov cocycle, we follow Anna Wienhard’s definition in [Wie04], which is a slight
variation of Clerc’s definition [Cle04].

Let T : X “ G{K Ñ TΩ “ V ` iΩ be a biholomorphism, where Ω Ă V is a symmetric convex
cone in the real vector space V ; D the bounded domain realization and Š its Shilov boundary;
rX the rank of X. Then as mentioned in previous sections, Š is a homogeneous G-space of the
form G{Q, where Q is a specific parabolic subgroup (which is maximal if X is irreducible). Two
points x, y P Š are transversal if px, yq lies in the open G-orbit in Š2.

Let
Šr3s :“

␣

px1, x2, x3q P Š3 : xi is transverse to xj , xk for some i
(

be the space of triples, where one point is transverse to the other two. For any triple px1, x2, x3q P

Šr3s, we may assume that T px3q “ 8 and y1 “ T px1q , y2 “ T px2q P V by using the transitivity
of the G-action on Š, then the Maslov cocycle is defined to be

τ px1, x2, x3q :“ k` py2 ´ y1q ´ k´ py2 ´ y1q ,

where k˘ are the numbers of positive respectively negative eigenvalues in the spectral decom-
position of py2 ´ y1q with respect to a Jordan frame pcjqj“1,...,rX

.
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13. Positivity of Lie Groups of Hermitian Type

Remark 13.19. Let px1, x2, x3q P Šr3s with τ px1, x2, x3q “ rX , then px1, x2, x3q are pairwise
transverse since if we assume x3 is transverse to x1, x2 w.l.o.g., then τ “ rX implies eigenvalues
of y2 ´ y1 are all positive; especially y2 ´ y1 is invertible.

Given any triple x1, x2, x3 P Š, using G-action we may assume that x1, x2, x3 are transverse to
8, hence y1, y2, y3 in V . The cocycle identity allows us to define τ on Š3 as

τ px1, x2, x3q “ τ px1, x2,8q ` τ px2, x3,8q ´ τ px1, x3,8q

“ pk` py2 ´ y1q ´ k´ py2 ´ y1qq

` pk` py3 ´ y2q ´ k´ py3 ´ y2qq

´ pk` py3 ´ y1q ´ k´ py3 ´ y1qq .

This clearly defines a G-invariant real function on Š3. We call a triple px1, x2, x3q P Š3 maximal
if τ px1, x2, x3q attains its maximal possible value rkpV q “ rX .

If we restrict ourselves to pairwise transverse triples (usually denoted by Šp3q), we will recover
Clerc and Ørsted’s definition of Maslov index given in [CØ01].

Under the Cayley transform c, cp8q “ e, cp0q “ ´e, we also let

εk :“
k
ÿ

i“1

ci ´

rX
ÿ

i“k`1

ci P Š

which is a point on Š following from Proposition 13.17, where pcjqj“1,...,rX
is a fixed Jordan

frame. We have

cpεkq “

¨

˝

k
ÿ

j“1

p1 ´ iqcj ´

rX
ÿ

j“k`1

p1 ` iqcj

˛

‚¨

¨

˝

k
ÿ

j“1

p1 ` iqcj ´

rX
ÿ

j“k`1

p1 ´ iqcj

˛

‚

´1

“

¨

˝

k
ÿ

j“1

p1 ´ iqcj ´

rX
ÿ

j“k`1

p1 ` iqcj

˛

‚¨
1

2

¨

˝

k
ÿ

j“1

p1 ´ iqcj ´

rX
ÿ

j“k`1

p1 ` iqcj

˛

‚“ p´iqεk,

hence τ p´e, p´iqεk, eq “ k` pεkq ´ k´ pεkq “ 2k ´ rX .

Theorem 13.20 (Theorem 4.3 in [CØ01], Theorem 3.5 in [Cle04]). There are exactly rX ` 1
orbits of pairwise transverse triples in Š3 under the action of G. Each p´e, p´iqεj , eq, 0 ď j ď

rX , represents one orbit. The function τ takes values in t´rX ,´rX ` 2, . . . , rX ´ 2, rXu and it
classifies all these G-orbits.

Therefore we can also define for any pairwise transverse triple px1, x2, x3q, τ px1, x2, x3q “ 2k ´

rX , where k is the unique integer, 0 ď k ď rX , such that px1, x2, x3q is conjugate under G to
the triplet p´e, p´iqεk, eq. See [CØ01].

Remarks 13.21. For tube type bounded symmetric domain D, πτ actually coincides with
the restriction of Bergmann cocycle β on Šp3q. For non-tube type D, however, β

`

Šp3q
˘

“

r´πrX , πrXs. See [Wie04] Chapter 5 for details.
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13.2. Maslov index and a semigroup

Fix x, z P Š “ G{Q such that StabGpzq “ Q, StabGpxq “ Qopp. Given any y P G{Q transverse
to z, there exists unique u P UniRadpQq such that y “ ux, where UniRadpQq is the unipotent
radical of the parabolic Q.

Denote by
Uą0 :“ tu P UniRadpQq | τ px, ux, zq “ rXu ,

Uopp,ą0 :“ tv P UniRadpQoppq | τ pz, vz, xq “ rXu ,

L˝ :“ identity component of QXQopp.

then we can define the positive subsemigroup Gą0 Ă G to be the subsemigroup generated by
Uą0, Uopp,ą0 and L˝.
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14. Positivity of Triples of Flags
by Raphael Appenzeller, Francesco Fournier-Facio

14.1. Flags

In this section we introduce the objects that we will be working with. We start with the flag
variety, then consider the relevant (semi)groups, and finally put both together by letting the
(semi)groups act on the flag variety.

14.1.1. The flag variety

Definition 14.1. A flag is an pn´1q-tuple pF1, . . . , Fn´1q, where Fi is a vector subspace of Rn

of dimension i, and Fi Ă Fi`1 for all 1 ď i ď pn´ 2q.

The set of flags is denoted by FlagpRnq and is called the (full) flag variety.

The two most basic examples of flags also turn out to be the most important ones:

Example 14.2. Let teiu
n
i“1 be the canonical basis of Rn.

The standard ascending flag is F “ pF1, . . . , Fn´1q, where Fi “ xe1, . . . , eiy.

The standard descending flag is E “ pE1, . . . , En´1q, where Ei “ xen, . . . , en´i`1y.

In some sense, these two flags are opposite each other. One way to formalize this is the follow-
ing:

Definition 14.3. Two flags F 1, F 2 are transverse, denoted F 1&F 2, if F 1
i XF 2

n´i “ t0u for every
1 ď i ă n. Equivalently, F 1 and F 2 are transverse if F 1

i ‘ F 2
n´i “ Rn for every 1 ď i ă n.

Given a flag F , the set of flags transverse to F is denoted by ΩF .

Example 14.4. The standard ascending and descending flags are transverse to each other.

The full flag variety FlagpRnq comes equipped with a natural topology, induced by the inclusion
in a product of Grassmannians FlagpRnq Ă Grpn, 1q ˆ ¨ ¨ ¨ ˆ Grpn, n´ 1q.

Proposition 14.5. Let F be the standard ascending flag. Then ΩF is open and dense in F .

Remark 14.6. We will soon show that FlagpRnq is a homogeneous space. Therefore the state-
ment of the proposition holds for every flag, not only the standard ascending one.
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14.1. Flags

Proof idea. Let F 1 P ΩF . If another flag F 2 is close enough to F 1, then F 1
i is close to F 2

i , and
so every element of Rn “ F 1

i ` Fn´i is close to an element of F 2
i ` Fn´i, which is not possible

if dimpF 2
i ` Fn´iq ă n. Thus F 2 P ΩF , which shows that ΩF is open.

Now let F 1 P FlagpRnq be arbitrary, then for every i we can modify F 1
i by a small amount in

a direction transverse to Fn´i in order to obtain a subspace F 2
i such that F 2

i ` Fn´i “ Rn. It
is possible to do this in a compatible way on every i by an induction argument, to put these
spaces together into a flag F 2, which is then an element of ΩF close to F 1. This shows that ΩF

is dense in FlagpRnq.

A further relevant notion is the following, which may be thought of as an analogue of transvers-
ality for triples of flags:

Definition 14.7. A triple of flags pF 1, F 2, F 3q is generic if for all a, b, c ě 0 such that a`b`c “

n, it holds F 1
a ` F 2

b ` F 3
c “ Rn.

By choosing a, b or c to be equal to 0, we see that if pF 1, F 2, F 3q is generic, then the three
flags are pairwise transverse. The converse is not true however (contrary to what is claimed in
[BD14]), as the following example shows:

Example 14.8. Let F be the standard ascending, and E the standard descending flag. Let T
be defined by T1 :“ xt1y and T2 :“ xt1, t2y, where

t1 :“

¨

˝

y
z
1

˛

‚ and t2 :“

¨

˝

x
1
0

˛

‚

(it will be soon clear why we chose this notation). If y ‰ 0 and xz´y ‰ 0, then E,F and T are
pairwise transverse. However, if z “ 0, then the triple is not generic, since E1`F1`T1 “ xe1, e3y.
As a concrete example, one can take x “ 1, y “ 1 and z “ 0.

14.1.2. The (semi)groups

We will be working in the group G :“ GLpn,Rq and the main players will be its subgroups B
of upper-triangular matrices, and U of unipotent upper-triangular matrices. We further denote
by tB and tU the subgroups of lower-triangular and unipotent lower-triangular matrices, and
A :“ B X tB the group of diagonal matrices.

Recall from the previous talk that a matrix g P G is called totally positive if each of its minors
is positive. We denote by Gą0 the subset of totally positive matrices. Especially relevant for
this talk is the subset Uą0: this is defined as the set of matrices in U such that every minor
(that is not forced to be zero) is positive.

Example 14.9. Suppose that n “ 3. Then each u P U is of the form
¨

˝

1 x y
0 1 z
0 0 1

˛

‚

where a, b, c P R. Most minors are already determined: for instance the p1, 3q minor is 0, and
the p1, 1q minor is 1. The condition that u P Uą0 then amounts to:

x ą 0, y ą 0, z ą 0, xz ´ y ą 0.
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14. Positivity of Triples of Flags

We remark the following fact:

Lemma 14.10. Gą0 and Uą0 are subsemigroups.

Proof. This follows easily from the Cauchy–Binet Formula (see Proposition 11.5 and its proof).

14.1.3. The action

There is a natural action of G on FlagpRnq, given by g ¨ pF1, . . . , Fn´1q “ pgF1, . . . , gFn´1q. The
following result gives the important properties of this action that will be used in the definition
of positivity.

Proposition 14.11. The action of G on FlagpRnq has the following properties:

(1) (Naturality) The action is continuous and preserves the notions of transversality and
genericity.

(2) (Transitivity) The action of G on FlagpRnq is transitive, and the action of G on pairs of
transverse flags is transitive.

(3) (Stabilizers) Let F be the standard ascending flag. Then the stabilizer of F is the Borel
subgroup B, and the induced action of U on ΩF is simply transitive.

Proof. The first item is clear from the definitions. For transitivity, let T be a flag, and choose
elements t1, . . . , tn´1 such that Ti “ xt1, . . . , tiy. Then the element g P G whose i-th column
is ti sends the standard ascending flag F to T . Now the statement on transitivity on pairs of
transverse flags will follow from the third item.

It is easy to see that B is the stabilizer of F . Next, we prove that U acts transitively on ΩF . We
prove this by induction on n. For n “ 1 is clear. Now let n ą 1 and assume that the statement
is true up to pn ´ 1q. Let T P ΩF : we need to show that there exists u P U such that uE “ T ,
where E is the standard descending flag.

Let v P Rn be a vector such that T1 “ xvy. Since T&F , it holds T1 ` Fn´1 “ Rn, so the last
coordinate of v is non-zero. Therefore, up to rescaling, we may assume that the last coordinate
of v is 1. This allows to consider a matrix u P U whose last column is v. In other words
uE1 “ uxeny “ xvy “ T1. Since no condition has been imposed on the first pn ´ 1q columns of
u, by induction we may choose them so that uEi “ Ti for every other i. Thus uE “ T .

It remains to show that the action is simply transitive. Since we already know it is transitive,
it suffices to show that the stabilizer in U of the standard descending flag E is trivial. Now the
stabilizer in G of E is just tB, so the intersection of the two stabilizers is B X tB, that is, the
subgroup A of diagonal matrices. Since U intersects A trivially, we conclude.
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14.2. Positivity of triples of flags via total positivity of groups

From the properties of the action in Proposition 14.11 we deduce that we can identify U with
the set of flags transverse to F via the orbit of E:

U – ΩF

u ÞÑ uE

This allows us to give the following definition:

Definition 14.12. Let T be a flag. The triple pE, T, F q is called positive (relative to E,F ) if
there exists u P Uą0 such that T “ uE.

Remark 14.13. We follow the convention of Guichard-Wienhard [GW18]. Some authors
[BD14, BD17, FG06] permute the order and say pE,F, T q is positive.

Example 14.14. We consider flags in R3. Let

u “

¨

˝

1 2 1
0 1 1
0 0 1

˛

‚, then uE “

$

&

%

C

¨

˝

1
1
1

˛

‚

G

,

C

¨

˝

1
1
1

˛

‚,

¨

˝

2
1
0

˛

‚

G

,

.

-

.

Using the criterion from Example 14.9 it is easy to see that u is totally positive, and thus
pE, uE, F q is a positive triple of flags.

We recommend to solve the following exercise now.

Exercise 14.1. Consider the following flag in R3

T “

¨

˝

C

¨

˝

1
´1
1

˛

‚

G

,

C

¨

˝

1
´1
1

˛

‚,

¨

˝

´2
1
0

˛

‚

G

˛

‚.

(a) Is there a u P U such that pE, T, F q “ pE, uE, F q?

(b) Is there a u P Uą0 such that pE, T, F q “ pE, uE, F q?

The solution to (a) is

u “

¨

˝

1 ´2 1
0 1 ´1
0 0 1

˛

‚

which has some negative entries, thus u R Uą0. Remember that U acts on ΩF simply transitively
and thus the element u P U with uE “ T is unique, answering (b) negatively.

If pE, T, F q is positive, then F&T (because the action preserves transversality: Proposition
14.11) and the element u P Uą0 such that uF “ T is unique. Moreover, E,F and T are
pairwise transverse. Something stronger is true:

Lemma 14.15. Let pE, T, F q be a positive triple (relative to E,F ). Then pE, T, F q is generic.

For the proof, we introduce the following notation, which will also be used in the next section:
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14. Positivity of Triples of Flags

Notation 14.16. Let g P G, and let a, b, c ě 0 be such that a ` b ` c “ n. Split g as a block
matrix as follows.

g “

¨

˝

paˆ aq

pcˆ cq

pbˆ bq

˛

‚

We denote by gpa, b, cq the highlighted pcˆ cq block.

While this may seem a little arbitrary, it will be clear through the course of the proof how these
blocks - and their minors - appear naturally when considering triples of the form pE, uE, F q.

Proof. Let u P Uą0 be the unique element such that T “ uE. We need to show that for every
a, b, c ě 0 such that a` b` c “ n, it holds Fa `Eb ` Tc “ Rn. Now we have Fa “ xe1, . . . , eay,
Eb :“ xen, . . . , en´b`1y, and Tc is the span of the last c columns of the matrix u. Since u is
totally positive, upa, b, cq has positive determinant. In particular, the last c columns of u span
xea`1, . . . , en´by modulo Fa ` Eb. We conclude that Fa ` Eb ` Tc “ Rn.

Remark 14.17. Therefore the set tT P FlagpRnq : pE, T, F q is positiveu is a subset of ΩE XΩF .
By Proposition 14.11, it can be identified with Uą0, and in particular it is connected. In fact,
Lusztig even proved that it is a connected component of ΩE X ΩF [Lus94]. This is not very
relevant for our purposes so we would not get into detail.

We can extend the definition from triples of this form to all triples by exploiting the high
transitivity of the action.

Definition 14.18. A triple of flags pF 1, F 2, F 3q is (GW)-positive, if there exists g P G such
that pgF 1, gF 2, gF 3q “ pE, uE, F q with u P Uą0. This is the definition used in [GW18].

One should be careful to notice that while pE, T, F q is positive relative to E,F implies that it
is (GW)-positive, the converse does not hold, as the following exercise shows.

Exercise 14.2. Show that pE, T, F q from Exercise 14.1 is (GW)-positive.

One can check pE, T, F q is (GW)-positive using g “

¨

˝

´1
1

´1

˛

‚. In fact we have the following

characterisation.

Lemma 14.19. Let u P U . Then pE, uE, F q is (GW)-positive if and only if there exists a
diagonal matrix d such that dud´1 P Uą0.

Proof. If the triple pE, uE, F q is (GW)-positive, then there exists d P G such that pdE, duE, dF q “

pE, vE, F q, where v P Uą0. This implies that d stabilizes both E and F , and therefore it must be
a diagonal matrix. Moreover, since d stabilizes both E and F , it is also true that dud´1E “ vE.
Now it is easy to see that dud´1 P U , and so by simple transitivity (Proposition 14.11), it follows
that dud´1 “ v P Uą0.

Conversely, if dud´1 P Uą0, then d ¨ pE, uE, F q “ pdE, duE, dF q “ pE, dud´1E,F q, which is
positive relative to E,F .

Example 14.20. (Triples on the circle) In R2, flags consist only of one subspace, and thus the
flag variety can be identified with the projective line, which is homeomorphic to a circle. Note
that every triple consisting of three distinct points is (GW)-positive, while only some triples are
positive relative to E,F , namely those which are positively oriented in the usual sense.
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14.3. Positivity via triple ratios

The notion of positivity introduced in the previous section has one disadvantage, namely that
the standard ascending and descending flags seem to play a central role, even though the defin-
ition applies to all flags. In this section we introduce a set of coordinates that parametrizes
the G-orbits on generic triples of flags, and allows to give a definition of positivity that is more
intrinsic. In this section, we follow [BD14].

Let pE,F, T q be a generic triple of flags. For 0 ď i ď n, fix a generator epiq P ΛipEiq – R, which
we also see as an element of ΛipRnq. Similarly, fix generators f piq and tpiq of ΛipFiq and ΛipTiq.
Now if a` b` c “ n, then epaq ^ f pbq ^ tpcq P ΛnpRnq – R. Note that since the triple is generic,
this element is never 0.

Definition 14.21. Fix an identification of ΛnpRnq with R. Let a, b, c ě 1 be such that a`b`c “

n. Then we define the pa, b, cq-triple ratio of the triple pE,F, T q as follows:

TabcpE,F, T q :“
epa`1q ^ f pbq ^ tpc´1q

epa´1q ^ f pbq ^ tpc`1q
¨
epaq ^ f pb´1q ^ tpc`1q

epaq ^ f pb`1q ^ tpc´1q
¨
epa´1q ^ f pb`1q ^ tpcq

epa`1q ^ f pb´1q ^ tpcq
.

Note that each epiq appears exactly once on the numerator and exactly once on the denominator
(if it does appear). Therefore the definition of TabcpE,F, T q is independent of the choice of the
generators epiq. The same holds of course for the choices of f piq and tpiq. It is a little less clear
that is independent of the choice of the identification ΛnpRnq – Rn:

Lemma 14.22. For all γ P G, it holds TabcpE,F, T q “ TabcpγE, γF, γT q. In particular,
TabcpE,F, T q is independent of the choice of the identification ΛnpRnq – Rn.

Proof. We choose γ ¨ epiq as a generator of ΛipγEiq, which we are allowed to do by the previous
remark. Then for every a, b, c ě 0 such that a` b` c “ n it holds

γ ¨ epaq ^ γ ¨ f pbq ^ γ ¨ tpcq “ detpγq ¨ epaq ^ f pbq ^ tpcq.

Since there are three such expressions in the numerator and three in the denominator, the detpγq

cancel out, and we obtain TabcpγE, γF, γT q “ TabcpE,F, T q.

In fact, much more is true:

Theorem 14.23 (Fock-Goncharov [FG06]). Two triples pE,F, T q and pE1, F 1, T 1q are in the
same G-orbit if and only if their triple ratios coincide. Moreover, every possible set of non-zero
triple ratios is attained by some triple.

The definition of positivity is then natural in terms of these coordinates:

Definition 14.24. The triple pE,F, T q is called (BD)-positive if all triple ratios are positive.

In order to facilitate the computations, we prove the following:

81



14. Positivity of Triples of Flags

Lemma 14.25. Let a, b, c ě 0 be such that a ` b ` c “ n. Let F be the standard ascending,
and E the standard descending flag, and let T :“ uE for some u P U . Then, under a suitable
choice of generators,

f paq ^ epbq ^ tpcq “ p´1qtb{2u`tc{2u`bc ¨ detupa, b, cq,

where upa, b, cq is as in Notation 14.16. Thus, for every a, b, c ě 1 such that a ` b ` c “ n, it
holds:

TabcpF,E, T q “
detupa` 1, b, c´ 1q

detupa´ 1, b, c` 1q
¨
detupa, b´ 1, c` 1q

detupa, b` 1, c´ 1q
¨
detupa´ 1, b` 1, cq

detupa` 1, b´ 1, cq
.

Proof. We choose the following generators:

f piq :“ e1 ^ ¨ ¨ ¨ ^ ei; epiq :“ en ^ ¨ ¨ ¨ ^ en´i`1; tpiq “ un ^ ¨ ¨ ¨ ^ un´i`1;

where uj denotes the j-th column of u. Then we use the formula for wedges in terms of
determinants to obtain:

f paq ^ epbq ^ tpcq “ detpe1 ¨ ¨ ¨ ea | en ¨ ¨ ¨ en´b`1 | un ¨ ¨ ¨un´c`1q.

Flipping the last c columns changes this determinant by p´1qtc{2u, and gives

det

¨

˝

Ia 0 ˚

0 0 upa, b, cq
0 Jb ˚

˛

‚“ det

ˆ

0 upa, b, cq
Jb ˚

˙

where Jb is the pbˆ bq matrix with 1 on the antidiagonal and 0 elsewhere. Next, we compute

det

ˆ

0 upa, b, cq
Jb ˚

˙

“ p´1qb`c`1 det

ˆ

0 upa, b, cq
Jb´1 ˚

˙

“ p´1qb`c`1¨p´1qb`c¨det

ˆ

0 upa, b, cq
Jb´2 ˚

˙

“ ¨ ¨ ¨ “

˜

b`c`1
ź

j“c`2

p´1qj

¸

detupa, b, cq “ p´1qtb{2u ¨ p´1qbc ¨ detupa, b, cq.

The last equality follows from the fact that there are tb{2u odd numbers in tc`2, . . . , b` c`1u,
unless b and c are both odd, in which case there are rb{2s “ ´tb{2u. We conclude that

f paq ^ epbq ^ tpcq “ p´1qtb{2u ¨ p´1qtc{2u ¨ p´1qbc ¨ detupa, b, cq.

Using this formula to compute TabcpF,E, T q, the signs p´1qtb{2u and p´1qtc{2u each appear exactly
once in the numerator and once in the denominator, so they all cancel out. As for the terms
of the form p´1qbc, these also cancel out, since the parity of bc does not change when each of b
and c is changed by ˘2.

Example 14.26. Let n “ 3, and let consider pF,E, uEq. There is only one triple ratio to
consider, namely T111. By the previous formula,

u “

¨

˝

1 x y
0 1 z
0 0 1

˛

‚ñ T111pF,E, uEq “
1

xz ´ y
¨
1

1
¨
y

1
“

y

xz ´ y
.

Therefore pF,E, uEq is (BD)-positive if and only if y and xz ´ y have the same sign, and are
non-zero (the last condition ensures that pF,E, uEq is generic).
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14.4. Equivalence of the two definitions

The two definitions may look different at first sight, but this is not the case:

Theorem 14.27 (Fock-Goncharov [FG06]). A triple pE, T, F q is (GW)-positive if and only if
it is (BD)-positive.

We start by remarking the following, which accounts for the fact that the two definitions use
different conventions in terms of orderings of the triples (as is apparent from Lemma 14.25):

Lemma 14.28. The notion of (BD)-positivity is independent of the ordering of the triple.

Proof. By [BD14, Lemma 5], it holds:

TabcpE,F, T q “ TbcapF, T,Eq “ TbacpF,E, T q´1;

this follows from elementary computations on the wedges appearing in the definition. The
first equality shows that, upon applying a cyclic permutation, the set of triple ratios itself is
permuted, and in particular the positivity of each triple ratio is not affected. The same holds
under a transposition flipping the first two flags: the second equality shows that then the set
of triple ratios is permuted and inverted, but again the positivity of each triple ratio is not
affected.

Therefore it suffices to show that pE, T, F q is (GW)-positive if and only if pF,E, T q is (BD)-
positive.

We start with the easier implication:

Proof of (GW) ñ (BD). Suppose that pE, T, F q is (GW)-positive. Note that both notions are
not affected by the action of G: this holds by definition for (GW)-positivity, and follows from
Lemma 14.22 for (BD)-positivity. Therefore we may assume that E is the standard descending
flag, that F is the standard ascending flag, and that T “ uE, where u P Uą0. We now need to
show that the triple pF,E, uEq is (BD)-positive.

First, it is generic, by Lemma 14.15. Moreover, each triple ratio Tabc is expressed in terms of
minors of u, by Lemma 14.25. But u is totally positive, so each of these minors is positive. It
follows that each triple ratio is positive and we conclude.

The other implication is more involved, and goes beyond the scope of this exposition, so we
only present the proof in case n “ 3. Recall that in this case there is only one triple ratio
involved (Example 14.26), so it is surprising that from this one can recover a totally positive
matrix, something which imposes four positivity conditions (Example 14.9). This apparent
incompatibility of the two definitions is resolved by remembering that the definition of (GW)-
positivity actually allows for more matrices than just totally positive ones: this was made
explicit in Lemma 14.19, and it will be crucial in the proof.

Proof of (BD) ñ (GW) for n “ 3. Suppose that pF,E, T q is (BD)-positive. Again, we note
that both notions are not affected by the action of G, which is transitive on pair of transverse
flags by Proposition 14.11, so we may assume that E is the standard descending flag and F is
the standard ascending flag. Since this triple is generic, in particular T is transverse to F , and
so by Proposition 14.11 there exists a unique u P U such that T “ uE. Our goal is to show
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14. Positivity of Triples of Flags

that there exists a diagonal matrix d such that dud´1 P Uą0, which will conclude the proof by
Lemma 14.19.

Now the condition that pF,E, uEq is (BD)-positive amounts to the positivity of the triple ratio
T111pF,E, uEq. By Example 14.26, we have:

T111pF,E, uEq “
y

xz ´ y
; where u “

¨

˝

1 x y
0 1 z
0 0 1

˛

‚.

In other words, y and pxz ´ yq are non-zero and have the same sign. We split into two cases.

Suppose that y ą 0. Then xz ą y ą 0, so x and z are non-zero and have the same sign. If they
are both positive, then u is totally positive by Example 14.9 and we are done. Otherwise, if x
and z are both negative, we let d :“ diagp1,´1, 1q, and then

dud´1 “

¨

˝

1 ´x y
0 1 ´z
0 0 1

˛

‚.

This matrix is totally positive by Example 14.9: indeed, all relevant entries are positive, and
the only relevant other minor is p´xqp´zq ´ y “ xz ´ y ą 0.

Suppose instead that y ă 0. Then xz ă y ă 0, so x and z are non-zero and have opposite signs.
Let d :“ psgnpxq, 1, sgnpzqq. Then

dud´1 “

¨

˝

1 sgnpxqx sgnpxq sgnpzqy
0 1 sgnpzqz
0 0 1

˛

‚“

¨

˝

1 |x| ´y
0 1 |z|

0 0 1

˛

‚.

This matrix is totally positive by Example 14.9: indeed, all relevant entries are positive, and
the only relevant other minor is |xz| ´ p´yq “ ´pxz ´ yq ą 0, since we know that xz ă 0.

14.5. Generalizations

It is possible to generalize the notion of positivity of triples to quadruples and more generally
to n-tuples. This may be done using quadruple ratios as in [BD14] or by checking positivity of
some relevant triples, as in [GW18]. Another way to generalize positivity of triples it to consider
generalized flag varieties, which we will do in this section. Yet another generalization is given
by taking non-full flags.

So far we considered G “ GLpn,Rq and the Borel subgroup of upper triangular matrices B ă G.
We defined a Borel subgroup to be a connected subgroup with LiepBq “ a‘αPΣ`gα. Note that

NGpBq “
␣

g P G : gBg´1 Ď B
(

“ B.

We call all subgroups of the form gBg´1 for g P G Borel subgroups. Then G acts by conjugation
on the set of Borel subgroups tgBg´1u. The group G also acts transitively on the flags by
multiplication, and we get a G-equivariant map

tBorel subgroups gBg´1u Ñ FlagpRnq

gBg´1 ÞÑ gF

StabGpT q Ð[ T
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14.6. The flag variety for the symplectic group

Thus we may identify

FlagpRnq – G{StabGpF q “ G{NGpBq “ G{B.

The notion of flags in Rn is tightly intertwined with GLpn,Rq, and it is not obvious how to
generalize flags. However Borel subgroups are available more generally, so we will use them to
define our “generalized flags”. Let now G be a simple split real linear algebraic Lie group, for
example SLpn,Rq or Spp4,Rq. General theory [Bor91] tells us, that there exists a Borel subgroup
B Ď G, (defined as maximal among the connected solvable subgroups), which satisfies

NGpBq “
␣

g P G : gBg´1 Ď B
(

“ B.

We note that G acts on the set of Borel subgroups by g.B “ gBg´1. It is a theorem [Bor91,
IV.11.1] that any two Borel subgroups are conjugate, therefore the action of G on the set of
Borel subgroups is transitive.

Definition 14.29. The generalized flag variety is the set of Borel subgroups G{B.

For positivity of triples of elements in the generalized flag variety we need an opposite Borel
group tB and a notion of positivity Uą0 for unipotent subgroups U Ď B. Previous talks have
constructed these objects, see Chapter 12.

Definition 14.30. A triple pF1, F2, F3q P pG{Bq3 is positive if there is a g P G and u P Uą0

such that gpF1, F2, F3q “ ptB, u tB,Bq.

We note that for G “ GLpn,Rq, this is the definition of (GW)-positivity.

14.6. The flag variety for the symplectic group

We work out the case Spp4,Rq and give an interpretation to the generalized flag variety. Recall

that Spp4,Rq “ tA P GLp4,Rq : AJ2,2
tA “ J2,2u for J2,2 “

ˆ

I2
´I2

˙

. A standard Borel

subgroup B and unipotent subgroup U are given by

B “

"ˆ

X Y
0 tX´1

˙

P GLp4,Rq : X “

ˆ

‹ ‹

0 ‹

˙

, X tY “ tY X

*

U “

"ˆ

X Y
0 tX´1

˙

P GLp4,Rq : X “

ˆ

1 ‹

0 1

˙*

Uą0 “

$

’

’

&

’

’

%

¨

˚

˚

˝

1 b` d ´bcd bc
0 1 ´pad` ab` cdq a` c

1 0
´pb` dq 1

˛

‹

‹

‚

P GLp4,Rq

,

/

/

.

/

/

-

We can interpret R4 “ xx1, x2, y1, y2y as a symplectic vector space with the symplectic 2-form
ω defined by

ωpxi, yjq “ δij “ ´ωpyj , xiq,

ωpxi, xjq “ 0 “ ωpyi, yjq.
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14. Positivity of Triples of Flags

Definition 14.31. A sub-vector space V Ď R4 is isotropic if ωpV, V q “ 0.

Example 14.32. The sub-vector space xx1y is isotropic. xx1, x2y is maximal isotropic.

Definition 14.33. A sub-vector space that is maximal isotropic is called a Lagrangian.

It can be shown that the generalized flag variety Spp4,Rq{B can be identified with the isotropic
complete flags in R4 with the standard symplectic form. In particular we have

tBorel subgroups of Spp4,Rqu –
␣

isotropic complete flags in pR4, ωq
(

B ÞÑ txx1y, xx1, x2yu “: F
tB ÞÑ txy1y, xy1, y2yu “: E.

Note that BE “ E and tBF “ F . This justifies the following definition.

Definition 14.34. A symplectic flag is a complete isotropic flag.
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15. The Maslov Index
by Samuel Bronstein, Ilia Smilga

All the definitions and theorems of this session come from Lion and Vergne’s book: [LV80].

15.1. Maslov index in the symplectic group

Consider Spp2n,Rq the subgroup of GLp2n,Rq of elements preserving the symplectic form ω
defined by wpX,Y q “ tXJn,nY for X,Y P R2n with:

Jn,n “

ˆ

0 In
´In 0

˙

.

A basis of R2n in which w translates as Jn,n is called a symplectic basis. In this regard, an endo-
morphism of R2n belongs to Spp2n,Rq if and only if its sends a symplectic basis onto a symplectic
basis. We are interested here in the maximal isotropic subspaces, i.e. the Lagrangians:

Definition 15.1 (Lagrangian subspace). L Ă R2n is Lagrangian if it is n-dimensional and
w|LˆL “ 0. The set of Lagrangian subspaces will be denoted L.

We refer to the previous sections for the fact that L is actually the Shilov boundary of the
Siegel disk, which is the symmetric space of Spp2n,Rq. As such, there is a notion of positivity
of triples on L, of which we here bring another description. This notion of positivity being
invariant by conjugation, it is natural to study the orbits of the Spp2n,Rq action on triples of
Lagrangians.

Proposition 15.2. • The set L is homogeneous: L “ Spp2n,Rq{T , where:

T “

"ˆ

M SM
0 tM´1

˙

: S P Sympn,Rq,M P GLpn,Rq

*

(15.1)

• The Spp2n,Rq action is transitive on the set of pairs of transverse Lagrangians, denoted
L2,T . We have the identification:

L2,T “ Spp2n,Rq{GLpn,Rq (15.2)

Proof. Of course the action by conjugation on the considered sets is an action by isometries, the
main trouble is to convince oneself of the transitivity of those action: For a pair of transverse
Lagrangian, concatenating two basis of the Lagrangians yields a symplectic basis of R2n. As
we always can send a symplectic basis onto another one via an element of Spp2n,Rq, it follows
that the action is transitive. We let the reader compute the stabilizers. The stabilizer of the
standard pair of transverse Lagrangian is the subset of T defined by S “ 0.
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15. The Maslov Index

More generally, one could have shown that the orbits of the conjugation action on pairs of
Lagrangians are characterized by the degree of the intersection of the Lagrangians. Keep in
mind that, given pL1, L2q a transverse pair of Lagrangians, w gives an isomorphism L2 « L˚

1 .
That clarification done, let us give a first definition of the Maslov index, due to Kashiwara:

Definition 15.3 (Maslov Index). For pL1, L2, L3q a triple of Lagrangians, the Maslov index is
denoted τpL1, L2, L3q and defined as the signature of the quadratic form Q on L1 ˆ L2 ˆ L3:

Qpx1, x2, x3q “ wpx1, x2q ` wpx2, x3q ` wpx3, x1q (15.3)

There are several nice properties that we can easily deduce from this definition: The Maslov
index is invariant by conjugation by an element of Spp2n,Rq, it is an integer between ´3n and
3n, it is alternating. Conveniently, we also have the following property, called the chain rule.

Proposition 15.4 (Chain rule). For pL1, L2, L3, L4q Lagrangians, we have:

τpL1, L2, L3q “ τpL1, L2, L4q ` τpL2, L3, L4q ` τpL1, L3, L4q (15.4)

This last property leads to think of the Maslov index as some kind of cocycle, but it is not
the topic we are interested in here. For transverse triples, we have another possible definition,
which is easier to handle:

Proposition 15.5. For a pairwise transverse triple of Lagrangians pL1, L2, L3q, its Maslov
index is the signature of the quadratic form S on L2 defined by:

Spx2q “ ωpp13x2, p31x2q (15.5)

where pij denotes the projection on Li with kernel Lj, well defined because of transversality.

Proof. A small computation allows us to show:

Qpx1, x2, x3q “ Bpp13x2, p31x2q ´Bpx1 ´ p13x2, x3 ´ p31x2q (15.6)
“ Spy2q ´Bpy1, y3q (15.7)

with py1, y2, y3q another set of coordinates. As such, it is clear that the signature of Q equals
the signature of S.

Remark 15.6. • This proposition is actually true as soon as L1 X L3 “ H, we do not
need that L2 is transverse to the others. However, L2 being transverse to L1 and L3 is
equivalent to asking that S is non-degenerate.

• This gives a more precise bound on the Maslov index: For transverse triples, it is less or
equal than n.

• We can check that Bpp13x, p31yq is symmetric on L2, so this is is the bilinear form asso-
ciated to S.

It remains to check that the Maslov index actually distinguishes the orbits of the Spp2n,Rq

action on the set of transverse triples.
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15.2. Maslov index in Hermitian Lie groups of tube type

Theorem 15.7. For pL1, L2, L3q transverse triple, there is a symplectic basis pp1, . . . , pn, q1, . . . , qnq

and 0 ď k ď n such that:

L1 “ xp1, . . . , pny (15.8)
L2 “ xq1, . . . , qny (15.9)
L3 “ xp1 ` ε1q1, . . . , pn ` εnqny (15.10)

where εi “ 1 if i ď k and εi “ ´1 otherwise. Then the Maslov index is:

τpL1, L2, L3q “ n´ 2k (15.11)

Proof. the quadratic form S being non-degenerate, one can choose q1, . . . , qn basis of L2 such
that Spqi, qjq “ ´εjδij . But L1and L2 being transverse, the symplectic form ω yields an
isomorphism L1 “ L˚

2 . So take the dual basis of pqiq to be a basis of L1, denoted ppiq.

Finally, fix zi “ p13qi. Check that for all j, Bpzi, qjq “ ´εjδij Thus (by uniqueness of the dual
basis) zi “ ´εipi. This means that pqi ` εipiq is a basis of L3, and so is ppi ` εiqiq.

It is clear from this theorem that the maximality of the Maslov index corresponds to the
maximality previously defined on Spp2n,Rq. This is the main motivation for generalizing the
Maslov index to Hermitian Lie groups of tube type.

Remark 15.8 (n=1). For n “ 1, the set of Lagrangians correspond to the circle seen as the
boundary of the Poincaré Disk. In this setting, the Maslov index distinguishes the two orbits,
on which it assigns 1 or ´1.

15.2. Maslov index in Hermitian Lie groups of tube type

To generalize this notion, one needs the notion of Euclidean Jordan algebra.

Definition 15.9. A Euclidean Jordan algebra is the data of:

• a real vector space V ,

• a scalar product on V denoted x¨, ¨y,

• a bilinear product ˝ : V ˆ V Ñ V ,

such that the following is verified:

• there is e P V such that for any x P V , x ˝ e “ e ˝ x “ x,

• x ˝ y “ y ˝ x,

• x ˝ px2 ˝ yq “ x2 ˝ px ˝ yq,

• xx ˝ u, vy “ xu, x ˝ vy.

If V is a Euclidean Jordan algebra, we also define Ω the open cone of squares as the interior of
tv2 : v P V u.

A model-example for such a structure is V “ Sympn,Rq with the natural operations and the
open cone of squares coincides with the set of positive definite matrices.

This is enough to define what is a Hermitian group of tube type:
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Definition 15.10 (Hermitian group of tube type). A Hermitian Lie Group G is said to be of
tube type if there is a Euclidean Jordan algebra V with open cone of squares Ω such that the
homogeneous space G{K identifies with the tube domain TΩ :“ tX ` iY : X P V, Y P Ωu. One
can rephrase that by saying that G acts transitively on TΩ with stabilizers conjugates of K.

Example 15.11. For G “ Spp2n,Rq, one can consider V “ Sympn,Rq with the action on TΩ
being:

ˆ

A B
C D

˙

¨ Z “ pAZ `BqpCZ `Dq´1 (15.12)

Conveniently, we have a full classification of Hermitian Lie groups of tube type into four infinite
families and one exceptional Lie group:

G V
Spp2n,Rq Sympn,Rq

SUpn, nq Hermpn,Cq

SO˚p4nq Hermpn,Hq

E7p´25q Hermp3,Oq

SOp2, nq R ˆ Rn´1 with pa, vq ˝ pb, wq “ pab` xv, wy, aw ` bvq

The infinite boundary on which we want to consider the G-action comes from Hermitian Lie
group theory, we give a vague definition here:

Definition 15.12 (Shilov Boundary). For G Hermitian Lie group of tube type, the Shilov
boundary S is a certain flag variety of G. For G “ Spp2n,Rq, S corresponds to the set of
Lagrangian subspaces.

Actually, the action on S is quite well understood:

Proposition 15.13. There is a point 8 P S such that:

• ts P S|s&8u « V Ă TΩ

• StabGp8q “ tg : TΩ Ñ TΩ : gpZq “ AZ ` B with A P GLpV q and B P V u. In particular
the G-action on the set of transverse pairs is transitive.

• ts P S|s&8, s&0u « V ˚ “ tv P V : det v ‰ 0u

• The stabilizer of a pair p0,8q is GpΩq “ tg P GLpV q : gpΩq “ Ωu.

As a corollary, the G-orbits of transverse triples correspond to GpΩq-orbits in V ˚. The main
tool that we use is the spectral decomposition for Euclidean Jordan algebras:

Proposition 15.14 (Spectral decomposition). Let V be a Euclidean Jordan algebra. Then for
any v P V , there is c1, . . . , cr a Jordan frame, i.e. such that:

• @i we have c2i “ ci and ci ‰ cj ` ck,

• @i ‰ j we have cicj “ 0,

•
ř

ci “ e,

and there are unique eigenvalues λ1, . . . , λr such that v “
ř

λici.
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Remark 15.15. As det v “
ś

λi, v is invertible if and only if λi ‰ 0 for all i ‰ 0. Then we
can define the signature of v in the following way: sgnpvq “ |ti : λi ą 0u| ´ |ti : λi ă 0u|.

It is a well known fact that the signature is invariant under the GpΩq-action on V ˚, and then
the Maslov index is the corresponding invariant for the action on transverse triples.
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16. Introduction to Theta-Positivity
by Clarence Kineider

Total positivity in split real Lie groups and maximality in Hermitian Lie groups of tube type
have a lot in common. The notion of Θ-positivity will unify those two cases under the same
definition. Moreover, we have a complete description of all semisimple Lie groups admitting
a Θ-positive structure which includes two new family of groups, namely SOpp, qq, p ‰ q and
exceptional groups with restricted root system of type F4.

In this chapter we will do every computation in SLpn,Rq.

Let G a real semisimple Lie group with finite center and g its Lie algebra. Let K be a maximal
compact subgroup of G, k its Lie algebra, and kK the orthogonal of k with respect to the Killing
form. Let a be a maximal abelian Cartan subspace of kK, and denote by Σ “ Σpg, aq the system
of restricted roots (see Part II for all necessary definitions). Choose ∆ Ă Σ a set of simple roots
and let Σ` be the set of positive roots with respect to ∆.

Example 16.1. For G “ SLpn,Rq, K “ SOpnq and k is the set of skew-symmetric matrices.
Then kK is the set of traceless symmetric matrices, and a is the set of traceless diagonal
matrices. The restricted root system is Σ “ tαij :“ εi ´ εj : i, j P t1, . . . , nu , i ‰ ju, where
εi : papqqp,qPt1,...,nu ÞÑ aii. The standard choice of simple roots is ∆ “ pαi,i`1qiPt1,...,n´1u, and
the set of positive roots associated is Σ` “ pαijqiăj . The weight space gαij

is the 1-dimensional
subspace of slpn,Rq spanned by Eij .

Now let Θ Ă ∆ be any subset of simple roots (Θ can be empty). Let Σ`
Θ “ Σ`zSpanp∆zΘq,

and let
uΘ “

ÿ

αPΣ`
Θ

gα, uoppΘ “
ÿ

αPΣ`
Θ

g´α

and
lΘ “ g0 ‘

ÿ

αPΣ`XSpanp∆zΘq

gα ‘ g´α .

As Lie algebra, g splits into g “ uoppΘ ‘ lΘ ‘ uΘ. Moreover lΘ acts on uΘ by the Lie bracket, and
we would like to understand this action and its properties. The group G acts on g by the adjoint
representation, denote by PΘ the normalizer in G of uΘ and P opp

Θ the normalizer of uoppΘ . Those
are the standard parabolic subgroups associated with Θ, and the corresponding Levi subgroup
is LΘ “ PΘ X P opp

Θ . Let us complete the list with UΘ “ exppuΘq and pΘ “ LiepPΘq.

Proposition 16.2. lΘ is the Lie algebra of LΘ and pΘ “ lΘ ‘ uΘ.

Example 16.3. For G “ SLpn,Rq let us choose Θ “ tαi,i`1, αj,j`1u with 1 ď i ă j ă n. Then
the Lie algebra slpn,Rq admits the following block decomposition :
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¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

˚ . . .

i

˚

i` 1

˚ . . .

j

˚

j ` 1

˚ . . . ˚

...
. . .

...
...

. . .
...

...
. . .

...

i ˚ . . . ˚ ˚ . . . ˚ ˚ . . . ˚

i` 1 ˚ . . . ˚ ˚ . . . ˚ ˚ . . . ˚

...
. . .

...
...

. . .
...

...
. . .

...

j ˚ . . . ˚ ˚ . . . ˚ ˚ . . . ˚

j ` 1 ˚ . . . ˚ ˚ . . . ˚ ˚ . . . ˚

...
. . .

...
...

. . .
...

...
. . .

...

˚ . . . ˚ ˚ . . . ˚ ˚ . . . ˚

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

, tr “ 0.

In the following examples we refer to this block decomposition when speaking about matrices
defined block-wise. The Levi subalgebra lΘ is the set of traceless block-diagonal matrices, the
algebra uΘ is the set of block strictly upper triangular matrices and pΘ “ lΘ ‘ uΘ is the set of
traceless block-upper triangular matrices :

lΘ “

$

&

%

¨

˝

˚

˚

˚

˛

‚, tr “ 0

,

.

-

, uΘ “

$

&

%

¨

˝

˚ ˚

˚

˛

‚, tr “ 0

,

.

-

, pΘ “

$

&

%

¨

˝

˚ ˚ ˚

˚ ˚

˚

˛

‚, tr “ 0

,

.

-

.

The parabolic subgroup PΘ is the stabilizer of the standard (partial) flag of Rn with subspaces
of dimensions p0, i, j, nq.

Since LΘ is a reductive group, we need to know its center, the Cartan subalgebra of its Lie
algebra etc. in order to understand the action of LΘ on uΘ. First, lΘ splits into its center ZplΘq

and its semisimple part l1Θ “ rlΘ, lΘs:

lΘ “ ZplΘq ‘ l1Θ .

Its center ZplΘq once again splits in two parts: zΘ “ ZplΘq X kK “ ZplΘq X a and ZplΘq X k.

Fact 16.4. The Cartan subalgebra of lΘ is aΘ “ aX l1Θ, its restricted root system is the
restriction of ΣX Spanp∆zΘq to aΘ, a possible choice of simple roots are the restriction of ∆zΘ
to aΘ, and the corresponding Dynkin diagram is the largest subgraph of the Dynkin diagram
of G with vertices ∆zΘ.

Note that since a Ă lΘ X kK, we have

a “ aΘ ‘ zΘ .

In particular, zΘ acts on uΘ by restriction of the action of a on g, so uΘ decomposes into weight
spaces for this action:

uΘ “
à

βPz˚
Θ

uβ, (16.1)

where
uβ “ tx P uΘ : @z P zΘ, adpzq.x “ βpzqxu (16.2)

is L0
Θ-invariant.

Moreover if a root α P a˚ vanishes on zΘ (i.e. lies in a˚
Θ) then α P Spanp∆zΘq.
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The inclusion zΘ Ă a induces a projection i˚ : a˚ Ñ z˚
Θ given by the restriction of a linear form

on a to zΘ. Thus we can write uβ as a sum of weight spaces for the action of a:

uβ “
ÿ

αPΣ`
Θ,α|zΘ“β

gα .

Suppose that β is the restriction of a root α P Θ. Then α is the only element of SpanpΘq which
restricts to β, allowing us the following slight abuse of notation:

uα :“ uβ “
ÿ

γPSpanNp∆zΘq

gα`γ . (16.3)

Example 16.5. Using the same choice of Θ as in the previous example, the objects introduced
above are the following: the center ZplΘq of lΘ is the set of matrices of the form

¨

˚

˚

˝

λIi

µIj´i

νIn´j

˛

‹

‹

‚

with iλ ` pj ´ iqµ ` pn ´ jqν “ 0. The semisimple part of lΘ is then the set of block-diagonal
matrices for which every block is traceless. In this situation, ZplΘq is entirely contained in a, so
zΘ “ ZplΘq. The weight spaces uβ are the block-upper triangular matrices in uΘ for which only
one block is non-zero, and the uβ with β P Θ are the one where the non-zero block is just above
the diagonal. The third uβ (the one with the top right block) is associated to the restriction of
the root αi,j`1 “ αi,i`1 ` ¨ ¨ ¨ ` αj,j`1 to zΘ, and all the roots αi`1,i`2, . . . , αj´1,j vanish on zΘ.

In [GW18] the irreducibility of uβ is stated as a fact, but the proof is not completely straight-
forward and is due to Kostant.

Theorem 16.6 ([Kos10, Theorem 0.1]). For all β P z˚
Θ, uβ is an irreducible representation of

L0
Θ, and

“

uβ, uβ1

‰

“ uβ`β1 .

Definition 16.7. Let V be a finite dimensional real vector space. A cone in V is a subset C
stable by positive scalar multiplication, i.e. @x P C, @λ ą 0 we have λx P C. The cone C is said
sharp if it contains no affine line.

Example 16.8. The sharpness condition ensure the cone is not too "wide", for instance the
half plane H Ă R2 is a cone, but not sharp since it contains many horizontal affine lines.

We are interested in sharp convex cones as they will give a good analog of Rą0 in R, which is
our first example of sharp convex cone. A second example of sharp convex cone is the set of
positive definite symmetric matrices in the space of symmetric matrices.

Since LΘ is not necessarily connected, denote L0
Θ the connected component of the identity in

LΘ. We now have all the tool to give the definition of Θ-positivity.

Definition 16.9. We say that pG,Θq admits a Θ-positive structure if for all β P Θ, the action
of L0

Θ on uβ preserves a sharp convex cone.
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16. Introduction to Theta-Positivity

We already know two notions of positivity, namely total positivity and maximality. Our goal is
now to explain why those are Θ-positive structure, for a suitable choice of Θ.

Example 16.10. Let us begin with total positivity in G “ SLpn,Rq to simplify the notations.
For Θ “ ∆ (with the usual choice of ∆ for SLpn,Rq), the Levi subgroup LΘ is the subgroup of
diagonal matrices of determinant 1, and all of the weight spaces associated to elements of Θ are
one-dimensional:

@β “ αi,i`1 P Θ, uβ “ gβ “ xEi,i`1y .

In Lusztig’s total positivity, see Chapter 12, the semigroup of positive elements of a split real
Lie group is generated by elements of the form uiptq “ In ` tEi,i`1 “ expptEi,i`1q, with t ą 0.
Here the sharp convex cone in uβ “ gαi,i`1

is the cone of positive scalar multiples of Ei,i`1.

Example 16.11. Now for maximality, let us treat the case G “ Spp2n,Rq. For the choice
Θ “ tαnu where αn is the root at the end of the Dynkin diagram with two arrows pointing out,
there is only one space uβ, namely uαn . In this case the space uαn can be identified with the
space of symmetric matrices of size n, and the sharp convex cone is the set of positive definite
matrices. More details on the computations can be found in the exercise section.
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17. The Classification Theorem
by Pierre-Louis Blayac, Balthazar Fléchelles

We will try to prove the following classification theorem for Θ-positive structures.

Theorem 17.1 ([GW18, thm 4.3]). A simple Lie group G admits a Θ-positive structure if and
only if pG,Θq falls in one of the following cases:

(1) G is a split real Lie form, and Θ “ ∆,

(2) G is Hermitian of tube type and Θ “ tαru,

(3) G is locally isomorphic to SOpp, qq with p ă q, and Θ “ tα1, . . . , αp´1u,

(4) G is a real form of F4, E6, E7 or E8 whose restricted root system is of type F4, and
Θ “ tα1, α2u.

Recall that a Θ-positive structure on G is linked to the existence of sharp convex cones invariant
under the Levi subgroup L˝

Θ in uβ for β P Θ. Conveniently, [Ben00, Prop. 4.7] gives a nice
criterion for an irreducible representation of a semisimple Lie group to preserve a sharp convex
cone, which translates into the following fact:

Fact 17.2. A semi-simple Lie group G admits a Θ-positive structure is positive if and only if

(i) gβ is 1-dimensional for every β P Θ,

(ii) The node in the Dynkin diagram of G corresponding to the restricted root β P Θ is either
disconnected from ∆zΘ, or linked to ∆zΘ via a double arrow pointing toward ∆zΘ.

Once this is established, it is not hard to find the list of Theorem 17.1. For example, one can use
the Tables 1 and 4 in [OV94] to write an explicit list of the Lie groups admitting a Θ-positive
structure, and then check in another reference the list of split real Lie forms (all rows of Table
4 of [OV94] whose column “dim gλj

” only indicates 1; one can also consult [Kna02, §C.3-4])
and Hermitian groups of tube type [BIW07, Rem. 2.1]. Another reference is [Hel01, Chapter
X, Table VI]. Beware that there are mistakes in the tables of [OV94], but we believe that the
information we need here is correctly displayed there. The procedure is the following. For each
row of Table 4 of [OV94]:

• look at the column “Σ” giving the restricted root system;

• go to the corresponding row of Table 1;

• since any Dynkin diagram has at most one double arrow, there are at most two subsets
of vertices satisfying Condition (ii) of Fact 17.2 (the full set of vertices and, if there is a
double arrow, another subset);

• for each of these two subsets i1, . . . , ik, go back to Table 4 column “dim gλj
” to check

Condition (i) of Fact 17.2, i.e. that gλi1
, . . . , gλik

all have dimension 1.

For instance, asking dimpgλj
q “ 1 for any j is equivalent to asking the group to be real split.

97



17. The Classification Theorem

Remark 17.3. If G1 and G2 are two semi-simple Lie groups with respective simple roots ∆1

and ∆2, which are respectively Θ1 and Θ2-positive (and we may allow Θ1 or Θ2 to be empty,
considering that any group is H-positive), then G1 ˆ G2 is Θ1 \ Θ2-positive. This is clear for
instance in view of Fact 17.2.

In order to prove Fact 17.2, we will need a theorem by Yves Benoist concerning representations
of subsemigroups of GLpV q, where V is a fixed real vector space of dimension d.

17.1. A theorem by Yves Benoist

Before quoting Benoist’s theorem, we need to introduce some terminology:

Definition 17.4. We say a semi-group G Ă GLpV q is irreducible if any invariant non-trivial
subspace is full, i.e.

@W Ă V, G ¨W “ W ùñ W “ t0u or W “ V .

Definition 17.5. • γ P GLpV q is proximal if it has only one eigenvalue of largest modulus,
and if this eigenvalue is simple (and hence real). If moreover it is positive, we say that γ
is positively proximal.

• If γ P GLpV q is proximal, we will denote by x`
γ P PpV q the projectivization of the eigenline

corresponding to the eigenvalue of largest modulus. x`
γ is called the attracting fixed point

of γ in PpV q. We denote by y´
γ the γ-invariant complementary hyperplane. Note that

γnx Ñ x`
γ when n Ñ 8 for any x R y´

γ .

• A (semi-)group Γ ă GLpV q is proximal if it has a proximal element. If moreover every
proximal element of Γ is positively proximal, we say that Γ is positively proximal.

These definitions are of interest for the notion of limit set:

Proposition 17.6. If Γ ă GLpV q is an irreducible and proximal subsemigroup, then

ΛΓ :“ tx`
γ : γ P Γ proximalu

is the smallest non-empty Γ-invariant closed subset of PpV q. It is called the limit set of Γ.

Proof. The set ΛΓ is clearly non-empty.

Let us check that it is Γ-invariant. It is clear that ΛΓ Ă ΓΛΓ. Consider γ, η P Γ with η proximal.
If Γ was a group we could just observe that γηγ´1 P Γ is also proximal and γx`

η “ x`

γηγ´1 P ΛΓ.
When Γ is not a group the argument is more delicate. By irreducibility we can find g P Γ such
that gpγpx`

η qq R y´
η . Then one may check that for n large enough γηng P Γ is proximal and that

x`
γηng Ñ γx`

η .

Consider now a non-empty closed set F Ă PpV q with ΓF Ă F , and let us check that ΛΓ Ă F .
For any x P F and γ P Γ proximal, by irreducibility there exists g P Γ such that gpxq R y´

γ .
Then x`

γ “ lim γngx P F .

Definition 17.7. A convex cone C of V is a non-trivial convex subset of V invariant under
multiplication by positive scalars. It is sharp or properly convex if its closure does not contain
a full line. This is consistent with Definition 16.7.
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17.2. Proof of the classification theorem

Theorem 17.8 ([Ben00, prop. 3.11]). An irreducible semi-group Γ Ă GLpV q preserves a sharp
convex cone of V if and only if it is positively proximal.

Proof (only an idea for the converse). Suppose Γ preserves a sharp convex cone C Ă V .

First observe that for any proximal element γ P Γ, there exists a point p P C which does not
meet the repelling hyperplane of γ (C has non-empty interior by irreducibility of Γ), so that
γnp

∥γnp∥ converges to a point x in x`
γ XC. Since C is sharp, this is a γ-invariant half-line contained

in x`
γ , so γ is positively proximal. Therefore we only need to prove that Γ is proximal.

Without loss of generality, we may assume that Γ contains all the homotheties tλ iduλą0. We
will denote by Γ the closure of Γ in EndpV q. Consider M :“ infγPΓ´t0u

rank γ ą 0.

Suppose M “ d, i.e. that Γzt0u Ă GLpV q. The projection in PpEndpV qq of Γzt0u is closed and
hence compact, and equals that of ΓXSLpV q, which is then itself compact since π : EndpV qzt0u Ñ

PpEndpV qq is injective on SLpV q. Thus Γ X SLpV q is a compact group (any relatively compact
sequence of the form pgnqně0 Ă GLpV q has g´1 as an accumulation point); let µ be its Haar
measure. Then

ş

g gpxqdµpgq is non-zero and Γ X SLpV q-invariant for any x P Czt0u, and hence
spans a Γ-invariant half-line. Since Γ is irreducible, we must have d “ 1, and Γ is proximal.

Suppose M ă d and consider γ P Γzt0u with rank M . By irreducibility of Γ there exists
g P G such that g impγq Ę kerpγq. Let η :“ gγ, so that kerpηq X impηq “ ∅ (otherwise
rkpη2q ă rkpηq “ rkpγq “ M), and hence impηq ‘ kerpηq “ V .

Consider now the semigroup ηΓη Ă Γ Ă EndpV q. It stabilizes impγq, and acts trivially on
kerpγq, so it naturally identifies with a semi group Γ1 Ă GLpim γq (γ restricts to a bijection
on impγq), which preserves the sharp convex cone C 1 “ C X impγqzt0u. That ηΓη Ă Γ implies
that dimpimpηqq ě M 1 :“ infgPΓ1zt0u rkpgq ě M “ rkpηq. Thus, the first case above yields
rank η “ M 1 “ 1, so that η and hence Γ is proximal. Since being proximal is an open condition,
we conclude that Γ is proximal.

To prove the converse , one uses the irreducibility and positive proximality of Γ to lift in a
Γ-invariant way the limit set ΛΓ Ă PpV q to a set of half-lines in V whose convex hull is a sharp
convex cone. However this requires a lot of work (several intermediate results) so we refer to
Benoist’s article for a complete proof.

17.2. Proof of the classification theorem

We know proceed to show fact 17.2 using theorem 17.8. For this purpose, we fix a connected
reductive Lie group G (it corresponds to the Levi subgroup L˝

Θ in theorem 17.1), and an
irreducible representation ρ : G Ñ GLpV q.

Recall the following facts:

• the weights λ P a˚ of ρ lie in the weight lattice

P :“ tλ P a˚ :
2xλ, αy

xα, αy
P Z,@α P ∆u,

• two weights differ by an element of SpanZ∆,
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17. The Classification Theorem

• the set of weights of ρ is (partially) ordered as follow:

µ ě λ ðñ µ´ λ P SpanN∆

ùñ µpX0q ě λpX0q

where X0 P a is a (fixed) vector with αpX0q ą 0 for any α P ∆.

It is a classical result of the theory of representations of reductive groups that, by irreducibility,
there exists a unique highest weight ω P P .

Proposition 17.9. ρpGq is proximal if and only if the highest weight space Vω of ρ is of
dimension 1. Moreover, in this case, ρpGq is positively proximal if and only if ω P 2P , i.e.

@α P ∆,
xω, αy

xα, αy
P Z.

Proof. Suppose Vω is of dimension 1. Since ω is the highest weight, we have

ωpX0q ą λpX0q (17.1)

for all λ ‰ ω weight of ρ. But the eigenvalues of ρpeX0q are by definition the numbers of the
form eλpX0q where λ is a weight of ρ, with corresponding eigenspace the weight space Vλ. Thus,
(17.1) and the hypothesis dimVω “ 1 means that ρpeX0q is proximal.

Suppose that ρpGq is proximal, and pick g P G such that ρpgq is proximal. Consider the Jordan
decomposition g “ kan: the elements k, a, n pairwise commute, k is conjugate to k1 P K, while a
is conjugate to exppXq P exppa`q, and n is conjugate to exppNq P exp u (where u “

ř

αPσ`
gα).

The element ρpk1q P ρpKq Ă OpV, qq (for some scalar product q) only has eigenvalues of modulus
1, and so does ρpkq. Consider a basis e1, . . . , ed P V with ei P Vλi

for some weight λi, and with
an ordering such that λi ą λj ñ i ă j. Observe that dρpgαq ¨ Vλ Ă Vλ`α for all α P σ` and
λ P P , so that ρpexppNqq “ exppdρpNqq is upper triangular with ones on the diagonal for the
basis e1, . . . , ed. The moduli of the eigenvalues of ρpgq are hence given by those of ρpaq, which
is therefore proximal.

The eigenvalues of ρpaq are the numbers of the form eλpXq where λ is a weight of ρ. Since ω is
the highest weight, eωpXq is the highest eigenvalue of ρpaq. Since ρpaq is proximal, we then have
dimVω “ 1.

We only prove that if G “ SLpn,Rq and ρpGq is positively proximal then ω P 2P (for different
G, the idea is similar using slp2,Rq-triplets).

Recall that the simple roots of G are ∆ “ tα1, . . . , αn´1u where αipdiagpλ1, . . . , λnqq “ λi`1´λi.

We want to show that for all i P t1, . . . , n´ 1u,

xω, αiy

xαi, αiy
P Z.

Write (where the two ´1’s appear at positions i and i` 1)

ki “ diagp1, . . . , 1,´1,´1, 1, . . . , 1q “ eiπpEi i´Ei`1 i`1q “ eiπHαi .

Since ρpkiq and ρpeX0q are both diagonal matrices, ρpkiq has only ˘1 as diagonal values, and
ρpeX0q is proximal, ρpkie

X0q is also proximal, so it is positively proximal. In particular, the
eigenvalue of ρpkiq on Vω is 1.
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17.2. Proof of the classification theorem

Pick v P Vωzt0u. One has (after extending dρ : g Ñ sldR to the complexification dρC : gC Ñ

slpd,Cq),

v “ ρpkiqv “ ρpeiπHαi qv “ eiπωpHαi qv,

so that ωpHαiq is an even integer.

On the other hand, Hαi :“
2tαi

xαi,αiy
by definition, where tαi P g is such that βptαiq “ xβ, αiy for

all β P g˚. Hence, for every i P t1, . . . , n´ 1u we have

xω, αiy

xαi, αiy
“

ωptαiq

xαi, αiy
“

1

2
ωpHαiq P Z.

Proof of Fact 17.2. Note that given an irreducible representation ρ of a reductive group with
simple root system ∆, there exists a unique lowest weight of ρ relatively to the choice of ∆, and
it is the highest weight relatively to the opposite simple root system ´∆. Therefore we may
replace the term “highest” by “lowest” in Proposition 17.9.

Let us fix β P Θ. Denote by ρ : L0
Θ Ñ GLpuβq the irreducible representation given by (16.2),

(16.3) and Theorem 16.6.

By Theorem 17.8, it is enough to show that ρpL0
Θq is positively proximal if and only if Condi-

tions (i) and (ii) hold.

By Proposition 17.9 and the observation at the beginning of this proof, it is enough to check
that the lowest weight space of ρ has dimension 1 if and only if Condition (i) holds, and that
the lowest weight divided by 2 lies in the weight lattice of L0

Θ if and only if Condition (ii) holds.

By Fact 16.4, the restricted roots of L0
Θ have the form α| aΘ with α P Σ X Spanp∆zΘq, and we

can choose tα| aΘ : a P ∆zΘu as simple roots.

By (16.2), the weights have the form β|aΘ ` α|aΘ where α P Σ X SpanNp∆zΘq.

Observe that β|aΘ is by definition the lowest weight, with weight space gβ. Thus the lowest
weight space of ρ has dimension 1 if and only if Condition (i) holds.

Denote by x¨, ¨yg and x¨, ¨ylΘ the Killing forms of respectively g and lΘ. One may check that for
all ω P a˚ and α P Spanp∆zΘq we have

xω, αyg

xα, αyg
“

xω| aΘ , α| aΘylΘ

xα| aΘ , α| aΘylΘ
(17.2)

Therefore β| aΘ{2 lies in the weight lattice of L0
Θ if and only if for any α P ∆zΘ we have

2
xβ, αyg

xα, αyg
P 2Z. (17.3)

The quantity in (17.3) is worth

• 0 if there is no arrow between β and α in the Dynkin diagram of G,

• 1 if there is a simple arrow (whatever the direction) or if there is a double or triple arrow
pointing toward β,

• 2 if there is a double arrow pointing toward α,

• 3 if there is a triple arrow pointing toward α.

Thus (17.3) holds for all β P Θ and α P ∆zΘ if and only the only arrows in the Dynkin diagram
of G between Θ and ∆zΘ are double and point toward ∆zΘ, which concludes the proof.

101



18. Analysis of Groups With a Theta-Positive
Structure

by Dani Kaufman

18.1. Examples of Theta-positive structures

Other than the case where G is a split real form and Θ “ ∆ there are 3 new families of examples
of Θ-positive structures. We will call these three cases A, B and G respectively, for reasons
which will be clear later. We will explore the properties of each of these examples in more
detail.

The first property to establish in each case is the structure of the positive cones in uβ. In each
case, one finds that there is exactly one space, uβ, which has dimension strictly greater than 1
corresponding to the case that β is the root linked to ∆zΘ by a double arrow. We will call this
root space uβ and all other one-dimensional root spaces uαi .

What is the structure of uβ in each case?

• For type A, G is a Hermitian Lie group of tube type, meaning that its Hermitian symmetric
space is of the form V ` iΩ. The vector space uβ is isomorphic to V and the positive cone
is given by Ω

• For type B, G is locally isomorphic to SOpp, qq. The space uβ is isomorphic to R1,q´p`1 as
a normed vector space and the positive cone is given by a choice of one side of the double
cone consisting of vectors in uβ with positive norm.

• For type G, the space uβ is given by the exceptional Jordan algebra of 3ˆ 3 matrices over
R,C,H or O and the positive cones are given by the positive definite matrices in each
algebra.

18.2. The Theta-Weyl group

We define for each Θ-positive structure a subgroup of the Weyl group of G called the Θ-Weyl
group, denoted W pΘq.

Let W pθq be the subgroup generated by wαi and wβ “ wα|Θ|
where wαi are the Weyl group

generators associated to the roots αi P W pGq and wβ is the element of W pGq given by the
longest element of the Weyl group of ∆zΘ Y tβu

The Θ-Weyl group is isomorphic in each case to the Weyl group of a root system of type
A1, Bn, G2 for each of the three families of non trivial Θ-positive structures, justifying the use
of these names for these families. We denote the Dynkin diagram for these new root systems
∆Θ.

The Dynkin diagrams of ∆ and ∆Θ for each family are shown in Figure 18.1.
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18.3. A Theta-positive semigroup

∆ “
β

∆Θ “
β

(a) Type A

∆ “
α1 α2 αp´2 β

∆Θ “
α1 α2 αp´3 αp´2 β

(b) Type B

∆ “
α β

∆Θ “
α β

(c) Type G

Figure 18.1.: ∆ and ∆Θ for each family of groups with Theta-positive structures

Remark 18.1. The analysis of positivity in Hermitian Lie groups of tube type in Section 4.3
suggests that we should treat these groups as groups of 2 ˆ 2 matrices with entries in some
noncommutative ring. This agrees with the fact that ∆Θ is an A1 root system, which is the
same root system as SLp2,Rq. Thus we should think of groups with a Θ-positive structure as
some kind of group of type ∆Θ with noncommutative entries.

18.3. A Theta-positive semigroup

In analogy with Lusztig’s total positivity, we can define a Θ-positive semigroup, Uą0
Θ . To do

this, we first define
xαi : uαi ÝÑ Uαi , v ÝÑ exppvq

Recall that the Θ-positive structure on G gives a positive cone c˝
αi

P uαi . Let ω˝ P W pΘq be the
longest element in the Θ-Weyl group. Writing ω˝ as a product of generators ωαik

we define a
map

Φ`
ω0

:
ź

pc˝
αik

qě0 Ñ Uą0
Θ

Φ`
ω0

pa1, a2, ¨ ¨ ¨ , apq :“xαi1
pa1qxαi2

pa2q ¨ ¨ ¨xαip
papq.

Theorem 18.2 (Theorem 4.5 in [GW18]). The image Uą0
Θ is independent of the choice of

reduced expression of ω˝.

Proof. We only give the basic ideas of a proof. Since two choices of reduced expression differ
by braid relations, we only need to check that the image is preserved after each type of braid
relation. Each braid relation is either of the form

(1) ωαiωαi`1ωαi “ ωαi`1ωαiωαi`1

(2) ωαωβωαωβ “ ωβωαωβωα

(3) ωαωβωαωβωαωβ “ ωβωαωβωαωβωα

where for the last two relations α is the root in Θ adjacent to β. The first relation is between
one-dimensional root spaces and is thus the same as the total positivity case. The second two
relations can be established by a brute force computation in the B2 and G2 cases.

With the notion of the semigroup Uą0
Θ we may define the theta positive semigroup Gą0

Θ as
the semigroup generated by Uoppą0

Θ , L˝
Θ, U

ą0
Θ in a totally analogous way to the case of total

positivity.
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18. Analysis of Groups With a Theta-Positive Structure

18.4. Theta-positive triples of flags

Continuing the analogies with total positivity, we can define the notion of a positive triple of
elements of G{PΘ. Let EΘ, FΘ be two opposite standard flags in G{PΘ i.e. we have that the
stabilizer subgroups of E and F are P opp

Θ and PΘ respectively.

Definition 18.3. Let SΘ be a flag transverse to both EΘ and FΘ. We call a triple pEΘ, SΘ, FΘq

a Θ-positive triple of flags if SΘ “ uEΘ for u P Uą0
Θ

Theorem 18.4 (Theorem 4.7 [GW18]). The set tSΘ P G{PΘ | pEΘ, SΘ, FΘq is Θ-positiveu is a
connected component of the collection of flags transverse to both EΘ and FΘ.
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19. Positivity in Higher Teichmüller Theory
by Fernando Camacho Cadena

Throughout this section G will denote a real simple Lie group, and Σ will be a compact closed
surface of genus at least 2 with fundamental group π1pΣq.

We recall that a higher Teichmüller space is a subset of χpS,Gq which is a union of connected
components consisting entirely of discrete and faithful representations. The goal of this section
is to see how higher Teichmüller spaces arise from representations into different types of Lie
groups.

The following were the known instances of higher Teichmüller spaces:

• When G is a split real simple group, as for example PSLpn,Rq, the space of Hitchin
representations is a higher Teichmüller space [FG06, Lab06, Gui08].

• When G is a Hermitian Lie group of tube type, for example Spp2n,Rq, the space of
maximal representations is a higher Teichmüller space [BIW10].

The main goal of this section is the following theorem, which states that there are new higher
Teichmüller spaces.

Theorem 19.1 ([GLW21, Theorem A]). Let G be a simple Lie group admitting a Θ-positive
structure. Then there exists a connected component of the representation variety consisting
entirely of discrete and faithful representations.

From the classification of Lie groups admitting a Θ-positive structure, the above theorem gives
the existence of new higher Teichmüller spaces. Namely subsets of the representation varieties
of groups isomorphic to SOpp, qq and Lie groups of exceptional type (which had not been known
about before!).

To show the above theorem, Guichard, Labourie and Wienhard generalize the following common
property shared by Hitchin and maximal representations.

Theorem 19.2 ([FG06, Lab06, Gui08, BIW10]). Let G be either a simple Lie group which is
either real split, or Hermitian of tube type. Let PΘ be the parabolic subgroup of G corresponding
to the Θ-positive structure (when G is split real, Θ is the set of simple roots, and when G
is Hermitian of tube type, Θ “ tαru, see [GW18]). Then a representation ρ : π1pΣq Ñ G is
Hitchin, or respectively maximal, if an only if there exists a ρ-equivariant continuous map

ξ : Bπ1pΣq Ñ G{PΘ,

sending positive triples in Bπ1pΣq to positive triples in G{PΘ.

As we saw in previous sections, there is also a notion of positive of tuples in (generalized) flag
varieties G{PΘ. The above result then motivates the following definition.
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19. Positivity in Higher Teichmüller Theory

Definition 19.3 ([GLW21, Definition 5.1]). Let G be a Lie group admitting a Θ-positive
structure. A representation ρ : π1pΣq Ñ G is said to be Θ-positive if there exists a ρ-equivariant
continuous map

ξ : Bπ1pΣq Ñ G{PΘ

that sends positive triples in Bπ1pΣq to positive triples in G{PΘ.

In fact, the higher Teichmüller spaces from theorem 19.1 consist entirely of positive represent-
ations. In this section we do not present the full argument, but focus on the following

Theorem 19.4 ([GLW21, Theorem B]). Let G be a simple Lie group admitting a Θ-positive
structure, and ρ : π1pΣq Ñ G a Θ-positive representation. Then ρ is also a Θ-Anosov repres-
entation.

We will give a definition of a Θ-Anosov representation in section 19.3. We nevertheless state here
two essential properties of Anosov representations, due to Labourie, and Guichard-Wienhard.

Theorem 19.5 ([Lab06, GW12]). The space of Θ-Anosov representations is open in Hompπ1pΣq, Gq,
and every Θ-Anosov representation is discrete and faithful.

One can then deduce the following result.

Corollary 19.6 ([GLW21]). The set of Θ-positive representations is an open subset of Hompπ1pΣq, Gq.

Remark 19.7. In the case when G is locally isomorphic to SOpp, qq, Beyrer and Pozzetti showed
in [BP21] that the subset of Θ-positive representations is closed. Together with the fact from
[GLW21] that the set of Θ-positive representations is open and that Θ-Anosov representations
are discrete and faithful, this implies that the subset of Θ-positive representations is itself a
higher Teichmüller space.

The method in [GLW21] to prove theorem 19.1 is to find a union of connected components in the
representation variety consisting entirely of Θ-positive representations. Then by corollary 19.6,
all these representations are discrete and faithful. Finding a union of connected components
involves methods from Higgs bundle theory as well as previous work by [BCGP`21]. Here we
will only present the ideas for the proof of theorem 19.4.

We begin with some preliminaries on diamonds, which are structures on the flag varieties asso-
ciated to the Θ-positive structure. We then move on to some definitions and facts about Anosov
representations and finish with the idea of the proof of theorem 19.4.

19.1. Diamonds

For the rest of this section, we will assume that G is simple and admits a Θ-positive structure,
denote by Uą0 the Θ-positive subsemigroup of G, and by FΘ the flag variety G{PΘ. We recall
here some instances of this.

Examples 19.8. • When G “ SLp2,Rq,

Uą0 “

#˜

1 t

1

¸

: t ą 0

+

.
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19.1. Diamonds

• When G “ SLp3,Rq,

Uą0 “

$

’

’

&

’

’

%

¨

˚

˚

˝

1 a` c ab

1 b

1

˛

‹

‹

‚

: a, b, c ą 0

,

/

/

.

/

/

-

.

• When G “ Spp2n,Rq,

Uą0 “

#˜

In N

In

¸

: N is positive definite and symmetric

+

To define positivity in the flag variety, we fix two standard flags. Namely, we let F o P FΘ be the
flag stabilized by PΘ, and Eo be the flag stabilized by P opp

Θ . Recall now that if T P FΘ is a third
flag, the triple pF o, T, Eoq is positive if there exists an element uT P Uą0 such that T “ uTE.
We say that a general triple of flags pF, T,Eq is positive if there exists g P G such that

gF o “ F, gEo “ E, and T “ guEo,

for some u P Uą0. In particular this implies that for two flags F and E which are transverse,
letting g P G such that gF o “ F and gEo “ E, the subset

tpF, gug´1E,Eq : u P Uą0u

consists entirely of positive triples. Here is an example of what such a set looks like.

Example 19.9. In the case of G “ SLp3,Rq, Θ is the set of all positive roots, and we can
choose

PΘ “

$

’

’

&

’

’

%

¨

˚

˚

˝

˚ ˚ ˚

0 ˚ ˚

0 0 ˚

˛

‹

‹

‚

,

/

/

.

/

/

-

,

making FΘ the space FlagpR3q of full flags in R3. The standard flag F o corresponds to the flag
tSpanpe1q, Spanpe1, e2qu, and the opposite flag is tSpanpe3q,Spanpe3, e2qu. where e1, e2, e3 are
the standard basis vectors for R3. We can visualize a full flag in RP2 as a point together with
a (projective) line through that point. To picture the set tpF o, uEo, Eoq : u P Uą0u, we look at
a coordinate patch in RP2:

trx : y : zs P RP2 : x ‰ 0u Ñ R2

rx : y : zs ÞÑ

”

1 :
y

x
:
z

x

ı

.

Using the explicit form of Uą0 for SLp3,Rq, one can see that the orbit of Spanpe1q is
"„

1 :
1

a
:
1

ab

ȷ

: a, b ą 0

*

,

and the orbit of Spanpe2q is
"„

1 :
1

a` c
:
1

0

ȷ

: a, c ą 0

*

,

In coordinates, the orbit of Spanpe1q is the (open) upper right quadrant. One can do a similar
computation for the orbit of the plane Spanpe1, e2q by identifying planes in R3 to orthogonal
lines (equivalently by identifying pRP2q˚ with RP2), and then see that the orbit (in coordinates)
will also be a quadrant. Now imagine 8 in the coordinates patch in for RP2 as a single point
at infinity, thereby "closing up" the upper right quadrant into a "diamond" with the standard
flags as extremities.
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19. Positivity in Higher Teichmüller Theory

From this vague picture, we make the following definition.

Definition 19.10. Given two transverse flags F,E P FΘ, a diamond is a subset of FΘ of the
form

␣

guEo : u P Uą0
(

for some g P G. The extremities of the diamond are the flags gF o and gEo.

As noted above, for any T in a diamond with extremities F and E, we have that pF, T,Eq is a
positive triple.

Remark 19.11. The terminology of diamond was actually coined by Labourie and Toulisse in
[LT20] for the case when G “ SOp2, nq with n ě 3. There are charts on the flag variety associ-
ated to G which map to Minkowski space. In appropriate charts, a diamond is the intersection
of the future and past light cone of the extremities.

Example 19.12. When G “ SLp2,Rq, we have the following identification

SLp2,Rq{P – S1,

where P is the group of upper triangular matrices. Here, diamonds are line segments on the
circle as in figure 19.1. We note here that the flag variety of SLp2,Rq and the one for PSLp2,Rq

can be further identified with the visual boundary of H2, its symmetric space.

There is another characterization of diamonds in terms of transverse flags. To state the result,
let ΩF Ă FΘ be the subset of the flag variety consisting of flags transverse to F .

Proposition 19.13 ([GLW21, Proposition 2.5]). A diamond with extremities E,F P FΘ (recall
here that E and F must be transverse) is a connected component of ΩF X ΩE.

In particular, we can specify a diamond by giving two transverse flags x and z, and a point y
in the interior of ΩF X ΩE . We will denote such a diamond by Vypx, zq.

We will now see how diamonds are related to positive representations

Proposition 19.14 ([GLW21, Proposition 2.7]). Assume ξ : S1 Ñ FΘ sends positive triples in
S1 to positive triples in FΘ. Then for any oriented positive tuple px1, . . . , xnq in S1, there exist
diamonds Vij such that

(1) ξpxjq P Vik if pxi, xj , xkq is positive, and

(2) Vij Ă Vkm if pxk, xi, xj , xmq is positive.

108



19.2. Metrics on diamonds

x1

x2

x4

x3

Figure 19.1.: The circle with the clockwise orientation for positivity, and diamonds defined by
x1, x4 in green, and x2, x3 in magenta.

In figure 19.1, we think of assigning to the green and magenta arcs diamonds in the flag variety.
Assertion (2) in proposition 19.14 says that the containment of diamonds in the flag variety is
exactly the containment of the arcs (diamonds) on the circle.

As we will see later on, we will need metrics on (subsets) of the flag varieties. For the rest of the
section, we describe how to put metrics on diamonds, and state certain contraction properties.

19.2. Metrics on diamonds

We start with a particular class of positive triples.

Definition 19.15. Let H ă G be a subgroup isomorphic to PSLp2,Rq. A positive circle is a
closed H-orbit in FΘ parameterized by a PSLp2,Rq-equivariant map

RP1 Ñ FΘ.

Here we think of RP1 – S1 as the flag variety of PSLp2,Rq (which can also be identified with
B8H2).

Example 19.16. Let G “ PSLpd,Rq, then the flag variety FΘ can be identified with G{P ,
where P is the group of upper triangular matrices. Thus the flag variety consists of honest full
flags. We recall that a representation ρ : π1pΣq Ñ G is Fuchsian (and in particular Hitchin) if
it factors through the irreducible representation ι : PSLp2,Rq Ñ PSLpd,Rq. We then obtain a
ρ-equivariant continuous boundary map ξ : Bπ1pΣq Ñ FΘ. Then setting H “ ιpPSLp2,Rqq, we
have that the image of the boundary map ξ is a positive circle.

Now we define a tripod to be a triple of pairwise distinct points lying on a positive circle. Even
though the definition of a positive circle seems quite restrictive, and there is no mention of
positivity, we have the following.

Proposition 19.17 ([GLW21, Proposition 2.9, Proposition 2.10]). (1) Given two transverse
points a, b P FΘ, there exists a positive circle passing through a and b.

(2) The arc on a positive circle from a to b is completely contained in a diamond with ex-
tremities a and b.
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19. Positivity in Higher Teichmüller Theory

(3) The equivariant map associated to the positive circle is positive, i.e. it sends positive triples
to positive triples.

The first part of the proposition implies that given any diamond Vypx, zq Ă FΘ, there is a
positive circle going through x and z. However, it is important to note that there might not
be a positive circle passing through x, y, and z. Moreover, the third part gives that a tripod is
positive.

To put a metric on a diamond, we look for a way to parameterize them. Recall that from
[GW18, Theorem 4.5], the positive subsemigroup Uą0 can be parameterized by an open cone
C Ă gN (where N depends on Θ). That is, there is a diffeomorphism

F : C Ñ Uą0.

Let px, y, zq be a tripod and choose some positive circle passing through these points as well as
an isomorphism σ : Ñ Uz, where Uz is the unipotent radical of the stabilizer of z in G. Then
the map

C Ñ FΘ

u ÞÑ σ ˝ F puq.x

parametrizes the diamond Vypx, zq. There is a special way of choosing the isomorphism σ
such that h ÞÑ y under the above parametrization, and where h P C is a preferred unipotent
associated to the positive circle (see section 4.1 of [GLW21] for details).

Pulling back the Euclidean metric on the cone C, we get a complete Riemannian metric gpx,y,zq

on the diamond Vypx, zq.

Warning 19.18. Assume we have two tripods px, y, zq and px, y1, zq so that the diamonds
Vypx, zq and Vy1px, zq agree and y and y1 lie on the same positive circle through x and z. If
y ‰ y1, then the metrics gpx,y,zq and gpx,y1,zq need not be the same.

Given an arbitrary positive triple px, y, zq (not necessarily a tripod), it is still possible to put a
Riemannian metric gpx,y,zq on the diamond Vypx, zq. The metric is defined by taking the average
of the metrics coming from tripods that are "as close as possible" to the triple px, y, zq. We
stress again that the metric depends on the triple px, y, zq as opposed to only on the diamond
defined by the triple.

The next proposition is about how metrics for diamonds contained in each other are related.

Proposition 19.19 ([GLW21, Proposition 4.11]). Let pxm, ym, zmq be a sequence of positive
triples such that

• Vympxm, zmq Ă Vym`1pxm`1,zm`1
q, and

•
Ş

mPN Vympxm, zmq “ t‚u.

Then
gpx0,y0,z0q ď kmgpxm,ym,zmq,

with km Ñ 0 as m Ñ 8.

We do not reproduce the proof here, but remark that the vague intuition behind this statement
is as follows. The metric on diamonds is defined by the pullback to the cone C. Thus, if a
diamond V is contained in another diamond W , the metric in W has to be larger.
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19.3. Basics of Anosov representations

19.3. Basics of Anosov representations

In this section, we give a definition of Anosov representations which will be useful for us, but
do not give the full details.

Begin by choosing an auxiliary hyperbolic metric on Σ and with this there is an identification

T 1H2{π1pΣq – T 1Σ,

where T 1H2 is the unit tangent bundle of the hyperbolic plane, and T 1Σ is the unit tangent
bundle to Σ. Then we identify T 1H2 with the set of positive triples in BH2 as follows. Positivity
in BH2 is inherited from the identification with the circle S1. Let px, y, zq be a positive triple
and consider the oriented geodesic c from x to z in H2. Then there is a unique geodesic with y
as an endpoint intersecting c orthogonally. Thus y determines a point on the geodesic, and with
that, a vector in the unit tangent bundle. Note that the triple pz, y, xq is also positive and gives
the negative of the vector determined by px, y, zq. Moreover, the geodesic flow will be denoted
by px, y, zq ÞÑ px, ys, zq, where s is the time parameter. See figure 19.2.

z x

ys1ys2

Figure 19.2.: Parametrization of unit tangent bundle with positive triples and the clockwise
orientation on the circle. Here the violet geodesic with x as the forward endpoint,
and z as the backward endpoint. The blue geodesics meet it orthogonally to
determine a vector in T 1H2. In the picture, s2 ă s1.

The following is an equivalent definition of Anosov representations given by Guichard and
Wienhard in [GW12, Proposition 2.7].

Definition 19.20. A representation ρ : π1pΣq Ñ G is Θ-Anosov if the following conditions
hold.

(1) There exists a continuous ρ-equivariant map ξ : Bπ1pT 1Σq Ñ FΘ sending distinct points
x, y P Bπ1pT 1Σq to transverse points in FΘ.

(2) There exists a continuous π1pΣq-equivariant family of norms on
␣

pTξpzqFΘ, px, y, zqq : px, y, zq P T 1H2
(

satisfying the following. There exist positive constants A and a such that for all t ą 0,
and px, y, zq P T 1H2

∥¨∥px,y,zq ď Ae´at∥¨∥px,y´s,zq, for all s ě 0.
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19. Positivity in Higher Teichmüller Theory

To be precise, the definition should include a second boundary map to the flag variety F {P opp
Θ ,

but we only work with one boundary map. Moreover, the continuity for the family of norms in
condition (2) is with respect to taking the trivial bundle T 1H2 ˆ FΘ.

19.4. Proof sketch of Theorem 19.4

Part (1) of the definition of Anosov representations is immediate from the definition of positive
representations. For part (2), let ξ : BH2 Ñ FΘ be the boundary map associated to the positive
representation. The goal is to define diamonds with ξpzq in its interior, so that we can assign
the norm on TξpzqFΘ coming from the Riemannian metric on the diamond.

We begin by assigning to px, y, zq P T 1H2 a fourth element wpx, y, zq P BH2 satisfying

crRP1px, y, z, wpx, y, zqq “ ´1,

where crRP1 is a cross ratio on RP1 – BH2. In the literature, such a quadruple is said to be
harmonic. One can easily check that the quadruple px, y, z, wpx, y, zqq is a positive quadruple,
see figure 19.3. For example, taking the usual cross ratio on RP1, the quadruple p0, 1,8,´1q

(in coordinates defined by normalizing the first coordinate of the line) is harmonic. We then
assign to the triple px, y, zq the diamond

Ypx,y,zq :“ Vξpzqpξpyq, ξpwpx, y, zqqq Ă FΘ.

The point ξpzq lies in the interior of the above diamond. This means that we can denote by
∥¨∥px,y,zq the norm on TξpzqFΘ coming from the Riemannian metric gpξpyq,ξpzq,ξpwpx,y,zqq. To see
that the metrics are expanding along the geodesic flow, we use proposition 19.19. The conditions
that need to be satisfied are

(1) Ypx,y´s,zq Ă Ypx,y,zq for all s ě 0, and

(2) Ypx,y´s,zq Ñ tξpzqu as s Ñ `8.

For condition (1), one can check with a small computation that if px, y1, y0, zq is a positive
quadruple, then px, y1, y0, z, wpx, y0, zq, wpx, y1, zqq is a positive tuple as well, see figure 19.3.
Since the boundary map is positive, it follows from proposition 19.14 that indeed Ypx,y´s,zq Ă

Ypx,y,zq for all s ě 0.

x

y1

z

y0

wpx, y0, zq

wpx, y1, zq

Figure 19.3.: Harmonic quadruples on S1.
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19.4. Proof sketch of Theorem 19.4

For condition (2), observe (from another calculation) that

lim
yÑz

wpx, y, zq “ z.

Then using the continuity of the boundary map, and that y´s Ñ z as s Ñ 8, we get condition
(2). Now we can apply proposition 19.19 to get that

∥¨∥px,y,zq ď ks∥¨∥px,y´s,zq

with ks Ñ 0 as s Ñ 8. One can then finish the proof by using a compactness argument to get
the constants A and a in the definition of Anosov representations.
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20. Exercises
by Merik Niemeyer

Our goal in this exercise is to find Θ-positive structures on both SOp2, 3q and Spp4,Rq.

20.1. The indefinite special orthogonal group

Let us first introduce the setting. A lot of this you have seen already in the talk on SOpp, qq.

Define a quadratic form on R5 by x ÞÑ txQx with

Q “

˜ 0 0 0 0 ´1
0 0 0 1 0
0 0 ´1 0 0
0 1 0 0 0

´1 0 0 0 0

¸

.

Then G :“ SOpQq “ tX P SLp5,Rq : tXQX “ Qu – SOp2, 3q. Recall that matrices in the Lie
algebra g “ sop2, 3q are of the form

¨

˚

˚

˚

˚

˚

˚

˚

˝

a11 a12 v b 0

a21 a22 w 0 b

r s 0 w ´v

c 0 s ´a22 a12

0 c ´r a21 ´a11

˛

‹

‹

‹

‹

‹

‹

‹

‚

.

with real entries. You have also seen already that a Cartan subspace is given by

h “ tdiagpλ, µ, 0,´µ,´λq : λ, µ P Ru “ R diagp1, 0, 0, 0,´1q
l jh n

“:h1

‘ R diagp0, 1, 0,´1, 0q
l jh n

:“h2

,

i.e. the diagonal matrices in g. Define the matrices

e1 :“

¨

˚

˚

˚

˚

˚

˚

˚

˝

0 1 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 1

0 0 0 0 0

˛

‹

‹

‹

‹

‹

‹

‹

‚

, e2 :“

¨

˚

˚

˚

˚

˚

˚

˚

˝

0 0 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 0 0

0 0 0 0 0

˛

‹

‹

‹

‹

‹

‹

‹

‚

,

e3 :“

¨

˚

˚

˚

˚

˚

˚

˚

˝

0 0 1 0 0

0 0 0 0 0

0 0 0 0 ´1

0 0 0 0 0

0 0 0 0 0

˛

‹

‹

‹

‹

‹

‹

‹

‚

, e4 :“

¨

˚

˚

˚

˚

˚

˚

˚

˝

0 0 0 1 0

0 0 0 0 1

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

˛

‹

‹

‹

‹

‹

‹

‹

‚

,

and fi :“ tei. Together with h1 and h2 these span the Lie algebra.
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20.1. The indefinite special orthogonal group

Remark 20.1. Note that g is generated by h1, h2, e1, e2, f1, f2.

Define two functions α1, α2 P h˚ by

α1pdiagpλ, µ, 0,´µ,´λqq :“ λ´ µ,

α2pdiagpλ, µ, 0,´µ,´λqq :“ µ.

Exercise 20.1. Compute the root space decomposition of g and prove that g has a B2 root
system.

In case you do not want to spend time on this repetition, here are the positive root spaces:

gα1 “ Re1, gα2 “ Re2, gα1`α2 “ Re3, gα1`2α2 “ Re4.

The corresponding negative root spaces are spanned by the fi and g0 “ h since G is split. Also,
we see that ∆ “ tα1, α2u is a set of simple roots.

20.1.1. The totally positive structure

The first Θ-positive structure we want to investigate is the totally positive structure, i.e. pick
Θ “ ∆. However, we will look at this from the viewpoint of Θ-positivity.

Exercise 20.2. For this choice of Θ compute uΘ, u
opp
Θ and lΘ. Find the center zΘ of lΘ and the

weight spaces uα for the (adjoint) action of this on uΘ.

Remark 20.2. Note that the weight spaces coincide with the root spaces and that all of these
are 1-dimensional.

In a second step, we wish to prove that G actually admits a Θ-positive structure for this choice
of Θ, i.e. we need to find invariant cones in the weight spaces:

Exercise 20.3. By exponentiating, find L˝
Θ (the identity component of the Levi subgroup) and

compute the action on uα for α P Θ. Prove that there exists a sharp convex cone in each weight
space, which is invariant under this action.

With the Θ-positive structure in place, we will compute the Θ-positive semigroup.

Exercise 20.4. Observe that the Weyl group W pΘq is just the full Weyl group W . Use the
longest word to give a parametrization Uą0

Θ .

Hint 20.1. The longest word in the Weyl group of a B2 root system is σ1σ2σ1σ2 “ σ2σ1σ2σ1.
It might not be worth it to explicitly compute a matrix form of an element in Uą0

Θ .

Now you could compute Uopp,ą0
Θ in much the same way and finally get Gą0

Θ .

Remark 20.3. Note that this Θ-positive semigroup coincides with Lusztig’s totally positive
semigroup.

Exercise 20.5. As a non-example, show that SOp2, qq for q ą 3 does not admit a Θ-positive
structure if we chose Θ “ ∆, the set of simple (restricted) roots.
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Another Θ-positive structure

Now we will define a second Θ-positive structure on G by choosing Θ “ tα1u.

Remark 20.4. Recall the classification of Lie groups admitting a Θ-positive structure. As G is
both split real and (locally isomorphic to) SOpp, qq, we find two different Θ-positive structures
on G.

We can proceed in much the same way as before.

Exercise 20.6. Prove that G admits a Θ-positive structure by explicitly calculating the L˝
Θ-

invariant cone in uα1.

Hint 20.2. You should find that elements of L˝
Θ are of the form

¨

˚

˚

˝

a 0 0

0 M 0

0 0 a´1

˛

‹

‹

‚

where a P Rą0 and M P SOpJq˝ (here we denote by J the center 3 ˆ 3-block in Q) and that
elements of uα1 “ uΘ are of the form

¨

˚

˚

˝

0 tv 0

0 0 Jv

0 0 0

˛

‹

‹

‚

for some v P R3. The sharp convex cone will be defined by the conditions tvJv ě 0 and v1 ě 0.

We can also compute the Weyl group W pΘq in order to define Uą0
Θ (and from this Gą0

Θ like
before):

Exercise 20.7. Compute the Weyl group W pΘq and show that this is isomorphic to the Weyl
group of an A1 root system and give a parametrization of Uą0

Θ .

Remark 20.5. We have also learned that G is of Hermitian type of tube type. The Θ-positive
structure it admits as such a group is the same one we just described.

20.1.2. Another Θ-positive structure?

Exercise 20.8. Show that for the choice Θ “ tα2u, G does not admit a Θ-positive structure.
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20.2. The symplectic group

Define J2,2 as the block matrix

J2,2 “

˜

0 I2

´I2 0

¸

and recall that the symplectic group is G1 :“ Spp4,Rq “ tM P GLp4,Rq : tMJ2,2M “ J2,2u. Its
Lie algebra is g1 “ spp4,Rq “ tXglp4,Rq : tXJ2,2 ` J2,2X “ 0u, so an element in g1 is of the
form

X “

˜

A B

C D

¸

,

where C,B are symmetric (2 ˆ 2)-matrices and D “ ´ tA. A Cartan subspace is given by

h1 “ tdiagpλ, µ,´λ,´µq : λ, µ P Ru

Exercise 20.9. Compute the root decomposition of g1 and prove that g1 has a B2 root system.

20.2.1. A local isomorphism with SOp2, 3q

We observed that the root systems of G and G1 are both of type B2 and thus isomorphic. It is
not hard to write this isomorphism down explicitly and starting from this we can construct an
isomorphism of the Lie algebras g and g1. The resulting isomorphism ψ : g Ñ g1 is defined on
the generators of g by:

ψph1q “ diagp1{2, 1{2,´1{2,´1{2q “: h1
1,

ψph2q “ diagp1{2,´1{2, 1{2,´1{2q “: h1
2,

ψpe1q “

¨

˚

˚

˚

˚

˚

˝

0 0 0 0

0 0 0 1

0 0 0 0

0 0 0 0

˛

‹

‹

‹

‹

‹

‚

“: e1
1,

ψpe2q “

¨

˚

˚

˚

˚

˚

˝

0 1 0 0

0 0 0 0

0 0 0 0

0 0 ´1 0

˛

‹

‹

‹

‹

‹

‚

“: e1
2,

ψpf1q “ pe1
1qT “: f 1

1,

ψpf2q “ pe1
2qT {2 “: f 1

2.

Under this isomorphism the simple roots α1 and α2 correspond to α1
1, α

1
2 P h1, respectively,

which are defined by

α1
1pdiagpλ, µ,´λ,´µqq “ 2µ,

α1
2pdiagpλ, µ,´λ,´µqq “ λ´ µ.

Remark 20.6. This isomorphism of Lie algebras induces a local isomorphism between the Lie
groups G and G1.
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20.2.2. Θ-positive structures on Spp4,Rq

Here we only consider the Θ-positive structure, which G1 carries as a group locally isomorphic to
SOp2, 3q (see above), which is actually the same as the one which it carries as a Hermitian group
of tube type. We can easily carry over our previous calculations using the above isomorphism.

Exercise 20.10. Use the isomorphism ψ : g Ñ g1 to prove that G1 admits a Θ-positive structure
for the choice Θ “ tα1

1u.

Hint 20.3. You should find that the weight space uα1
1

is isomorphic to the space of symmetric
matrices and that the invariant cone is given by the positive semi-definite matrices.

Some notes (almost solutions) on the exercises.

20.3. Partial solutions

20.3.1. SOp2, 3q

The totally positive structure

Define a quadratic form on R5 by x ÞÑ txQx with

Q “

˜ 0 0 0 0 ´1
0 0 0 1 0
0 0 ´1 0 0
0 1 0 0 0

´1 0 0 0 0

¸

.

Then G :“ SOpQq “ tM P SLp5,Rq : tMQM “ Qu – SOp2, 3q and matrices in the Lie algebra
g “ sop2, 3q are of the form

¨

˚

˚

˚

˚

˚

˚

˚

˝

a11 a12 v b 0

a21 a22 w 0 b

r s 0 w ´v

c 0 s ´a22 a12

0 c ´r a21 ´a11

˛

‹

‹

‹

‹

‹

‹

‹

‚

.

To work out the root decomposition we pick the maximal toral subalgebra

h “ tdiagpλ, µ, 0,´µ,´λq : λ, µ P Ru “ R diagp1, 0, 0, 0,´1q
l jh n

“:h1

‘ R diagp0, 1, 0,´1, 0q
l jh n

:“h2

,

i.e. the diagonal matrices in g.
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Now we will investigate the root spaces: For this, define the following matrices:

e1 :“

¨

˚

˚

˚

˚

˚

˚

˚

˝

0 1 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 1

0 0 0 0 0

˛

‹

‹

‹

‹

‹

‹

‹

‚

, e2 :“

¨

˚

˚

˚

˚

˚

˚

˚

˝

0 0 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 0 0

0 0 0 0 0

˛

‹

‹

‹

‹

‹

‹

‹

‚

,

e3 :“

¨

˚

˚

˚

˚

˚

˚

˚

˝

0 0 1 0 0

0 0 0 0 0

0 0 0 0 ´1

0 0 0 0 0

0 0 0 0 0

˛

‹

‹

‹

‹

‹

‹

‹

‚

, e4 :“

¨

˚

˚

˚

˚

˚

˚

˚

˝

0 0 0 1 0

0 0 0 0 1

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

˛

‹

‹

‹

‹

‹

‹

‹

‚

.

These form a linear basis for the subspace of strictly upper triangular matrices in g. In fact this
subspace is a subalgebra and as such is generated by e1 and e2.

Moreover, each ei spans a positive root spaces: Define the functions α1, α2 P h˚ by

α1pdiagpλ, µ, 0,´µ,´λqq :“ λ´ µ,

α2pdiagpλ, µ, 0,´µ,´λqq :“ µ,

and hence the positive root spaces are

gα1 “ Re1, gα2 “ Re2, gα1`α2 “ Re3, gα1`2α2 “ Re4.

The corresponding negative root spaces are spanned by the matrices fi :“ tei for i P t1, 2, 3, 4u.
We thus find that this is a B2 root system with α1 and α2 a pair of simple roots.

We first pick Θ “ ∆, so that

uΘ “
ÿ

αPΣ`

gα,

uoppΘ “
ÿ

αPΣ`

g´α,

and clearly in this case lΘ “ zΘ “ g0 “ h. Consequently, the weight spaces for the action
zΘ ñ uΘ coincide with the root spaces and we find uαi “ gαi . By exponentiating elements in
lΘ we find that the identity component of the Levi subgroup is

L˝
Θ “ tdiagpa, b, 1, b´1, a´1q : a, b P R`u.

If we let this act on uα1 by the adjoint action, we find that X “ diagpa, b, 1, b´1, a´1q maps e1
to ab´1e1. Thus, if we identify the one-dimensional space uα1 with R, we find that the sharp
convex cone R` is preserved by this action (a, b ą 0). Analogously for uα2 , and we proved that
G admits a Θ-positive structure.

Exponentiating the root spaces for roots in Θ yields two maps

xi : R Ñ G

t ÞÑ exppteiq,

for i P t1, 2u. More explicitly, these map to the subgroup UΘ of G of unipotent upper triangular
matrices. As we choose Θ “ ∆, we find that W pΘq “ W , i.e. the Weyl group of the root
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system of G, which is of type B2. The longest word in such a root system can be written as
σ1σ2σ1σ2, and therefore we obtain a parametrization of the totally positive subsemigroup Uą0

Θ

of UΘ, namely

Uą0
Θ :“

␣

x1pxqx2pvqx1pyqx2pwq “: F1212px, v, y, wq : x, v, y, w P Rą0
(

.

An element in this can be explicitly computed to be

F1212px, v, y, wq “

¨

˚

˚

˚

˚

˚

˚

˚

˝

1 x` y xv ` px` yqw xpv ` wq2{2 ` yw2{2 xyv2{2

0 1 v ` w pv ` wq2{2 yv2{2

0 0 1 v ` w yv

0 0 0 1 x` y

0 0 0 0 1

˛

‹

‹

‹

‹

‹

‹

‹

‚

.

Analogously one can compute the positive part Oą0 of the subgroup O of unipotent lower
triangular matrices. The totally positive subsemigroup Gą0 is then

Gą0 “ Oą0A˝Uą0,

where A˝ is the connected component of the identity in the subgroup A ă G of diagonal matrices
in G.

It is not hard to see that the positive semigroup defined this way is just Lusztig’s totally positive
subgroup and much of the discussion actually mirrors Lusztig’s description. However, this is
only possible because we are dealing with a split real group.

If we naively tried to extend this notion to non-split groups we run into problems as the following
example shows: Consider G2 “ SOp2, qq with q ą 3. The Lie algebra then has the form

sop2, qq “

$

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

%

¨

˚

˚

˚

˚

˚

˚

˚

˝

a11 a12
tv b 0

a21 a22
tw 0 b

r s 0 w ´v

c 0 ts ´a22 a12

0 c ´ tr a21 ´a11

˛

‹

‹

‹

‹

‹

‹

‹

‚

: aij , b, c P R, v, w, r, s P Rq´2

,

/

/

/

/

/

/

/

.

/

/

/

/

/

/

/

-

,

and we recall that the restricted root system of this group is also of type B2 and indeed that
calculation is very similar to the above but we find that the (restricted) root space gα2 is (q´2)-
dimensional in this case and contains all elements of the Lie algebra of the above form with all
but the w-entries 0. Now, if we take Θ “ ∆, uΘ and uoppΘ are again just the sum of all positive
and negative root spaces, respectively, and we also find lΘ “ g0 again. However, this takes a
slightly different form since G2 is not split.

lΘ “ g0 “ a ‘ Ckpaq “

#˜ λ
µ

M
´µ

´λ

¸

:M “ ´ tM

+

,

where a is a Cartan subspace and g “ k ‘ p the Cartan decomposition. The center clearly
is zΘ “ a and thus the weight spaces for the action zΘ ñ uΘ are just the root spaces again.
Exponentiating the above expression, we find that a general element in L˝

Θ has the form

Y “

˜ a
b
S

b´1

a´1

¸
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with S P SOpq ´ 2q. If we consider the adjoint action on the weight space uα2 “ gα2 – Rq´2,
we find Y.v “ bSv, so that we are effectively dealing with an SOpq ´ 2q-action on Rq´2, which
clearly has no invariant sharp convex cone, so that G2 does not admit a Θ-positive structure
for this particular choice of Θ.

Another Θ-positive structure

The group G “ SOp2, 3q can also be endowed with another Θ-positive structure. For this, we
mostly use the same setup as before and have ∆ “ tα1, α2u. Now we pick Θ “ tα1u and thus
have (with Σ`

Θ “ Σ`zpSpanp∆´Θqq, i.e. all positive roots that contain some contribution from
Θ)

uΘ :“
ÿ

αPΣ`
Θ

gα “ gα1 ‘ gα1`α2 ‘ gα1`2α2 “ Re1 ‘ Re3 ‘ Re4,

uoppΘ :“
ÿ

αPΣ`
Θ

g´α “ g´α1 ‘ g´α1´α2 ‘ g´α1´2α2 “ Rf1 ‘ Rf3 ‘ Rf4,

lΘ :“ g0 ‘
ÿ

αPSpanp∆´ΘqXΣ`

pgα ‘ g´αq “ h ‘ gα2 ‘ g´α2 .

In order to determine the Θ-positive subsemigroup, we need to consider the adjoint action of
the center zΘ of lΘ on uΘ. In this simple setup, we clearly have

zΘ “ tdiagpλ, 0, 0, 0,´λq : λ P Ru,

and thus uΘ “ uα1 .

By exponentiating an element in lΘ we see that a general element in the identity component of
the Levi subgroup LΘ is of the form

¨

˚

˚

˝

a 0 0

0 M 0

0 0 a´1

˛

‹

‹

‚

where a P Rą0 and M P SOpJq˝. Here we denote by J the center (3 ˆ 3)-block in Q, i.e.

J “

¨

˚

˚

˝

0 0 1

0 ´1 0

1 0 01

˛

‹

‹

‚

.

Now, elements of uα1 “ uΘ are of the form
¨

˚

˚

˝

0 tv 0

0 0 Jv

0 0 0

˛

‹

‹

‚

for some v P R3. Therefore, we identify this space with R3 and letting L˝
Θ act on uα1 by

conjugation, we find that the sharp convex cone c defined by the conditions tvJv ě 0 and v1 ě 0
is invariant under this action. So G admits a Θ-positive structure for the above choice of Θ.

Our goal is to find the Θ-positive subsemigroup Gą0
Θ and for this we need to consider the Weyl

group W pΘq. In our case this is very simple as we have Θ “ tα1u, which only contains a single
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element. Thus βΘ “ α1 and W pΘq is the subgroup of the full Weyl group W that is generated
by the longest element s of the Weyl group WtβΘuYp∆´Θq “ W . This is isomorphic to the Weyl
group of an A1 root system and thus the longest element in W pΘq is simply s.

Accordingly the Θ-positive subsemigroup of UΘ “ exppuΘq is the image of the map

F : c˝ Ñ UΘ

v ÞÑ exppvq,

i.e. Uą0
Θ “ F pc˝q.

Similarly, we can compute Uopp,ą0
Θ and thus fin Gą0

Θ , which is generated by Uą0
Θ , Uopp,ą0

Θ and
L˝
Θ.

Another Θ-positive structure?

Finally, we want to see whether we can find another Θ-positive structure on G by taking
Θ “ tα2u (keep the notation from before). The calculation works much the same as in the
previous case but we find uΘ “ uα2 ‘ u2α2 , where uα2 “ Re2 ‘ Re3 – R2. A calculation shows
that the action L˝

Θ ñ uα2 corresponds to an SLp2,Rq-action on R2, which has no sharp invariant
cone and so G does not admit a Θ-positive structure for this choice of Θ.

20.3.2. Spp4,Rq

A local isomorphism with G

Define J2,2 as the block matrix

J2,2 “

˜

0 I2

´I2 0

¸

and recall that the symplectic group is G1 :“ Spp4,Rq “ tM P GLp4,Rq : tMJ2,2M “ J2,2u. Its
Lie algebra is g1 “ spp4,Rq “ tX P glp4,Rq : tXQ ` QX “ 0u, so an element in g1 is of the
form

X “

˜

A B

C D

¸

,

where C,B are symmetric (2ˆ 2)-matrices and D “ ´ tA. A maximal toral subalgebra is given
by

h1 “ tdiagpλ, µ,´λ,´µq : λ, µ P Ru “ R diagp1, 0,´1, 0q
l jh n

“:h̃1

‘R diagp0, 1, 0,´1q
l jh n

“:h̃2

.
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As a vector space g1 is spanned by the matrices

ẽ1 :“

¨

˚

˚

˚

˚

˚

˝

0 1 0 0

0 0 0 0

0 0 0 0

0 0 ´1 0

˛

‹

‹

‹

‹

‹

‚

, ẽ2 :“

¨

˚

˚

˚

˚

˚

˝

0 0 1 0

0 0 0 0

0 0 0 0

0 0 0 0

˛

‹

‹

‹

‹

‹

‚

,

ẽ3 :“

¨

˚

˚

˚

˚

˚

˝

0 0 0 0

0 0 0 1

0 0 0 0

0 0 0 0

˛

‹

‹

‹

‹

‹

‚

, ẽ4 :“

¨

˚

˚

˚

˚

˚

˝

0 0 0 1

0 0 1 0

0 0 0 0

0 0 0 0

˛

‹

‹

‹

‹

‹

‚

,

and their transposed matrices f̃i “ ẽTi . If we set X “ λh̃1 ` µh̃2 “ diagpλ, µ,´λ,´µq and
compute the bracket of X with the ẽi, we find

rX, ẽ1s “ pλ´ µqẽ1,

rX, ẽ2s “ 2λẽ2,

rX, ẽ3s “ 2µẽ3,

rX, ẽ4s “ pλ` µqẽ4,

and thus if we set

α̃1pXq “ λ´ µ,

α̃2pXq “ 2µ,

we have the following root spaces

gα̃1 “ Rẽ1, gα̃2 “ Rẽ3, gα̃1`α̃2 “ Rẽ4, g2α̃1`α̃2 “ Rẽ2.

The corresponding negative root spaces are spanned by the f̃i and we are clearly dealing with
another root system of type B2.

Therefore the root systems of G and G1 are isomorphic, which means that the Lie algebras g
and g1 are isomorphic. The isomorphism of the root systems is given in terms of the simple
roots as

α1 ÞÑ α̃2 “: α1
1,

α2 ÞÑ α̃1 “: α1
2,

which can be seen by comparing the expressions for the positive roots in terms of the simple
roots in both cases. In order to construct a Lie algebra isomorphism ψ : g Ñ g1, recall that g
is generated by h1, h2, e1, e2, f1, f2. In order to define ψ it suffices to map these generators in
such a way that the bracket is preserved (this gives as a Lie algebra homomorphism).

We begin by mapping e1, e2: These span the root spaces gα1 and gα2 , respectively, and thus we
need to map these to elements in g1

α̃2
and g1

α̃1
, respectively. Thus we define

ψpe1q “ ẽ3 “: e1
1,

ψpe2q “ ẽ1 “: e1
2.
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Next, let us choose images for h1, h2. We want rhi, ejs “ rψphiq, ψpejqs and by a quick calcula-
tion, we find

ψph1q “ diagp1{2, 1{2,´1{2,´1{2q “: h1
1,

ψph2q “ diagp1{2,´1{2, 1{2,´1{2q “: h1
2.

Finally, we find images for f1, f2. These again need to span the corresponding root spaces
and need to be chosen in such a way that we get rei, fjs “ rψpeiq, ψpfjqs. Another round of
calculations leads us to

ψpf1q “ f̃3 “: f 1
1,

ψpf2q “
f̃1
2

“: f 1
2.

If we furthermore observe that h1
1, h

1
2, e

1
1, e

1
2, f

1
1, f

1
2 span the Lie algebra g1, we conclude that ψ

is an isomorphism of Lie algebras as desired. As such it induces through exponentiating a local
isomorphism of the Lie groups G “ SOp2, 3q and G1 “ Spp4,Rq.

Θ-positive structures on G1

Finally, let us consider Θ-positive structures on G1. Due to the local isomorphism with G, which
we just described, we expect to find two such structures. Indeed, G1 is both split real and of
Hermitian type of tube type and by the above also locally isomorphic to SOp2, 3q, which are
three cases for which a Θ-positive structure can be found but it is not hard to see that the last
two give the same structure in this case.

We will not investigate the totally positive structure on G1, instead let us focus on the other
Θ-positive structure on G1, which is obtained by picking Θ1 “ tα1

1u. Using the Lie algebra
isomorphism ψ : g Ñ g1, we can basically copy the above formulas (for G, in our notation we
just need to add a lot of ’s) and find

u1
Θ1 :“

ÿ

αPΣ1`
Θ

g1
α “ g1

α1
1

‘ g1
α1
1`α1

2
‘ g1

α1
1`2α1

2
“ Re1

1 ‘ Re1
3 ‘ Re1

4,

u1opp
Θ1 :“

ÿ

αPΣ1`
Θ

g1
´α “ g1

´α1
1

‘ g1
´α1

1´α1
2

‘ g1
´α1

1´2α1
2

“ Rf 1
1 ‘ Rf 1

3 ‘ Rf 1
4,

l1Θ1 :“ g1
0 ‘

ÿ

αPSpanp∆1´Θ1qXΣ1`

pg1
α ‘ g1

´αq “ h1 ‘ g1
α1
2

‘ g1
´α1

2
.

The center z1
Θ1 of l1Θ1 can simply be read of or obtained using ψ and we find

z1
Θ1 “ tdiagpλ, λ,´λ,´λq : λ P Ru

and thus u1
Θ1 “ u1

α1
1

again only consists of a single weight space.

By exponentiating an element in l1Θ1 , we see that a general element X P L1˝
Θ has the form

X “

˜

A 0

0 tA´1

¸

for A P GLp2,Rq˝. Now Y P u1
α1
1

is of the form

Y “

˜

0 M

0 0

¸

,
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for some symmetric matrix M . Therefore we identify this weight space with the space of
symmetric matrices.

As we want to consider the action of L1˝
Θ on u1

α1
1

by conjugation, we calculate

XYX´1 “

˜

0 AM tA

0 0

¸

.

Thus we see that the cone c1 of positive (semi-)definite matrices in u1
α1
1

is preserved by the
action of L1˝

Θ.

From here the computation of the Θ-positive semigroup is analogous to the one for G.
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